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A GENERALIZATION OF CARISTI'S THEOREM
WITH APPLICATIONS TO NONLINEAR
MAPPING THEORY

Davip DOwNING AND W. A. KIRK

Suppose X and Y are complete metric spaces, g: X—X
an arbitrary mapping, and f: X —Y a closed mapping (thus,
for {r,}c X the conditions z,—x and f(x,) —y imply f(x) =y).
It is shown that if there exists a lower semicontinuous
function ¢ mapping f(X) into the nonnegative real numbers
and a constant ¢ >0 such that for all x in X, max {d(z, g(x)),
cd(f (@), f(g@)} = o(f (@) —e(f(g(x))), then g has a fixed
point in X. This theorem is then used to prove surjectivity
theorems for nonlinear closed mappings f: X — Y, where X
and Y are Banach spaces.

1. Introduction. The following fact is well-known in the theory
of linear operators;

(1.1) Let X and Y be Banach spaces with D a dense subspace
of X, and let T: D— Y be a closed linear mapping with dual T'.
Suppose the following two conditions hold:

(i) N(T') = {0}.

(ii) For fized ¢ > 0, dist (x, N(T)) < ¢||Tz||, x€ D.
Then T(D) = Y.

Proof. Because T is a closed mapping it routinely follows
from (ii) that T(D) is closed in Y (e.g., [15, p. 72]), whence it
follows from the Hahn-Banach theorem (cf. [17, p. 205]) that
(N(T"))- = T(D) where (N(T"))* denotes the annihilator in Y of the
nullspace of 7". By (i), (N(T"))* =Y.

It is our objective in this paper to give a nonlinear generali-
zation of the above along with more technical related results. The
key to our approach is an application of a new generalized version
of Caristi’s fixed point theorem. While our method parallels that
of Kirk and Caristi [12], these new results differ from those of [12]
and the earlier ‘normal solvability’ results of others, e.g., Altman
[1], Browder [3-6], Pohozhayev [13, 14], and Zabreiko-Krasnoselskii
[18], in that by using the improved fixed point theorem we are
able to replace the usual closed range assumption with the assump-
tion that the mapping be closed (in conjunction with a condition
which in the linear case reduces to (ii)). Before doing this, however,
we state and prove our fixed point theorem.
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2. The fixed point theorem. The following theorem reduces
to the theorem of Caristi [7, 8] in the case that X =Y, f is the
identity mapping, and ¢=1. (We should remark that Caristi’s
theorem is essentially equivalent to a theorem stated earlier by
Ekeland [9]. A simple proof along the general lines below is impli-
cit in Brondsted [2]. A similar proof is given by Kasahara in [10],
and in [16] Wong gives a simplified version of Caristi’s original
transfinite induction argument.)

THEOREM 2.1. Let X and Y be complete metric spaces and
g: X— X an arbitrary mapping. Suppose there exists a closed
mapping f: X — Y, a lower semicontinuous mapping . f(X)— R*,
and a constant ¢ > 0 such that for each xe X,

{d(w, 9(@)) = (f(2)) — #(f(9(2))) , and
cd(f(x), f(9(2))) = 2(f(@)) — 2(f(g())) .

Then there exists Te€ X such that g(x) = Z.

(*)

Proof. We introduce a partial order < in X as follows. For
2, y € X define x < y provided

i A, y) = o(f(®) — #(f(y)), and
cd(f(x), f() = (f(x)) — 2(f(¥)) .

Let {%.}.c; be any chain in X, i.e., suppose (I, =) is a totally
ordered set with z, < z; iff @« £ 8. Then {p(f(x.))}.c; i a decreas-

ing net in R™ so there exists » = 0 such that @¢(f(z.) ] r. Let e>0.
Then there exists «, e such that @ = «, implies
r=o(flx))=r+e

and so for B = «,

Xy %5) = P(f (%)) — P(f(2)) =€, and
cd(f(x), f(w5)) = P(f(a)) — p(f(e)) S e

Thus {f(x.,)} is a Cauchy net in Y while {,} is a Cauchy net in X.
By completeness there exist 7€ Y and z € X such that f(z.,)—7 and
%,—Z. Since f is a closed mapping, f(Z) =¥ and lower-semicon-
tinuity of ¢ yields @(f(%)) < . Moreover, if «, Sel with a £ G,
then

A(@ey %5) = P(f(2)) — P(f(@6)) = P(f (@) — 75
cd(f(x.), f(®5)) £ p(f(a)) — .

Taking limits with respect to £ yields
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AZey T) = P(f(@)) — 7 = P(f(%2)) — P(f(Z)) ;
cd(f (), £(@) = o(f(2)) — (f(®)) -

This proves that z, <%, ael.

Having thus shown that every totally ordered set in (X, =<)
has an upper bound we apply Zorn’s lemma to obtain maximal ele-
ment x€X. By (*), ¢ < g(x); hence x = g(x).

3. Applications. If X and Y are topological vector spaces
and f: X— Y, then f is said to be Gateaux differentiable at xe X
if there exists a (possibly unbounded) limear operator L: X — Y
such that for each we X,

t(f(x + tw) — f(xg))— Lw as t—— 0%,

The operator L = df, is called the Gateaux derivative of f at x
and we use df, to denote the dual of df, in the usual sense (e.g.,
(17, p. 194]).

We now state a theorem which is an immediate generalization
of the theorem of the introduction. Notationally, we let B,(-)
denote the closed ball centered at (-) with radius 4. Also, N(df;)
denotes the nullspace of df, in Y*, the space of all ‘continuous
linear functionals on Y, and (N(df;))* denotes its annihilator in Y.

THEOREM 3.1. Let X and Y be Banach spaces and fi: X— Y
o (nonlinear) closed mapping which is Gdateaux differentiable at
each xe€ X with derivative df,. Let df, denote the dual of df,, and
suppose for each xe X and fixed ¢ > 0:

(i) N(af.) = {0}

(ii) There exists 0 = o(x) > 0 such that if y e B(f(x)) N f(X),
then for some ve f(y),

o — vl = cllflx) — yll .
Then f(X) =Y.

It is obvious that (i)’ reduces to (i) in the linear case and it is
a routine matter to show that (ii)’ similarly reduces to (ii). In
contrast with the linear case, however, we do not show directly
that (ii) implies closedness of the range of f. Instead we derive
Theorem 3.1 from the following more general result which follows
quite easily from Theorem 2.1.

THEOREM 3.2. Suppose X is a complete metric space, Y a
Banach space, and f: X— Y a closed mapping. Suppose for y,e¢ Y
there exist constants ¢ > 0, p < 1 such that:
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(a) Corresponding to each xe€ X there exists 6 = é(x) > 0 such
that iof y € B,(f(x)) N f(X), then

(@, v) = ¢||f(2) — vl

for some ve f(y).

(b) For each ye f(X) there exists a sequence {y;} in f(X)
with y; =y for each j such that y;—y and a sequence {&;} of
nonnegative real numbers such that for each j

Wiy —v) — (W — I = pllyo — ¥l -
Then y, € f(X).
The following geometric lemma, implicit in [12], will facilitate
the proof of Theorem 3.2.

LeEMMA. Let Y be a mnormed linear space with a,b,ccY.
Suppose for £=1 and » < 1,
(*) [&l@ —b) —(c = b)|| = plic—b] .
Then
lla—bll <@+ p)X1—0)"[lIb—ell = lla =] .
Proof.
[&(@ — e) || — [[(L = &)b — ¢)]|
=[é@—c)+ @ —8)b—c)
= [[&(a — ) — (¢ — b)||
=pllb—cll.
Thus [[é(a — )| = (6 — 1+ p)[|b — c], ie.,
la —cl[=[1—-&'A—p]llb—cl
from which (using (*) and the triangle inequality)
b—cll—fla—cllz{l = [L —&7'A — p)I}|[b — c||
= &1 — )b — ¢l
=& (1 — P+ p)te — b
=1 -0+ p)llae—D0l.
Proof of Theorem 8.2. Suppose v9,¢ f(X). Let zeX and
y = f(x), and let {y;} be the sequence defined by (b). Since y;—y,
7 may be chosen so large that ||y; — y|| =< d(x). We also assume

&; = 1. (Note that since y, # y, (b) implies &; — + «.) With jJ
thus fixed we apply the lemma to the inequality in (b) and obtain
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(1) 0<fly—%ll=Q+2A -2y —wll —llyi —wll.
By (a) there exists v € f~*(y;) such that
(2) dz, v) < clly — v;ll .

Define g: X — X by taking g(x) = v with v obtained as above, and
define ¢: f(X)— R* by

P(f(@) = el + p)A — ) | f(®) — woll -
Then clearly ¢ is continuous on f(X) and together (1) and (2) yield

{d(w, 9(x)) = (F (@) — P(f(9(2))) , and
¢|lf() — fle@)l = 2(F(2)) — o(f(9(2))) .

By Theorem 2.1 there exists Z ¢ X such that ¢(Z) = Z, contradicting
).

In order to derive Theorem 3.1 from Theorem 3.2 we need an
elementary fact from linear algebra. Let X and Y be locally con-
vex topological vector spaces and suppose L: X— Y is a linear
operator. The dual L' of L (cf. [17, p. 194]) is defined on a subset
D of Y* by the relation

(e, L'y') ={La,y'), yeD, zeX

where X* and Y* denote respectively the spaces of continuous
linear functionals on X and Y and where by assumption (-, L'y’) ¢
X*. If (N(L'))* denotes the annihilator of N(L’) in Y it routinely
follows from the Hahn-Banach theorem that (N(L'))* < L(X). (For,
suppose there exists y, € (N(L'))* with y,¢ L(X). Then there exists
y' € Y* such that (y,, ¥’> # 0 while (z, ¥’) = 0 for all z ¢ L(X); hence
(Lu, y"y={u, L'y’>=0 for all ue X yielding L'y’ =0, i.e., ¥y’ € N(L).
Since y, € (N(L'))* implies <{y,, ¥') = 0, we have a contradiction.)

We now follow an approach of Browder [4,6]. With X as
above and Y a Banach space the asymptotic direction set of the
mapping f: X — Y in the direction ze€ X is the set

D.N)=[) Ly € Yy=E(f(w)— (@) , £20, we X, |If(w)—f0)I| <e)).

The following is a minor variant of Proposition 1 of [4, 6]. We
include the proof to show that continuity of df, is not essential.

PROPOSITION 3.1. Let X be a locally convex topological wvector
space, Y a Banach space, and suppose f is a mapping of X into
Y which is Gateaux differentiable at xe X with derivative df,. If
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N(df;) denotes the nullspace in Y' of the dual of df, and if
(N(@f:)* denotes its annihilator in Y, then

(N@f))* = df(X) < Df) .

Proof. The equality is immediate from observations above. To
see that df,(X)c D,(f) we follow [6]: Let ¢ >0 and yecdf.(X).
Then y = df,(w) for some we X and by differentiability

(%) t(f(x + tw) — f(x)) —y as t—0".

Letting z, = 2 + tw we have for ¢ > 0 sufficiently small, || f(z,) —
f@)| <e. It follows from this and (£) that

yecfe(f(uw) — f@)6=0, ueX, [[f(w) — f@I <e};
i.e., ye D,(f). Since D,(f) is closed, df.(X) < D.(f).
Proof of Theorem 3.1. Let y,eY, »e(0,1). It suffices to

establish (b) of Theorem 3.2. Suppose ¥y = f(2) € f(X), ¥ # ¥,. Since
N(@f)) = {0}, (N(f.))* = Y and by Proposition 3.1

Yo — f(@) e DS) .

Choose ¢; > 0 with ¢; — 0. For each j there exists z;€ X and £;=0
such that

(3) 16:(f(25) — f(®@) — (yo — f@DI = pllyo — F(@)]]
and
(4) 1 f(z) — f(@)]] <.

Letting y; = f(2;), since p <1 (3) implies y; # y for all 5. By (4)
y;— Y as j— o and rewriting (3) we have

Heiy; —9) — W — NI =2y — ¥l .
This completes the proof.

Finally we note that if int f(X) # @, it is not necessary in
Theorem 3.1 to assume f is differentiable at each ze X.

THEOREM 3.3. Let X and Y be Banach spaces and f: X—Y a
closed mapping. Let N = {xeX| f(»)ecint f(X)} and suppose for
ze X\N, f is Gateaux differentiable with derivative df, where
N(@@f;) = {0}. Suppose also that there exists ¢ > 0 such that condi-
tion (ii)’ of Theorem 3.1 holds for all xe€ X. Then f(X)=Y.
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Proof. Let y,€¢Y and suppose y,¢ f(X). Fix pe(0,1) and let
zeX. If xeX\N, then (N(df.)* = Y and by Proposition 3.1, y, —
f(@)e D,(f). But also if z €N, i.e., if f(x)eint f(X), then for ¢>0
chosen so that B.(f(x))  f(X) it is possible to select w € seg [f(x),¥.]
so that w # y, and 0 < || f(z) — w|| < &, and because w € f(X) there
exists {w;} C f(X) such that w; — w. Since y, — f(&) = &w — f(x))
for £ > 0 it thus follows that &w; — f(x)) — ¥, — f(z) with ||w; —
f(x)]] <e for j sufficiently large proving ¥, — f(x)€ D,(f). Since
9, — f(x) € D,(f), the proof now follows the proof of Theorem 3.1.

We remark that as a consequence of the above theorem, if
f: X—Y is a closed mapping with range dense in Y, then (ii)’ of
Theorem 3.1 implies f(X) =Y.
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