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INSTATIONARY NAVIER-STOKES EQUATIONS AND
PARABOLIC SYSTEMS

WOLF VON WAHL

This paper mainly deals with instationary Navier-Stokes
equations in two space dimensions. We derive the regularity
results which are known to be valid for the corresponding
linear system. Moreover, our method applies to parabolic
semilinear systems with one-sided conditions.

0. Introduction and notation. This paper mainly deals with
the strong solvability of the instationary Navier-Stokes equations

u —vdu+uwu+Vp="r~,

Veu=20,
(1) ulo2 =0,
u(0) = ¢

over a cylindrical domain (0, T') x 2. T is an arbitrary positive
number, 2 is a bounded domain of R® with smooth boundary. It
is well known, (I) has a uniquely determined weak solution if the
external force f is from LX(0, T) x 2) and ¢ HY(Q2) (these condi-
tions can be weakened). But if one wants to show that the weak
solution is a strong one, additional conditions are needed, concerning
mainly the differentiability of f with respect to ¢ or the regularity
of u. Lions [5], Ch. 1 requires differentiability of f, as does Lady-
zenskaja [3], Ch. 6. In one of their papers, Shinbrot and Kaniel
[6], p. 818, require additional regularity of u; Serrin [8] requires
even more and then only obtains interior regularity of u. The
method of Shinbrot and Kaniel [7] yields a strong solution under
exactly the conditions we want, namely, fe L*(0, T),L*2)) and ¢
H (), but this solution is only local in time and may not exist, in
general, in the full interval 0 < ¢ < T, unless f and ¢ are small
enough. Fujita and Kato [2] also obtain a strong solution, under even
weaker conditions on f and ¢, but, again, their solution is only local.
In this paper we show that none of these additional conditions is
necessary and that for every fe L*(0, T') x 2), ¢eI:I Y(2) there exists
a pair

(u, ) € L¥(0, T), H¥2) N L~((0, T), H Q) x L0, T), H(Q))
with
557
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u' e L0, T), L¥Q)) ,
Veu=20,
and
u —vdu+uwu+Vp=r

in the distributional sense. u is determined uniquely. If fe L?((0,
T) x 2), ¢ H>?(2) N H L2(2), (u, p) correspondingly is in L?((0, T),
H>*(Q)) x L*((0, T), H**(2)), » > 2. The latter is not proved here
since the proof follows the lines of the proof in the case p = 2.

In the second chapter we prove an analogous result for para-
bolic systems

u’+A(t)u+f(t,a;,u,Vu,---,V"‘u):g,

At), 0 =t < T, being elliptic operators of divergence structure of
order 2m.

Of course instead of boundary values 0 one can treat the case
where boundary values a are prescribed having the regularity pro-
perties of the solution expected.

We introduce some notation. Let X be a Banach-space.
C*([0, T], X) is then the Banach-space of all v-times continuously
differentiable mappings from [0, T'] in X. L*(0, T), X), 1 £ p o,
is the Banach-space of all measurable mappings u: (0, T) — X with
norm

/
<ST|Iu(t)|I‘;}dt>l ’ , ess sup ||u(t)||x respectively .
0' 0St=T

2 is a bounded open set of R"-H*?(Q) is the Banach-space of all
real valued functions defined on 2 with distributional derivatives in
L?(2) up to the order v. Its norm is denoted by

I+ll,p OF [|+]|z200)
As usual H*?(Q) is the completion of C;°(2) in the norm of
H»?(2).

The norm of C°([0, T'], H»*(2)) is denoted by [||+]||..,. Frequently
we will consider functions being continuous on [0, T] X 2 =: Q,.
For those we introduce the notations

LA (s

i

sup |f(t, ) — f(s, 2)]
t,se[0,T],

lt—s|=r,
zeQ

+ sup |f(t @) — f(¢ W),
tefo,T1,
z,ye2,|z—y| ST
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M) = Sup [ f(t, @) — [t 9)] .

z,y€4,
lz—yl=r

For supg,.ce, | f(£, #)| we simply write ||| f]ll. C*2), C**%(2) are the
Banach-spaces of all complex valued functions defined on 2, being
continuously differentiable up to the order v in 2 and having deri-
vatives of order v being continuous in 2 or Holder-continuous with
exponent @ in 2. The norms of C*(2), C***(2) are denoted by ||-||,,
[l+]l,+« respectively. Moreover we use the notation

e llsr = e llzpcor: = ll+llopy HX(2): = H**(Q), HY(Q): = H*¥Q) ,

Dj:__‘_}—i9
1 0%;
D;::ﬁD?jy

1

1

J

where & is a multiindex with components a; e N U {0}. N is the set
of positive integers.

2 or 02 is said to be of class C* or C*** if 4R locally admits
a representation

Dy = G(@ye e e, Tpoyy L1y =" %,)

with ¢ €C* or C*** respectively and if £ locally is one one side of
22. If no misunderstanding is possible we often write X instead
of X!, X a vector space. If X has a scalar product (.,.) the secalar
product of X', namely >}, (.,.) is denoted by (.,.) too.

D'(2) is the space of all distributions over 2. For functions
u e (HY(2))" the element u-Fue R" is defined as the vector having
the components

n 2

S u"@l , 1= w0,

=1 o,
(u has the components u’). If ue (H¥(2))' and A is a differential
operator of order K, Au means the vector (Au', ---, Au').

1. Instationary Navier-Stokes equations. First we define the
meaning of strong and weak solutions to the instationary Navier-
Stokes system. For that purpose we assume that 2 is a bounded
open set of R*, n = 2, having a boundary of class C°. Let v, T be
arbitrary >0.

DEFINITION. An element (u, p) of L=((0, T), L*2))n L*(0, T),
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HY(Q)) x D'(Q,) with F-u(t) =0 for almost all te(0, T) is a weak
solution to the problem

W —vidu +ufu+Vp=rF,

(NS) Veu=20,
ulo2 =0,
u(0) = ¢,
if

— | o), wepae +»| Cue), rew)a
+ | w-rue), $epat = | @#(®), we)dt + @ w0)

for all test functions + with

¥ e L0, T), L*92)),

v e L0, T), H'Q),

Vedp =0, (T) =0.
f, ¢ are fixed elements from L*(0, T)LA2)) and H'R2) respectively.
Moreover, V-¢ = 0. An element (u,p) of V x L*(0, T), H*Q)) is
a strong solution to the problem (NS) if the equations u’' — vdu +

wu-+p=7F, V-u=20 are fulfilled in the distributional sense and if
u(0) = ¢. Here V denotes the Banach space of all ue L*(0, T),

H*(Q)) N"L=((0, T), H(2)) with «’ e L*(0, T), L*®)) and norm
ess sup [|w(®) s + (|, 10O ltade +{ lluc) 12.02)”

Observe that u(0) = ¢ makes sense since u € V implies that ue
C°([0, T], LX2Q)). For any function from C,(R*?) we have

wi(o, 9) = 2| (e, vule, v)ds
=2 Sl |w(&, v) [|us§, y)| d

and also
wi(o, 4) < 2|_|uta, )| |w, 7)ldy .

Multiplying these last two inequalities and integrating over x and
y, we find, by the Schwarz inequality,

1.1) e = 4 20 7ullfz,, lullfz,,
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for all we H(Q2). Then, by (I.1), it follows that

1.2)  [@@)-Fu®), YO = || u@)|l g 178 ] 20 1 $@ 10, -
= 2([Fu@®|lYz0 7@ 110 1u@ 1o @11, -

Thus all expressions occuring in the definition of the weak solution
to the problem (NS) are well-defined.

As it is shown in [5], Chap. I, the problem (NS) always has a
weak solution. Moreover, u is determined uniquely.

Our nonlinearity g(, u, Yu) = u-Vu has the following properties:
(NS 1): g is continuous from 2 x R" x R” to R" and

Sg(a:, u, "u)-udx = 0, ueﬁl(.Q), Feu=0,n=2.
2
If n =2, ueH(2) we have

(NS 2): Sp(g(w, w, V) — g(&, v, Pv))- (4 — v)de = —e ||u—vl,

- 0(5, C)(Hullf,z + “U”%,Z) ”u - v”iZ(.Q) ’
Hu”L2(Q) + “vHLZ(_Q) é C! 1 g € > O .

(NS 3) |g(@, u, Fu)| < c(n)(lu[™" + 1 + [Fu[*>em)  p =2,

where u, ve H'(2). (NS 3) follows from Holder’s inequality. As for
(NS 2) we have by (I. 1)

Sg(u-Vu — v-Pv)-(u — v)da = —eSglV(u — o)y — c(e)(Sg([uP

1/2 1/2
+ foyda) (] u = vlide )7 2 —e 7@ — D)y,
— (e, O)(|[Fulllsq + [170[Pe ) llu — v, -
Our main result consists in

THEOREM I.1. Let n =2, let (u, ) be a weak solution to the
problem (NS). Then it is a strong solution.

Proof. Let us consiner the problems

u —vdu + u-Vu + Vp = of ,
Veu=20,
ulo2 =0,

u0)=0¢, 00=1.

(NS,)

We introduce two sets X, 3*[0,1]. X is the set of all ¢ for
which (NS,) has a strong solution, 3* is the set of all ¢ with
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1. [0,0]cCc”
2. (1t 10t + s sup lla(t) 1t
T
+ { w@lade+ 1o 1tde
T
= 00, 2,9 ([ 1O gdt + 1 + 181s), 0sc=0.
Obviously 0e X, 3*,
Now let g,€ X*, 0,€2, 0, > 0g,. Using (NS 2) we get by scalar
multiplication of our equations for u,, — u, with u,, — u,:
t
1800 = Bl + @ = O 172ty = ) [
= [[1os = 1@ L0y 182 = 0@ 3007
t
+ | e NP @) sy + 1721, 1) -
1) — (@) [z + 162 — 0, 161220y » £€10, T]

The possibility of choosing a uniform C is seen as follows: Using
(NS 1) we get by scalar multiplication of our equation for u, with u,

1®) 300y + 2 | 11700) 230,07
t
égo @) ] 200 (D) ] 2007 + || @320 » t€[0,1],0€2 .
Thus we see that we can bound the L'((0, T'))-norm of |[Fu,(t)|[}.,,

and the L=((0, T'))-norm of ||u,(t)|,., independently of o. Combining
this with the previous inequality we see that

@3 (®) = 2Ol 2y S 102 = 0a] 0, [l 1Ly
On using the lemma proved after Remark 1.3 below we get
[ 108) = 0,50t + e85 5uD [l (8) — w1
# T ® = w®adt + [ 1pu@®) — pa®lae
< o) (1o = ol 1£®) 10t + 0. = 0,] 151
o (P00 (8) = ey P (8 )

We have by Soboler ([1], p. 27)
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[t Pty () — oy Vtto,(8) ] 2,0,

S o, Vo () |l 20y + 8oy Vtte,(8) || 2g »

S c()(|| 8oy |7 || 2y + 11 17 Ug [P/ o
+ ”quuq(t)”L2(g) ’

< ()|l | toy — o, 4™ | 120y + |1 1V Uay — Vg [FF2/42| 4 o)
A 11 o, [ ] 2y + (] 17U [ D] ) s

< e(ny Q|| tay — U, |lo2 || 8o, — uo |14 4,
+ [ty — oy ],z [ U0, — U, ||Z575%
+ [ o [ || oy + I [P |22 ] )

Thus we see that in view of (I.3) u,, can be estimated as in part
2 of the definition of X* if |0, —a,| =0 = d(n, v, 2, ||f]| 20,1
l|#]l,20). Observe that 6 does not depend on g,. Now we want to
prove that [0, g, + 0] N 2* = [0, 0, + 0]. Let z€[0, 1], o€]0, o, + d].
Let w be an element of W = {w|w’' € L*(0, T), L*2)), we L*(0, T,
HQ)) N L=(0, T), H(R))}, (Tw, p.,) the uniquely determined ele-
ment of V x L*(0, T), H*(2)) (cf. the lemma) with

(Tw)' — va4Tw + w-Vw + Vp, = of ,
VeTw=0,
Tw(0) = oo .

Let {w,} be a sequence from K = {w|we W, esssup,<r||w®)|,, +
[} @t + | w0t < 1) with

w,—w' in LX0, T), LX),
w,—~w in L¥(0, T), H(Q)) .

By Sobolev we have
L 1/q
[l 17, = o, paodt = ([l mde) ™

T 2 /92
(So HVw Vw.”“ q2242(9> ) ’

0

T T
= (S ”w ”2'12%11(9) 1/q1 (5 ]]w —_— w#”g"zzpzl’ldt )1/421’1 .
ST

{

2 T -
= (], 1wl gt ) (] o, — walges w, — w,llgaginde oo,

/92p1
llw, — wliggndt)

Here
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1 _«a
g 2

1
141,11 =t 4(l-a
3 ( )

It is easily verified that we can choose ¢,, »,, @, P, ¢ in such a
way that the relations above and the following ones are fulfilled:
1<qg<6, 1— a)2q¢p <6, a2¢,p, <2. Now we have to observe
that H(Q)c L*(2), p=1, with a continuous imbedding and that
HY(Q,) c LY(Q;), g <6, with a completely continuous imbedding.

Since the term | |w, — w,|*|Fw,[* dedt can be treated quite similarly

2LZ(Q)dt'_’Or Y, U— oo, So far we have

T JQp
we see that Soll wlw, — wSw,||
shown that 7' is a completely continuous mapping of W in itself.
Moreover, we have just proved that all fixed points of 7, 0 <7 <
1, remain uniformly bounded in the norm of W. Schaefer’s fixed
point theorem now yields that [0, ¢, + 6] N 3* = [0, ¢, + 6]. Since
0 does not depend on ¢, we finally arrive at [0,1] = ¥ = ¥*. Thus

our theorem is proved.

REMARK I.1. The proof of Theorem I. 1 of course yields an a-
priort estimate for every strong solution (cf. the introduction of 3*),
Probably 2 can be unbounded.

REMARK I. 2. Using the same method as in the preceding
theorem one can construct strong solutions to the Navier-Stokes
equations with the property

w' e L7((0, T), L)),
ue L*((0, T), H**(2) N L0, T), H"*(2)),
pe L0, T), H"(2))

if fFeL?((0, T), L*(Q), ¢ H**(Q)N H"*»(Q), p=2. The reason is
simply that

"] 50, = e(n, 0, D]l [l g 5

w2yl g = o(n, p, Dllull, w55, we H*(Q),

and that we have estimates in L*-spaces corresponding to that of
our lemma (see [13], Ch. IV). An analogous result for semilinear
parabolic systems will be proved by a very similar method in the
next chapter. We want to state our a priori estimate for strong
solutions of Navier-Stokes equations in the following theorem:

THEOREM 1.2. Let T>0 be arbitrary. Let fe L?(0, T), L*(2)),
0 =2, let e H»(Q) 0 H*»(Q). Let ue L?((0, T), H>*(2)n L0, T),
H"(Q2), w'eL*0, T), L*(2), peL*(0,T), H"(2) and let (u, p)
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Julfill the equations

u —vdu+uVu+Vp=r,
Veu=20,
u(0) =

Then the following a priori estimate holds:
(10t + [ 1) 12,8 + 17008 15,0
+ ess sup|u(t) e < L, T8, + | 170115 002)

For p = 2 it is sufficient to assume that $c H(Q) and [| sl 77 the
estimate above may be replaced by || P, .-

REMARK I1.3. Instead of boundary values 0 one can prescribe

boundary values a with ae W, V-a = 0, Swa-nda) =0, where n is

the outer normal on 02.
We now prove the lemma mentioned in the proof of Theorem
1.1.

LEMMA. Let fe LX(0, T), L*}2)), ¢ eH Y(2). Then there exists a
pair (u, p) such that we L0, T), H*2)) N L0, T), H WQ2), ue
L¥(0, T), L)), »e L (0, T), H'(2)),

(1.4) u —vdu+rp=r,
Fu=20,
u(0) =

and the following a-priori estimate holds:
@4) |1 a0t + ess sup [[u@)|ta + | ()2t
+ [In@litadt < e, m, 2 (1818 + {170 14 d2)
PrROOF. Approximating p we see that

ET(V;D, w)dt = 0.
0

Thus scalar multiplication of (I.4) with u’ yields the desired «
priori estimate for

[ 1 @00t + ess sup a2 -
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Let us consider the Stokes-system
(1.5) —vdu +Vp=—u +f.

Application of the results of §4, §5, Ch. III in [3] finally yields
the desired estimate and therefore the lemma.

REMARK I.4. It is evident, the lemma above implies that for
every feL*(0,T), L*2)) and every pcH Y2) with V-¢ =0 there
exists a wumique pair (u, p) with we L*(0, T), H*Q)) n L0, T),
HY((Q)), w e L}, T), L*2)), pe L0, T), H(Q)) and (1.4), (I.4').

II. Parabolic System. In this section we want to carry over
our results from §I to parabolic systems in diagonal form. Let
T > 0 but otherwise arbitrary, let 2 be a bounded open set of R”
whose boundary is of class C*™ for an meN. For each pair of
multi-indices &, B of R* with |&|, |8| < m, let functions

A [0, T] x 2 —C
be given with
Az eC(0, T], C™@),
A/z)«+1¥1Avx (¢, ) e R .
Moreover we assume that
McPm = ;zgh, Azt ©)8F = M|, (t,2)e[0, T]1x2, e R*,
18l=m
with a positive constant M. We set for p > 1
A,(u = 1;%“,,, D¥(A3; (¢, %)D™) , weH™»(Q)n H™*(Q) .
1Blsm

For our purposes it means no loss of generality if we assume that
Garding’s inequality

(ABw, w) = (2, m, n, M, ||| A7, Azl %]l

holds with a positive constant ¢(2, m, n, ---).
Let f be a mapping from [0, T] X 2 X R' X R™ X +.+ X R"n

(n, = number of multi-indices & with |&| =v) in R', where [ is a
fixed number. f is supposed to have the following properties:

(F1) f is Lipschitz continuous and (¢, 2,0, ---,0) =0,

(F2) Sof(t, &, u, P, -, Prw)euds = 0, ue H™Q).
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In particular &, f(¢,Vu, --+,V™u) is supposed to be integrable for
uec H™2), u e H™(Q).

(F3) Sg(f(tr v, U, Vu, -, Vmu) - f(t’ %, u, o, -, va))'(u - v)dm
z —¢llu— v, — e C)lulln. + l[v|m)llu — vy,
for all ¢, 12¢>0, C= (a2 + l[V]l,20-

P
0D},

(F4)

f(t’ T, Doy ** "pnm) < K(l + i 'pvl1+(4m—2y)/(n+2v)—l> ,
v=0

r»=0,1, (¢ 2)el0, T] x 2, p,e R™ — {0},
p.= @y 0 Dy,,) -

As an example we can take the nonlinearity with components
(II'1> fz(t,x,u,Vu,---,V”u):ule"”ul, lékély
if we assume that n < 2m. If one uses the Sobolev-inequality

Nl ooy = e, m, Q) |[u]ln. ]l

with @ = n/dm < 1/2 the validity of (F3) for the nonlinearity (II.1)
can be shown in the same way as we did with (NS 2). As for
(F' 4) we have

lu? [ Fmul | = (u] |Fmu|
é C(’n, m)(lu[1+4m/n + IVmu[1+n/4m) ,
é c(,n, m)(lull+4m/n + ]Vmull+2m/('n+2m) + 1) s

since 1 + n/dm = 1 + 2m/(n + 2m) if n < 4m.
Now we want to prove the main result of this section, namely.

THEOREM II. 1. Let geL®(0,T), L*?(2)) for o« p=2. Let
éc H™*(2)N H™?(Q). Then there exists ¢ unique u with the follow-
ing properties:

u' e L*((0, T), L*(2Q)),

we L*((0, T), H*™»(2)) N L*((0, T), H™*%)),
u(0) = @,

u + Altu + ft, u, Vu, --+,VF™u) = g .

Proof. Since the proof is very similar to that of Theorem I.1
we only sketech it. X, ¥* can be introduced as in Theorem I.1.
The decisive point is of course the estimate of u,, —u,, 0.> 0, ¢
X*. Application of Theorem 10.4, Ch. VII in [4] yields:
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[0 = @) 2t 4 | 1 t8) — 20, 0) ot
< on, m, 2,0, M, T, |l Azl -+, 174z 1, [l 43711

T
X (1t oy Pty o, 70, )25,
T
| 1Aty ity ooy o) 258 + 10, = 0,12 1190 300

+loy—o,? nqsnm,,,) :
As in Theorem I.1 we can prove that

M2 (et = wa®ll i = 102 = aule([I1FO) 125,008

@200 2 ny m, M, ||| Azz Il , NI AZF L) -
Moreover

T
| ey Pty =, 770 255
m r
< oK, p, m, 9)(1 + S 7@ — w @, de
+ ﬁ“ S H leual(t)]1+(4m 2v)/(n+2v) !]medt> .

Since (cf. [1], p. 27)

117" @ay(8) — w (E) [Fom=r e |,
< o(n, m, 2, ) [ay() — U (8) |8, || 100, (B2t (8) 17537

we see that for |o, — o,| sufficiently small (the bound does not
depend on o¢,) the norm

[ 1a2s8) = Ozt lt) = 00 (®) 20

can be estimated @ priori. Thus the rest of the proof can be com-
pleted as the corresponding one in Chapter I.
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