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GENERAL SOLVABILITY THEOREMS
MIECZYSLAW ALTMAN

A further development of the method of contractor direc-
tions is presented. In order to make the method applicable to
applied problems, certain conditions are imposed on the sets of
contractor directions. This in turn requires a more sophis-
ticated transfinite induction argument. In terms of contractor
directions, sufficient conditions are given for existence of solut-
ions of nonlinear operator equations in Banach spaces.

Introduction. The general method of contractor directions
seems to be a natural generalization of the method of directional
contractors. However, in order to make the method applicable to
nonlinear differential and integral equations, a further development of
the concept of contractor directions is necessary. Therefore, certain
conditions are imposed on the sets of contractor directions. In this way,
a special class of increasing continuous functions is involved in the
definition of specialized contractor directions. This class is closely
connected with the classical Cauchy integral test for infinite series. By
using the method of specialized contractor directions sufficient conditions
are obtained for general existence theorems of solutions of nonlinear
equations. This method does not require the operator to have closed
range. However, if the range of the operator in question is closed, then
no additional conditions are imposed on the sets of contractor
directions. In this particular case, the method is much simpler. Thus,
the unified theory also yields a generalization of results obtained by
Pohozaev, Browder, Zabreiko and Krasnosel’skii, Kirk and Caristi. All
the methods used by the authors mentjoned above are different and
applicable only in the case of an operator with closed range.

1. A general solvability principle. Let P:D(P)C
X — Y be a nonlinear mapping, where D (P) is a vector space and X, Y
are real or complex Banach spaces. Denote by B the class of increasing
continuous functions B such that

@) B(@0)=0, B(s)>0 for s>0;

(ii) f s 'B(s)ds <» for some a >0;
0

and

(iii) 0<vy <1 implies B(e ™)t—0 as t >,
1
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Let g be a continuous function such that g(¢) >0 for ¢ >0.
DEeriNiTION 1.1, T, (P)=T,(P, q) is a set of contractor directions at

x € D(P) for P: D(P)CX — Y, which has the (B, g)-property, if for

arbitrary y € I', (P) there exist a positive number € = €(x,y)=1 and an

element h € X such that

1.1) [P(x +€h)—Px — ey | = qe|y |

(1.2) Irl=Bdlxi)-lIyD,

where x + eh € D(P) and q = q(P) <1 is some positive constant inde-
pendent of x € D(P).

DEerINITION 1.2. The nonlinear mapping P: D(P)CX—Y is
(B, g)-differentiable at x € D(P) if there is a dense subset V CY such
that for arbitrary y € V there exists an element h € X which satisfies
condition (1.2) and | P(x + €h)— Px — €y ||/e >0 as e >0 +.

Given an element x,E€ D(P), a continuous function g such that
g(t)>0 for t >0, and a function B €B, let us put

b
F=2(1- q)“‘f s'B(s)ds, b=e"",
0

where 0<q <1 is the same as in Definition 1.1. We can find a
polynomial p such that

lg®)—p@)|=1 for 0=t =| x|+ T
Then we have

N
(iv) g()=p@t)=Dct’ for 0=t=|x|+F
i=0

where p dominates p +1 and has nonnegative coefficients. Now put

) Wiah=32c 3 (; ixl
vi) c=32
(vii) p=12N and B=1/2C

Let M =1 be such that
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viii B (e ¥ x| Px [l -2t < pB (1 — for t= M.
q

A local existence theorem. Let S = S(x,,r) be an open ball with
center x, € X and radius r, and put U = D(P) N S, where § is the closure
of S.

THEOREM 1.1.  Suppose that the following hypotheses are satisfied :

(1.3) P: U—Yisclosedon U;

for each x € Uy=D(P)NS, a set T',(P) of contractor
(1.4) \ directions with the (B, g)-property exists, being dense in
some ball with center O on Y,

(1.5) rz2(1- q)“fas“B(s)ds, a = e'"%e ™=l P |;
0

(1.6)  B(e™ ™" Px,[)M < pB(1-q) and e™ V) Px,[ <1,

where W(||xoll), M and p, B are defined by (i)—(viii), respectively. Then
the equation Px =0 has a solution x € U.

Proof. The proof is based upon a further development of the
transfinite induction argument.

We construct well-ordered sequences of positive numbers ¢, and
elements x, € D(P) as follows. Put t =0, and let x, be the given
element. Suppose that z, and x, have been constructed for all y < a,
provided, for arbitrary ordinal numbers y < a, inequalities

(1.7,) 1 Px, || = e~ Pxo,

(18,) Ix, 1=l xoll+ B - g)e5,

are satisfied, where p =1ift, <1,and 0<p <1if ¢, =1,0<B <1. The
constants p and B will be determined below.

For first kind ordinal numbers, 8 = y + 1< a, the following ine-
qualities are satisfied:

(1'97+1) o< ty+1 - ty =1

(1.10,..) | %41 = %, || = (t,41 = t,)B (e ¥ W*P|| Px,[le ¥-%),
and

(1.11,.) [ Px,..— Px, || = (1+ q)| Pxolle % (t,.. - t,);

and, for second kind (limit) ordinal numbers, y <a, the following
relations hold:
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(1.12)) t,=limt;, x,=limx, Px,=limPx,.
B Yy By B7y

Then it follows from (1.10), (1.12), Lemmas 1.3 and 1.4 [2] that, for
arbitrary A <y <a, we have

5 =0 0=, 2, Ioan =56l = 2, (= ) Be™ Y Prafle ")

= 2 (tB+1 — tB )B (e W(""o")” Px0”e é(l‘qx’an"‘a)e ”%(1_‘1)143“)

A=B<y

< 2 (tg+1— t3)B (e % " ¥D|| Px, || e #0-9%)

ASB<y

= S |7 B (e ¥ x| Px,fle - dy

A=B<yJig
= f "B ("% x| Px,[|e 20~ d.
Hence, we obtain the following estimate
(1.13) ”x'y — x)\ ” é f YB(e 1-q , e W("Xo")" Px()”e —%(l—q)t)dt.
In the same way, we obtain from (1.9), (1.11), Lemmas 1.3 and 1.4 [2] that
A1) Py - Pul s+ @l [ e o v

Suppose that « is a first kind ordinal number. If Px,_, =0, then the
proof of the theorem is completed.
If Px,.,#0, then we put

(1.15) ta = ta—l + Ta’
and
(1.16) Xy = Xgoq T+ Toho,

where h, and 7, = € =1 are chosen so as to satisfy (1.1) and (1.2) with
X = X,-1,h = h, andy = — Px,_,. Hence, we obtain, by virtue of (1.7,-,)
and (1.1) with x = x,.,,y = — Px,_, h = h,,

I1Px. || = (1= 7| Pxacsl| + g7 || P |
= (1= (1= g)7)]| Pxaas[| < €97 Pxoy || = €747 Pxo
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(1.17,) IPx, || = 0% Px|.

Now we consider two cases; case (a), where t, <1 and case (b),
where t, = 1. In both cases we have

pUx )= 3 cllxlf = 3 allxl+ B - q)r2)

=S a3 ([ eliBa-auzr =330 S (s
l
*2,

a3 (4 8- anrn = wilxl + 360 - 9)Ct.

Hence, we obtain

(118,) p(lx. )= W(lxol) +3(1 - q)t
provided (1.18,) holds true, where

(1.19) Wilxl) =33 e 3 (] ixl
(1.20) c=§0c2(£> ZNozc,,
and where p and B are chosen so as to satisfy
(1.21) p2N=1 and BC =1/2.

In case (a), we have, by (1.15), (1.16), (1.2), (1.8.-,) and (iv)—(viii),
% | = I %a-ill + 7B (8 (| Xt} - I ya-sll)

= ”xo” +B(1—-q)t_,+1.B(e W(leoll)vé(l—q)t‘,_l” Pxo”e 0=a)e-y),

Hence,
(122)  [xal| =]l + B = q)te-i+ 7.B (e Vb Pxolle 5=,
and
(1.23) % | =l xoll + B = g)t-1 + 7.B (e "V Pxo])).
Hence, it follows that

I [ = 1 xoll + B(1 = @) (tas + 72)

or condition (1.8,) will be satisfied with p =1 if
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(1.24) B(e "0 Pxol)) = B(1-q)
is satisfied, where B is defined by (1.21) and (1.20).
Now let us consider case (b). It is easy to see that (1.8,) will be
satisfied if
B(1—q)te-s+ 7.B (e VI Pxolle *-0e) = B(1 - q)(ta-r + 7a)"

or

(1.25) B (e W(lixoll)

foone —%(l_q)lail) < pB(l - q)(ta-l + Ta )p_l’

by virtue of (1.22). Therefore, replacing t,_,+ 7, in (1.25) by t,let M = 1
be such that

(1.26) B (e " 1=1|| Px,le -9t < pB(1—q) for t = M,
by virtue of (viii), and let
1.27) B (e "0 Px,[| )M < pB (1~ q),

where p and B are defined by (1.20), (1.21). Then, obviously (1.25) will
be satisfied, and consequently, (1.8, ) will be satisfied, too. Thus, in both
cases, conditions (1.26) and (1.27) imply that (1.8, ) will be satisfied, where
a is an ordinal number of first kind.

It follows from (1.15), (1.16), (1.2), (1.7,-1), (1.18,-,) and (iv) that

(1.28,) | Xa = Xact|| = (82 = t.-1) B (& VW*D|| Px,[|e 20-%-),

Thus, we have shown that if « is a first kind ordinal number, then the
induction assumptions hold true for . Now suppose that a is an
ordinal number of second kind and put ¢, = lim, ... Let {y,} be an
increasing sequence convergent to a. It follows from (1.13) and (1.14)
that {x,.} and {Px,} are Cauchy sequences and so are {x,} and
{Px,}. Denote by x, and y, their limits, respectively. Since P is closed
on U, we infer that x, € U and y, = Px,, provided x, € U. If t, <o,
then the limit passage in (1.7,,) and (1.8,,) yields (1.7,) and (1.8,),
respectively. The relationships (1.12,) are satisfied by definition of ¢,
and x,, since y, = Px,. This process will terminate if #, = ©, where «a is
of second kind. In this case, Px, = 0, by virtue of (1.7,). The limit x,
exists, by (1.13), since

(129) JwB(e -9 W(onll)” Pxolle—é(l—q)l)dt = 2(1 - q)—lfas—lB (S)dS <o
0 0
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where a = e'"% "= Px,|. Finally, it follows from (1.13), (1.29) and
(1.5) that all x, € U,. It results from (1.5) and (1.6) that

(130)  2(1—gq)” f s7B(s)ds =2(1— q) f 7B (s)ds.

0 0
Hence, it follows that g(||x.||)= p(||x.|), i.e., condition (iv) is valid for
t =| x.|, and as a consequence, we also obtain that (1.18,) is true. This
completes the proof.

Consider now a particular case of Theorem 1.1.

THEOREM 1.1a. Suppose that the hypotheses (1.3)—(1.5) are satisfied,
where B(s)=s, g(t)= C(t + 1) for some constant C >0 and

(1.5a) r 2 2C([[xof|+ D[ Pxofle “-"/(1 - q),
where || x,| should be replaced by 1 if ||x,||=1.
(1.6a) C| Px,||=(1-q)/4.
Then, equation Px =0 has a solution x € U.

Proof. The general method of proof is similar to that of Theorem
1.1. However, we have to replace the induction assumption (1.8,) by
the following one.

(1.8) Ix, 1= [ xolle?*, B =172,

where ||xo| should be replaced by 1 if ||[xo]|=1. Then we obtain the
following estimate,

lx, = x| = Ag‘;y”xﬁﬂ - x| = A;;:«.,_(tﬁ“ —15)C(|[ x5 || + 1)[| Px, |

= D (tg1— 1) C([|xolle?*=% + 1) Pxofle 0=
ASB<y

Il

> (a1 = 15)C ([l xo]| | Pxofle 2-2% + || Px, le -0

A=B<y

R ; (tp+1 - t,g)C(” x0” + 1)” PxO”e ~d1-q)
=B<y

IA

S 3 (o= )C(Ixol+ D] Proflet-oe t0-ome
=B<y

A

2 C(”x0” + 1)” PxO”e(“q)/zf o e‘ﬁ(l*q)'dt-
A=<y I/

<]
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Hence, we obtain

I, = 51= Cet (ol + Dl Pl "e -0t

=2Ce (|| xo] + DI Pxof/(1~g) = .

It remains to show the induction passage for (1.8}). Suppose that « is an
ordinal number of first kind. We have in case of [ x,[>1,

10 | = %0t + 7uC (| Xamr ]|+ 1) PXos]
= [[Xus |+ 7 C([| o [le 501 + 1) | Pxole 0=
< %01+ 7. 2C] xol] - | Pxofle 20727,

Hence, it follows that
lxa [|= | xofle*=, B =1/2
if
ol -+ + 7,2C xo] - | Pofle -o0-s = [ xgfle -0,
where t, = t,-,+ 7,. Consider the function
@ (7) = ePU-0E+) — £ C|| Px,fle H0-0* — gPU-ax,

The derivative ¢'(7)>0 if C||Pxo||<(1—q)/4. Hence, it follows that
(1.8.) holds true. Consider now the case, where ||[xo[|=1. Then we
have
e 1= | Xa-ill+ 7€ (| X0 | + D] Pxecs |
= B0t TaC(e B(-q)tay 4 1)” PxO“e —(1-q)ta—;
= P01 4 7, 2C|| Pxolle 9%,

Thus, we have to show that

_ _1q— _
e Pty 4 Ta2C|lPx0”e M-@ar < @ BU-ANlar¥ )

But this inequality is exactly the same as in the case where ||x,|> 1.
Hence, it follows that condition (1.8,) holds true in both cases. The
further reasoning is the same as in the proof of Theorem 1.1.

REMARK 1.1. In Theorem 1.1, if B(s)=s for s =0, then the first
inequality in (1.6) can be replaced by the following one.
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(1'31) ew(llxuﬂ)”pxou < PB (1 _ q)2/2e("‘“’2,
where W (| x.||), p, B are defined by (1.19), (1.20), (1.21), respectively.

Proof. Put a = e"=V|| Px,||, then, by virtue of (1.22), we have to
prove that

(1.32) BU—q)t , + m,ae ™ = B(1—q)t,,+ 7).

Let us consider case (b), where 0 <p <1,t = 1, since case (a) yields the
same condition (1.24). Consider the function

o(1)=B(1—q)t+ 1)y —tae™" " - B(1-q)r,
which satisfies the condition ¢ (0)=0, and its derivative is positive if
o'(1)= pB(1=q)(t + 7)™ = ae ™" >0,
that 1s, if
(1.33) a<pB(l—q)e " (t+7y"', 0<7=1, t=1.
But it is easy to see that
pB(1—q)/2e" " <pB(1—q)e* (¢t +7)".

Thus, it follows from the last inequality that if (1.31) is satisfied, then so is
(1.33) and, consequently, condition (1.32) holds true.

ReEMARK 1.2. Condition (1.4) can be replaced by the requirement
that P is (B, g)-differentiable at every x € U,.

Proof. 1t follows from Definitions 1.1 and 1.2 that, for every
x € U,, P has a set I',(P) of contractor directions with the (B, g)-
property and I', (P) is dense in Y.

THEOREM 1.2.  Suppose that the hypotheses (1.3), (1.4) and (1.5),
where a = e¢'™, and, in addition, Px,=y,. Then there exists a ball K with
center y, such that for every y € K, the equation Px =y has a solution
x e U

Proof. Denote by P the operator with values Px = Px —y. Then
there exists a ball K with center y, such that condition (1.6) will be
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satisfied for P if y € K. Thus, all hypotheses of Theorem 1.1 are
satisfied.

A global existence theorem. We now assume that P: D(P)CX —Y
satisfies the following condition.
(a) If the sequence {x,} CD(P) is not bounded, then {Px,} contains
no Cauchy sequence.
A mapping which satisfies condition («) will be briefly called a
Cauchy mapping.

THEOREM 1.3.  Suppose that the following hypotheses are satisfied.

(1) The graph of the nonlinear mapping P: D(P)CX — Y is closed
in X XY.

(2) For each x € D(P), a set I ,(P) of contractor directions with the
(B, g )-property exists, which is dense in some ball with center 0 in Y.

(3) P is a Cauchy mapping.

Then P is a mapping onto Y.

Proof. 1f the range P(D(P)) is closed, then a more general theorem
is true (see [2]). Thus suppose there exists an element y, that is not in
P(D(P)) and a sequence {x,} CD(P) such that

(1.34) IPx, = yoll >0 as n— o
(1.35) [x.|=c for n=1,2,---,

where ¢ is some constant, by virtue of condition (3). Consider the
operator P with values Px = Px —y,. With 7 defined by condition (iv),
we approximate g(¢) on the closed interval 0 =t = ¢ + 7 by the polyno-
mial p(¢) and define p(¢) asin (iv). Then we put X, = x,,, where x,, is an
element of the sequence {x,} which satisfies inequalities (1.6) with x,
replaced by x,. Such an element exists for }_’-, since Px,—0 as
n—. With such a choice of %, for P, all hypotheses of Theorem 1.1 are
satisfied and the equation Px = Px — y,=0 has a solution. Therefore,
our assumption that y, is not in P(D(P)) leads to a contradiction which
proves the theorem.

As a consequence of Theorem 1.3, we obtain the following.

THEOREM 1.4. A closed Cauchy mapping P: D(P)CX — Y which
is (B, g)-differentiable is a mapping onto Y.

Proof. The proof follows from Remark 1.2.
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As a consequence of Theorem 1.1a, we obtain the following two
theorems which do not require P to be a Cauchy mapping.

THEOREM 1.5.  Suppose that conditions (1) and (2) of Theorem 1.3
are satisfied, where B(s)=s and g(t)= C(t +1) with some constant
C>0. Then P: D(P)CX —Y is a mapping onto Y.

Proof. The proof follows from that of Theorem 1.3 and from
Theorem 1.1a.

THEOREM 1.6. A closed mapping P: D(P)CX —Y which is
(B, g)-differentiable, where

B(s)=s and g()=C(t+1)
for some constant C >0, is a mapping onto Y.

Proof. The proof follows from that of Theorem 1.6, from Theorem
1.1a and Remark 1.2.

2. Nonbounded directional contractors. The global ex-
istence theorems proved in Section 1 can be applied to nonlinear
operators having directional contractors which may not be
bounded. For the definition of a directional contractor, see
[1]. Denote by L(Y — X) the set of all linear continuous mappings
from the Banach space Y into the Banach space X.

THEOREM 2.1. A nonlinear closed Cauchy mapping P: D(P)C
X — Y which has a directional contractor I': D(P)— L(Y — X) such
that

(2.1) ITC)ll=g(lx[) forallx € D(P),
where g is some continuous function, is a mapping onto Y.
Proof. The proof follows from Theorem 1.3, where B(s)=s.

+ We consider now nonlinear operators which are differentiable in the
Gateaux sense.

THEOREM 2.2. Let P: D(P)CX — Y be a nonlinear closed Cauchy
mapping. Suppose that for each x € D(P), the Gateaux derivative P'(x)
is an additive and homogeneous operator which has a continuous inverse
I['(x)=P'(x)" such that
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ITCHI=g(lx[l) forallx € D(P),

where g is some continuous function. Then P is a mapping onto Y.

Proof. The proof follows from Theorem 2.1, since
I'" D(P)— L(Y — X) is a directional contractor for P and satisfies
condition (2.1).

THEOREM 2.3. Let P: D(P)CX — Y be a nonlinear closed Cauchy
mapping which is differentiable in the sense of Fréchet. Suppose that for
each x € D (P), the Fréchet derivative P'(x) is a mapping onto Y. If there
exists a continuous function g such that

IP'x)* 1= glx]) forallx € D(P),

where * indicates the adjoint, then P is a mapping onto Y.

Proof. The proof follows from Theorem 1.4 and Lemma 3.4 [2],
since P is (B, g)-differentiable with B(s)=s.

REMARK 2.1. In Theorems 2.1-2.3, the condition that P is a
Cauchy mapping can be omitted if g(¢)= C(¢t +1) for some constant
C>0.

THEOREM 2.4. Let P: D(P)CX — Y be a nonlinear closed Cauchy
mapping which is differentiable in the Fréchet sense with Hélder continuous
derivative P'(x), i.e., there exist positive numbers K, a =1 such that

(2.2) |[P'(x)—P'(x)|=K|x—x||* forallx,x € D(P).

Moreover, for every x € D(P), let A(x): X—Y be a bounded linear
nonsingular operator such that

23) A I=gdlx]) and [P'(x)-A)|=c(lx]),

for all x € D(P), where g and c are some functions, g being
continuous. Suppose that there exist positive constants r and q <1 such
that

@4) (1+a) ' K[g(IxIDI"*r + c(lx g (lx)=q <1 for all x € D(P).

Then P is a mapping onto Y.
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Proof. The proof follows from Theorem 2.1, since I'(x) = A(x)™" is
a directional contractor satisfying condition (2.1). In fact, we have, by

(2.2)-(24),
IP(x+T(x)y)=Px —y[[=[P(x +T'(x)y) = Px = P'(x)l(x)y |
+[|P'(x)(x)y — A )(x)y ||
=(1+a)' KTy [+ c(lxDIT)y |

=1+ a) ' Kg(lx DIy "=+ clxDglx Dy |

=qllyl it [lyl=r"
THEOREM 2.5. Let P: D(P)C X — Y be a nonlinear closed Cauchy
mapping and let T: D(P)CX — Y be an operator differentiable in the

Fréchet sense with Hélder continuous Fréchet derivative T'(x), i.e., there
exist positive constants K and a =1 such that

@.5) ITx)- TE|=K|x - %], 0<a=1,

for all x € D(P). Moreover, suppose that T'(x) is nonsingular and that
there exist a continuous function g and a function ¢ such that

IT) ' I=gixl) and

(2.6)
[(Px — Tx) = (PZ = TX)[[= c(|x D] x — %],

for all x,x € D(P). If there exists a positive constant q <1 such that
condition (2.4) is satisfied, then P is a mapping onto Y.

Proof. The proof follows from Theorem 2.1, since I'(x) = T(x)™" is
a directional contractor satisfying condition (2.1). In fact, we have, by
(2.5), (2.6) and (2.4),
[P(x +T(x)y)—Px —y[|=|T(x +T(x)y)— Tx — T'(x)I'(x)y |
+[P(x + T(x)y — T(x +(x)y)] - [Px — Tx]|
=1+ a) ' K[TE)y [+ c(x DITC)y |l
=L+ a) ' K[glx [DI=lly "=+ clx DgUx DIy I
=[A+a) ' K[gUlxDIer +cllxDglx DIy

=qlyll it flyll=r"

ReEmMARK 2.2. Remark 2.1 applies also to Theorems 2.4 and 2.5.
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