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THE STRONG BIDUAL OF Γ(K)

D. C. TAYLOR

Let A be a C*-algebra, K the Pedersen ideal of A, and
Γ(K) the two-sided multipliers of K under the /c-topology.
In this paper a study is made of the strong bidual of Γ(K),
which we denote by Γ{K)". Here it is shown that the Arens
products in Γ{K)ff are well defined and coincide, and there-
fore make Γ{K)" a *-algebra; moreover, if A is a PCS-
algebra or has a <τ-compact spectrum, it is shown that Γ(K)'f

is a metrizable 6*-algebra which is isometrically *-iso-
morphic to the Cartesian product of W*-algebras.

Now suppose A is just a Banach algebra. In [3] Arens defined
two natural extensions of the product of A to the strong bidual A!'.
If it is assumed that A is also a *-algebra, then it is well known
and easy to verify that a natural extension of the involution of A
can be defined for A" whenever the two products coincide. When
A is a C*-algebra, it is also well known that the two Arens pro-
ducts for A" coincide and the resulting *-algebra is a C*-algebra.
For proofs of these facts, we refer the reader to [7], [20], and [23].

The fact that A" is a C*-algebra whenever A is a C*-algebra
has been very useful. For example, by focusing on certain elements
from A", noncommutative analogues of the bounded Baire, Borel,
and semicontinuous functions on a locally compact Hausdorff space
have been developed. All of this suggests that the strong bidual
of other locally convex topological algebras may be of equal import-
ance. It is the purpose of this paper to study the strong bidual of
an important class of topological algebras which we will shortly
define.

Let A be a C*-algebra, K the Pedersen ideal of A, Γ(K) the
two-sided multipliers of K under the /r-topology. When A is com-
mutative, Γ{K) is the *-algebra of all complex valued continuous
functions defined on the spectrum of A under the compact open
topology. In the general case, Γ(K) can be viewed as a *-algebra
of unbounded operators on a pre-Hilbert space that has many of
the nice properties of C*-algebras. In this paper we shall study the
strong bidual of Γ(K), which we denote by Γ(K)". We show that
the Arens products in Γ(K)" are well defined and coincide, and
therefore make Γ(K)" a *-algebra. Moreover, if A is a PCS-algebra
or has a (/-compact spectrum, we show that Γ(K)" is a metrizable
δ*-algebra which is isometrically *-isomorphic to the Cartesian pro-
duct of TF*-algebras. It is our opinion that noncommutative ana-
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logues of unbounded Baire, Borel, and semicontinuous functions on a
locally compact Hausdorff space can be developed in this setting.
However, in this paper we study only Γ(K)', the strong dual of
Γ(K), and Γ(K)", leaving these other topics for study at a later
time.

Another study of this type has already been made. Gulick in
his two fine papers [8] and [9] investigated the algebraic properties
of the strong bidual of a locally multiplicatively-convex topological
algebra. However, multiplication in Γ(K) is not jointly continuous,
or even hypo-continuous, so Gulick's work can not be applied in our
setting. Moreover, due to the special nature of Γ(K), our results
are of a special nature.

In § 2 we characterize the /c-bounded subsets of Γ(K) and we
study the strong dual of Γ{K). In § 3 we study the strong bidual
of Γ(K). In both of these studies PCS-algebras and PCS-represen-
tations play a fundamental role. In fact the main result is obtained
by regarding the C*-algebra A with σ-compact spectrum as a sort
of inductive limit of PCS-algebras. The reader is referred to [10],
[17], [18] for basic definitions and concepts of topological vector
spaces and to [5], [12], [14], [15], [16] for basic concepts and defini-
tions of multipliers and Pedersen's ideal.

2* The strong dual of Γ(K). Throughout this section A will
denote a C*-algebras and Af the dual of A under the norm topology.
Let KA denote the Pedersen ideal of A (or K when A is understood),
Γ(K) the two-sided multipliers of K, and A{K) the bounded multi-
pliers of K. Let Γ(KY denote the algebraic dual of Γ(K) and let
Γ(KY denote the space of /c-continuous linear functionals defined on
Γ(K) under the s(Γ{K)\ Γ{K)) topology, that is, the topology of
uniform convergence of /̂ -bounded subsets of Γ(K). The s(Γ(K)'9
Γ(K)) topology is called the strong topology for Γ{K)\ In this
section we will study the locally convex topological linear space
Γ(KY and its topological completion Γ(K)'.

The C*-algebra A is called a PCS-algebra if Γ{KA) = Δ{KA). A
representation φ of A is called a PCS-representation if A/ker φ is a
PCS-algebra (see [12, 10.2, p. 94]), and we denote the set of all PCS-
representations of A by PCS(A). For each a e K the canonical re-
presentation of A generated by a [12, 5.3, p. 18] is a PCS-represen-
tation [12, 5.4, p. 19]. Any irreducible' representation is a PCS-re-
presentaion [12, 10.4, p. 94]. For any representation φ of A there
exists a unique /c-continuous linear map φ: Γ(KA) —> Γ(KφU)) that ex-
tends φ [12, 3.11, p. 10]. We will also let φ denote the extension
φ when no confusion will arise.
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2.1. LEMMA. Let {e?}λe { be a positive increasing approximate
identity for A contained in K. Then for a subset Q of Γ(K) the
following statements are equivalent:

( i ) For each φ e PCS(A), {φ(x): x 6 Q} is a uniformly bounded
subset of A(KφU));

(i i) For each aeK, {φa(x): x e Q] is a uniformly bounded sebset
of Δ(KΨa{A)), where φa is the canonical representation of A generated
by a;

(iii) For each λ e Λ, {φe)(x)m. x 6 Q} is a uniformly bounded sub-
set of J(KΨeλ{A)), where φe? is the canonical representation of A gen-
erated by eλ;

(iv) Q is a tc-bounded subset of Γ{K).

Proof. Clearly, (i) implies (ii) and (ii) implies (iii). Suppose
(iii) holds and aeK. Recall that for xeΓ(K), \\φa(x)\\ = \\Lίa)\\,
where L{

x

a): ^fa-> £?a and J*fa is the closed left ideal generated by
a [12, 5.2, p. 17]. We know there exists a XeΛ, unitary elements
ui9 u2, " jUn in A (the C*-algebra formed by adjoining the identity
to A), and positive numbers alf a2, , an such that αα* ̂  Σ ^ i ^ Λ ^ Λ *
[12, p. 20], Since e\2eSfe)> it now follows that for xeQ

\\xa\\2 ^ Σ*at\\π*teλuϊx*\\ ^ Σ ^ Hφ,;(x)||2 .
i = l ΐ = l

Since {<pβλ(x) :xeQ) is uniformly bounded, sup {11 xa \ \: x e Q) < oo.
Similarly, sup{||α#||: x G Q} < CO, SO Q is ^-bounded and (iv) holds.

Finally assume (iv) holds and <pePCS(A). Due to the fact that
φ{KA) = Kφu) [16, Corollary 6, p. 268], φ{Q) is a ^-bounded subset
of Γ(KψiA)) = Δ{Kφ{A)). Suppose that φ{Q) is not uniformly bounded.
Then we can choose a sequence {zn} of elements in Q such that

I I ^ 1 6 n . Set

and note xn ί> 0 and \\xn\\ ^ 4*. Let a e -KPU)

+. Since p(Q) is /c-bound-
ed, there is a d > 0 such that \\zna\\ < δ for each integer n. It fol-
lows that

IK Σ Xk)a\\ £ Σ \\φ(zi)φ(zk)a\\/\\φ(zk)\Γ
k—m k~m

Σ dl\\φ(zk)\\1/2 ^ δ Σ 1/4* ^ δ/4™-1 .^ Σ
k

Consequently, the sequence of partial sums {Σ*=i %k} is /c-Cauchy.
Since Γ{KΦ{A)) is complete, the sequence of partial sums {Σ^=i%}
converges in the ^-topology to some x e J(Kφ{A)). Since x ^ xn ^ 0
for each positive integer n, \\x\\ ̂  | |ajΛ | | ^ 4W —> ©o, which is a con-
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tradiction. Hence our proof is complete.

2.2. COROLLARY. If Q1 and Q2 are /c-bounded subsets of Γ(K),
then so is QX Q2 = {xy: xeQίf y e Q2).

2.3. COROLLARY. A subset Q of Γ(K) is /c-bounded if and only
if {\x\:xeQ} is /c-bounded.

Let π: A -> B(Hπ) be an irreducible representation of A. Recall
that π has a natural extension π: Γ(KA) —• B(Hπ), which we still
denote by π (cf. [12, 4.5, p. 15]).

2.4. PROPOSITION. A subset Q of Γ{KA) is it-bounded if and
only if

sup sup | |π(#)| | < °o
xeQ πe F

for each compact subset F of the spectrum A.

Proof. Suppose Q is a /c-bounded subset of Γ(K) and a19 a2, , an

are elements of KA. Let Si" be the closed left ideal of A generated
by {α<}?=1. From [12, Chapter 3] we see ^ S ] Γ 4 and Lx: &-» &
(left multiplication by x) is a bounded linear operator for each x e Q.
Since Q is /c-bounded, we have by the principle of uniform bounded-
ness that supseρ \\LX\\ <oo. Now the assertion follows exactly as in
[12, 7.2, p. 48]. The converse is a direct consequence of [12, 5.39,
p. 35].

2.5. PROPOSITION. If <p19 φ2ePCS(A), then there is aφePCS(A)
such that ker φι Π ker φ2 = ker φ.

Proof. Let Jt = ker φi9 i = 1, 2, and set J = Jλ Π J2. Clearly all
we need to show is that A/J is a PCS-algebra. Let Q be a /c-bounded
subset of A/J and ψ :̂ A/J-+ A/Jt the map defined by ψi(x + J) = x + Ji.
By virtue of [16, Corollary 6, p. 268] and [12, 10.1, p. 89] the set
ψi(Q) is a uniformly bounded subset of A/Jt. Let M be an upper
bound of {\\ψi(x + J)\\:x + JeQ, i = 1, 2}. It follows from [6, 3.2]
and [6, 3.3] that \\x + J\\ = sup {||π(a?)||: πe Aj} = sup{||^(a?)||: πe A^ U
AJ2} ^ M for all .a? + J in Q. Hence by [12, 10.1, p. 89] A/J is a
PCS-algebra and our proof is complete.

We are now ready to begin our study of Γ(K)' and its topo-
logical completion Γ(K)'. The topological linear space Γ{K)f will be
viewed as the space of all linear functionals on Γ(K) that are
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/r-continuous on ^-bounded subsets of Γ(K) [17, Theorem 2, p. 103].
Now let φ be a *-homomorphism of A onto the C*-algebra B and
φ: Γ(KA) —> Γ(KB) the unique Λ>continuous *-homomorphism that ex-
tends φ. Note that if ψ: Γ(KA) —> Γ(KB) is any *-homomorphism
with ψ<αθ = <p(#), # 6 A, then α/r is /r-continuous so must be equal to
φ everywhere. Let ψ\ Γ{KB)' -> Γ(KA)' be defined by ?'(/)(») =
f(φ(x)), xeΓ(KA). This mapping is known as the adjoint of <p. For

feΓ(KA)', define / * on ΓCBΓJ by /*(a?) = f(x% which clearly belongs
to fίJBΓJ'. Also note that if feΓ(KA)

r, then f*eΓ(KA)'.

2.6. PROPOSITON. Lei φ be a *-homomorphism of Γ(KA) into
Γ(KB) with φ(A) = JB. Γfcβ̂  /or ίfeβ adjoint map φr the following
hold: (i) φ'{Γ{KB)

f) Q Γ(KA)'; (ii) φ' is continuous with respect to the
s(Γ(KB)

f

9 Γ(KB)) and s(Γ(KA)', Γ(KA)) topologies; (iii) φf has a unique
extension φ' which is a continuous linear mapping of Γ{KB)' into
Γ(KAY; (iv) φ'(f*) = φ'(fT,feΓ{KB)'.

Proof. The first assertion follows from the fact that φ is
/c-continuous. The second and third follow from [16, Corollary 6,
p. 268] and [17, Theorem 6, p. 107], respectively. The last assertion
is due to the fact that the map / -> / * is strongly continuous.

2.7. PROPOSITION. Let ψ:f-+f\A be the restriction mapping
of Γ(KAY into A'. Then ψ is one-to-one and ψ(f*) — ψ(f)*.

Proof. Let / 6 Γ{KJ be such that ψ(/) = 0. Let x e Γ(KΛ)
+

and {eλ} a positive increasing approximate identity for A contained
in KA. By virtue of [12, Chapter 5], {x1/2eλx

1/2} is a /c-bounded subset
of Γ(K)+; moreover, by [12, 3.4, p. 8] xι/2eλx

ί/2> —• x in the /c-topology.
Thus fix) = 0, since / is ^-continuous on Λ -bounded sets. It follows
f(x) = 0 for all x 6 Γ(K) by virtue of [12, 5.25, p. 29], so ψ is one-
to-one. The other assertion is trivial to prove.

Let I be a closed two-sided ideal of A and J the yc-closure of
I. It is known that J is a self adjoint two-sided ideal of Γ(KA)
[12, Chapter 8]. Now define

JJ- = {/ef(^y:/ | J r ={0}} and P-= { / e A ' : / | I = {0}} .

2.8. PROPOSITION. Let f)JL-+Γ be defined by
If A/I is a PCS-algebra, then the map ψ is a bicontinuous mapping
of J1 onto I 1 under the strong and uniform topologies.

Proof. Let gel1 and <p: A —>• A/I the natural quotient map. It
is well known that there is a unique hQe(A/iy, \\ho\\ = \\g\\, such
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that g(x) = ho(φ(x)) for each xeA. By virtue of [21, Theorem 2.1,
p. 634] there exist elements u, v in A/I and a uniformly continuous
linear function h on Δ{KAfI) such that ||w ft v|| = ||fto|| and hQ(x) =
u h-v{x) for every xeA/I. Set f = u-h-v. Since A/I is a PCS-
algebra, / is defined everywhere on Γ(KA/I); moreover, by 2.1, the
/c-bounded subsets of Γ(KA/I) are uniformly bounded, so it is easy
to verify that feΓ(KA/iy. Now let φ also denote the /c-continuous
map that extends φ to Γ{KA), and let ψ' be the unique extension of
the adjoint map to Γ(KA/iγ. By 2.6, φ\f) e Γ(KA)'. It follows that
for each x e A,

s) - lim Φ\fa){x) = limfa(φ(x))

where {fa} is a net in Γ{KAίI)
r that converges to / strongly. So

It is clear that ψ is a continuous mapping of J1 onto / x . Now
let ga be a net in I1 that converges to 0 uniformly and fa the linear
functional Γ{KA/I)

r constructed as above. Since | |/ α | | = HflUI,/«-*0
uniformly. Hence fa —> 0 strongly by virtue of 2.1. Thus by 2.6,
Ψ\fa) -* 0 strongly. But φ\fa)\A = ga, ψ'\ga) = φ\fa) and our proof
is complete.

Let <pePCS(A). As noted earlier, φ has a natural extension to
Γ(KA) into Γ(KΦU)) — J(Kψ{A)) which we still denote by φ. Let / 9

be the /ί-closed two-sided ideal of Γ{KA) given by Jφ = ker 9?.

2.9. COROLLARY. For each φ e PCS(A), Γ(K9U))
r is the linear

span of its positive part, Jφ = φ\Γ(Kψ{A))') and

= \\f\φ{A)\\^\\φ\f)\A\\

for each f in Γ{Kφ{A))
f.

2.10. PROPOSITION. The space

r(κAγ - u φ'a(Γ(κφ{A)γ) £ U 4 s U JΪ £ nκAγ
aeKA aeKA <pePCS(A)

where φa is the canonical representation of A generated by a.

Proof. The proof is straightforward, by virtue of [12, 6.1,
p. 42] and given that KΨaU) = φa(KA).

2.11. COROLLARY. The linear span of the positive, ic-continuous,
linear functionals defined on Γ(KA) is strongly dense in Γ(KAy.

Proof. Let <pePCS(A) a n d / e J ^ . By virtue of 2.9, we may
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assume / ^ 0; moreover, we may assume that there is a geΓ(Kφ{A))'
and an aeA+ such that φ'(φ{a) g φ(a)) = a φ'(g) a = / [ 2 1 , Theorem
2.1, p . 634]. Let Q be a /r-bounded subset of Γ{KA) and {eλ} an ap-

proximate ident i ty for A contained in K. Then for xeQ

\eλ f>eλ(x) -f(x)\ = \g{φ{eλά)φ{x)φ{aeλ) - φ(a)φ(x)φ(a))\

^ \\φ(eλa) - φ(a)\\ \\φ{xaeλ)\\ + \\φ(aeλ) - φ(a)\\ \\φ(ax)\\ ,

so eλ f ex-*f strongly by virtue of 2.1. Since eλ-f-eλeΓ(KAy
+, the

assertion follows from 2.10.

2.12. LEMMA. Let feΓ{KA)
r+. Then the linear maps x—>f x

and x-+x f of Γ(KA) into Γ(KA)
r are continuous under the tc and

strong topologies.

Proof. The proof follows immediately from [12, 6.5, p. 46].

Let FeΓ(KY* and define V to be the linear span of Γ(KA)'+.
For each feV define the linear functionals XF(f) and pF(f) on Γ(KA)
by the formulas:

It follows from 2.12 that XF(f) and pF(f) are well defined.

2.13. LEMMA. If F is strongly continuous, then XF, pF are
strongly continuous linear mappings of V into Γ(KA)

r.

Proof. For each feV9 it follows immediately from 2.12 that
λF(/) and pF{f) belong to Γ(KA)'. It is obvious the maps are linear,
so it remains to be shown that they are strongly continuous. Sup-
pose {fa} is a net in V that converges strongly to 0. Let ε > 0.
Since F is strongly continuous there exists a /̂ -bounded set Qt £ Γ(KA)
such that |F(flO|<e for all g£Γ(KA)' with the property | ^ ) | ^ 1
whenever x e Qlm Now let Q2 be any /c-bounded subset of Γ(KA).
From 2.2, it follows that Q^Q2 is ^-bounded. Choose a0 so that for
a > a0 sup {|/α(α?)|: x 6 QrQ2} < 1. This implies, for a > a0 and z e Q2,
12 •/«(#) I ̂  1 for each xeQt. Hence

\F{z fa)\ = \pr(fa)(*)\<e

for all z e Q2. This means pF(fa) —> 0 strongly and therefore pF is
strongly continuous. Similarly, λ^ is strongly continuous and our
proof is complete.

2.14. DEFINITION. Let {/Λ}»=1 be a decreasing sequence of closed



548 D. C. TAYLOR

two-sided ideals of A and let £J denote the closed two-sided ideal
of A (not necessarily proper) given by II = {xe A: xln = {0}}. If, for
each positive integer n, A/In is a PCS-algebra, and if U?=i In is
dense in A, then {/«}»=,. is called a PCS-sequence of closed two-sided
ideals. Note KA Q U~=1 Jn° (cf [11, 2]).

2.15. PROPOSITION. Suppose A has a σ-compact spectrum A.
Then A contains a PCS-sequence of closed two-sided ideals.

Proof. Since A is tf-compact, one can show by using [6, 3.3.2,
p. 63] and [12, 5.39, p. 35] that there is an increasing sequence {an}
in K\ such that

U {πeA:\\π(an)\\>0} - 1 .

For each integer n set In = ker φan, where φan is the canonical re-
presentation of A generated by an. As noted earlier A/In is a PCS-
algebra and clearly {/w}»=1 is a decreasing sequence, so all that remains
to be shown is Un=11% is dense in A. Set

Un - { 7 r e i : | | π ( α J | | > 0 }

and

In = {xeA: π(x) = 0 , πeA/Un] .

Note that for π e Un and x e In, π(x) — 0. Hence In C1%. Let & 6 Z^.
Since {Un} is an open cover of A, it follows from [12, 5.39, p.35]
that {π 6 A: || π(6) || > 0} £ £7% for some positive integer n. Thus 6 e In.
It now follows that KA C U»=i ί l C U?=i ί ί Hence {/w}?=1 is a PCS-
sequence of closed two-sided ideals.

2.16. COROLLARY. If A is a C*-algebra with a countable ap-
proximate identity, then A contains a PCS-sequence of closed-two
sided ideals.

2.17. COROLLARY. If A is a separable C*-algebra, then A con-
tains a PCS-sequence of closed two-sided ideals.

2.18. LEMMA. Suppose A contains a PCS-sequence of closed
two-sided ideals {In}n=i and let φn: A ~> A/In denote the natural quotient
mapping. A subset Q of Γ(KA) is it-bounded if and only if
{φn(x): x 6 Q} is a uniformly bounded subset of J(K9nU)) for each
positive integer n. Here φn denotes the natural extension to Γ(KA).

Proof. Let {eλ}λeΛ be a positive increasing approximate identity
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for A contained in KA. Recall that KA £ U /«. Hence for each λ e A
there is a positive integer n for which eλ e I£, so In £ ker £>e;ι, where
φeχ is the canonical representation of A generated by βχ. Set
Γλ — ker 2>er Assume {φn(x): x e Q} is a uniformly bounded subset of
zKiCp̂ O for each positive integer n. Thus, for each n,

sup sup ||π(α?)|| < °° ,

where AJ% = {π e A: π(I») = 0}. Now let F be a compact subset of
X Clearly there is a e* such that {π e A: \\π(ex)\\> 0}^ F. Con-
sequently, FQAlλ. So there is a positive integer n for which
F £ AJ%. It follows that Q is /t-bounded by virtue of 2.4. The
converse is immediate and our proof is complete.

2.19. PROPOSITION. Suppose A is a C*-algebra with a PCS-
sequence {I%}?=1 of closed two-sided ideals. Let Jn denote the
tc-closure of In for each positive integer n. Then a subset Q' of
Γ(KAY is strongly bounded if and only if Q' Q Ji, for some positive
integer n, and

sup | | / | i l | | < o o .
/eQ'

Proof. First, recall that a subset Qr of Γ(KA)' is strongly
bounded if and only if

sup sup I f{x) I < oo
feQ' xeQ

for each /ε-bounded subset Q of Γ(KA)'. Now assume Qf £ J i , for
some n and sup {||/|A||:/eQ'}<oo. Let φn:A-+ A/In be the natural
quotient map. Let φn also denote the natural extension <pn: ΓiKA) —>
Γ(KΨnU)) and let φ'n: Γ(KA)' -+ Γ{KJ the extended adjoint map. By
virtue of 2.9 there is a subset Wof Γ(KΨnU)γ such that φ'n(W) = Q'
and

for each g e W. It follows that each ^-bounded subset Q of Γ{KA)

sup sup I f{x) I = sup sup I giφnix)) I ̂  sup 11 g \ \ sup 19>n(a?) |
/ e Q ' xeQ gewf xeQ geW xeQ

g sup | |/ |A| | sup |<^(£)| < oo

by virtue of 2.1, so Q' is strongly bounded.
Now assume Qr is a strongly bounded subset. Since the unit

ball of A is a /e-bounded subset of ΓiKA)> it follows that

sup{ | | / |A | | :/eQ'}<oo,
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so all we need to show is Q'QJj> for some positive integer n. As-
sume not. By virtue of 2.7 there is a sequence {(/„, OKU of ordered
pairs such that fn e Q\ xΛeIi, and fn(xn) = n. Let a e K\. Since
{In}n=i is a PCS-sequence of closed two-sided ideals, there is a positive
integer N such that αe/^ for all n^N. Thus when n ^ AΓII αa?n || =
||a?Λα|| = 0 . This means that {xn} is a /r-bounded subset of Γ(KA).
But /Λ(ccJ = w, which contradicts the fact Qf is strongly bounded.
It follows that Q' £ J^ for some positive integer n and our proof is
complete.

2.20. COROLLARY. The space Γ{KJ = USW Ji:; consequently,
Γ(KΛ)

r is the linear span of its positive part.

Proof. The first assertion is a direct result of [17, Corollary
1, p. 102] and 2.10. The second assertion follows from 2.9.

2.21. PROPOSITION. Suppose A is a C*-algebra with a PCS-
sequence {In}n=i of closed two-sided ideals. For each feA' there is
a unique decomposition f = Σ»=i /» such that fn e J

Moreover, the following statements hold:

( i) 11/11 = ΣϊWll/JI;
(ii) if there is a g in Γ(KA)' such that g\A — /, then there is

a positive integer N for which /„ = 0 whenever n ^ N;
(iii) i/ / can be extended to a tc-continuous linear functional

defined on Γ(KA), then so can each fn.

Proof. Let us view A under the universal representation as a
self adjoint algebra of operators on a Hubert space H with trivial
null space. Let & be the closure of A in the weak operator
topology. L e t / 6 A!. Then there is unique ultrastrongly continuous
function / on & that extends A [6, 12.1.1, p. 235]. Now let Pn be
the central projection in & that is the identity for the weak
closure of In. Set Q, = E - Plf Q2 = Px ~ P2, , Qn - Pn-lΓ Pn.
Here E denotes t h e ident i ty of &. N e x t set fn = Qn.f and
Λ = Λ | A . I t is clear t h a t / n G l ί , | |/ r + 1 | | = | | Λ + ι | J J | , and Σ ϊ - i IIΛII^II/!I.
Since UII is dense in A, i t is s t ra ight forward to show t h a t Pn —> 0
in the u l t r a s t r o n g topology. Hence for xeA

\f(χ) - Σ fM\ = \Λ*) - /(Σ Qnχ)\
l n l

n=l

as iV-^^o. Thus f(x) = Σn=i/«(*), so (i) holds. The uniqueness of
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the decomposition / = Σ~=1 /• follows directly from [22, Corollary
2.3 and Corollary 2.7, pp. 162, 164]. So to complete the proof we
must show (ii) and (iii) hold.

Statement (ii) is a trivial consequence of 2.20. Now suppose /
can be extended to a yc-continuous functional on Γ{K). By virtue
of [12, 6.1, p. 42], f =b-g + h b for some beK and g, h in A!.
Since it is clear that fn = b gn + hn b, it follows that (iii) holds.
Hence our proof is complete.

3* The strong bidual of Γ(K). Throughout this section we
will use the same notation as in § 2. Here we will study the strong
bidual of Γ(K), that is, the space of all s(Γ(K)', Γ{K)) continuous
linear functional on Γ{K)\ denoted by Γ(K)", under the s(Γ(K)",
Γ(K)f) topology. The s(Γ(K)", Γ{K)r) topology for Γ(K)" is the
topology of uniform convergence on s(Γ(KY, Γ(K)) bounded subsets
of Γ(KY and this topology is called the strong topology for Γ(K)".

Now let F,Ge Γ(K)" and also let F, G denote their unique ex-
tensions to Γ(K)f. Let V be the linear span of [Γ(KA)']+. By
virtue of 2.13 the map / -> F(XG(f)) is a s{Γ(K)\ Γ(K)) continuous
linear functional defined on V. Since V is strongly dense in Γ(K)'
(see 2.11), this linear functional has a unique extension to all of
f(KY which is also s(Γ(K)', Γ{K)) continuous. Denote this extended
map by 2<\G. It follows that Γ(K)" is an algebra, where multipli-
cation is defined by FotG. This multiplication is called Arens left
multiplication. Now define F<>rG(f) — G(pF(f)), f eV. In similar
fashion, Γ(K)" is an algebra under multiplication given by ForG.
This is called Arens right multiplication. If F°tG — F°rG for all
F} G in Γ(K)", then Arens multiplication is denoted by F<>G.

Recall that a locally convex topological algebra J%f is called
locally m-convex if there exists a family of continuous seminorms
{PiliεΛ on J ^ that generates the topology of J%f and satisfies the
condition:

for each x, y in *s*f and ίeΛ. A locally convex topological algebra
όzf is called a 6*-algebra if it is a complete, locally m-convex
*-algebra, each of whose defining seminorms pt satisfies (*) and the
condition:

Pt(x*x) = [Pi(x)Y .

The concept of locally m-convex algebras was introduced by Arens
[2] and Michael [13] The concept of δ*-algebras was introduced by
Allan [1]. Now if j y and J ^ ' are δ*-algebras with defining semi-
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norms {Pi}ieA and {pϊ}ieΛ>f respectively, then Stf and ^f' are said to
be δ*-isomorphic if there is a ^-isomorphism τ of *s& onto jy" such
that for each ieΛ there is a j e ΛΓ so that P/(r(aO) = p<(ίc) for each
x e Jϊf and similarly for each j e Af there is a i e A so that pi(τ"1(y)) =
Piiy) for each # 6 j ^ \

The next theorem is the main result of this paper.

3.1. THEOREM. Let A be a C*-algebra. Then the following
statements hold:

( i ) The Arens products in Γ{KA)" are well defined and coin-
cide; consequently, under Arens multiplication Γ(KA)" is a *-algebra,
where involution F-> F* is given by F*(f) — F{f*).

(ii) The natural embedding x-^Fx of Γ(KA) into Γ{KA)" is
an algebraic ^-isomorphism of Γ(KA) onto a s(Γ(KA)", Γ(KA)

r) closed
"-subalgebra of Γ(KA)".

(iii) If ψ: A" -> Γ(KA)'* is the map defined by ψ{F){f) = F(f\A),
then ψ is an algebraic ""-isomorphism of A" into Γ(KA)".

(iv) If A possesses a PCS-sequence of closed two-sided ideals
{In} {in particular, if A is a PCS-algebra or has a σ-compact
spectrum), then Γ(KA)" is a metrizable b*-algebra that is b*-iso-
morphic to a countable Cartesian product of W*-algebras.

Before we can proceed with the proof of 3.1 we must first
prove a series of lemmas.

3.2. LEMMA. Let A and B be C*-algebras and φ a *-homo-
morphism of Γ{KA) into Γ(KB) with φ{A) = J5. Then for the second
adjoint map φ" the following hold:

( i ) φ"(Γ(KA)")^Γ(KB)".
(ii) φ is continuous with respect to the s(Γ(KA)", Γ(KA)

f) and
8(Γ(KB)", Γ(KBY) topologies.

(iii) φ" is a homomorphism with respect to both left and right
Arens multiplication.

Proof. It follows from 2.6 and [17, Proposition 12, p. 38] that
(i) holds. Since all topologies of a dual pair have the same bounded
sets (ii) is trivial. Statement (iii) follows immediately from 2.11,
2.12, 2.13, and the definitions of Arens multiplications and the adjoint
map.

Let A be a C*-algebra. Let λePCS(A) and also let λ denote
its extension to Γ(KA). Throughout the remainder of this section
we will let Jλ = {x e Γ(KA): X(x) = 0} and Iλ = xeA: X(x) = 0}, while
letting Ji and Ij be defined as in § 2. By 2.5 we see that PCS(̂ L)
is a directed set, where by XL ̂  λ2 we mean Jλ2QJλi.
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If QΩJϊ, for some λePCS(A), and sup{||/|A||:/e<3} is finite,
then by the argument given for 2.19 we have that Q is a s(Γ(KA)',
Γ(KA)) bounded subset of Γ{KA)'. However, in general it is not
known whether or not the converse holds, but it does hold for a
large class of C*-algebras. In fact, if A possesses a PCS-sequence
of closed two-sided ideals, then the converse follows from 2.19.
Now let λ 6 PCS(A) and define px: Γ(KA)" -> R+ by the formula

px{F) = snv{\F(f)\:feJi ,

Clearly, px is a s(Γ(KA)"t Γ(KA)') continuous seminorm for Γ{KA)".

3.3. LEMMA. Let xePCS(A) and FeΓ{KA)". Then the fol-
lowing statements hold:

( i ) p ^ ) = sup{|F(α./)|:/6jf,α€jB^,||α./|A||^l}==sup{|F(/.α)|:
feJl,aeKA,\\f.a\A\\^l}.

(ii) If {IXJ is a PCS-sequence of closed two-sided ideals of A,
then {pxj generates the s(Γ(KA)", Γ(KA)

r) topology of Γ{KA)".

Proof. Statement (i) follows from 2.1, 2.9, [21, Theorem 2.1,
p. 634], and the fact every C*-algebra has an approximate identity.
Statement (ii) follows from 2.19.

3.4. LEMMA. Let A be a C*-algebra. If asKA and Ba is the
hereditary C*-subalgebra of KA generated by a, then there is a
λ0 6 PCS(A) such that pλ(Fx) = ||x|| for each xeBa and λ ^ λ0. Here
pλ is defined as above.

Proof. Assume a e KA and Ba is the hereditary C*-algebra of
KA generated by a. Let λα be the canonical representation of A
generated by α. Clearly, aelλ°a, and, therefore, Ba S /;°α. It follows
that {b-g:beBa, ge A'} £ I\a. Thus for each x e Ba and λ ^ λα

£l, geA',\\g\\£l}

^ sup{| f(x)\:felia9 \\f\\ £ 1}

by virtue of [21, Theorem 2.1, p. 634] and [19, Theorem 2.1, p. 142]
Hence (iii) holds and our proof is complete.

3.5. LEMMA. Suppose A is a PCS-algebra. Then the Arens
products in Γ(KA)" are well defined and coincide) consequently,
under Arens multiplication Γ(KA)

n is a W*-algebra, where involu-
tion F —> F* is given by F*(f) — F(f*). Moreover, the map ψ: A" —>
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Γ(KA)
f* given by 3.1 (iii) is an isometric *-isomorphism of A" onto

r(κAy.

Proof. We have already observed that Arens products are well
defined. By virtue of 2.1, 3.3, and the fact the unit ball of
{f\A:feΓ(KA)'} is dense in the unit ball of A', we can easily see
that Γ{KA)" is a Banach space and the map ψ: A" -> Γ(KA)

f* given
above is an isometric isomorphism of the Banach space A" onto the
Banach space Γ(KA)". Moreover, it is clear that ψ preserves both
left and right Arens products. But Arens products in A" coincide,
hence they coincide in Γ(KA)". Now it is easy to show that F—>F*
given above defines an involution for Γ(KA)". So Γ{KA)" is a
Banach *-algebra and ψ: A" —> Γ(KA)" is an isometric ^-isomorphism
of the TF*-algebra A!' onto Γ{KA)". Thus Γ{KA)" is a TF*-algebra
and our proof is complete.

Proof of 3.1. We have already observed that Arens products
are well defined, so statement (i) follows immediately from 2.9, 3.2,
and 3.5. We shall assume throughout the remainder of the proof
that Γ{KA)" is a *-algebra, where the multiplication is Arens multi-
plication and the involution is defined as in statement (i).

It is routine to show that Γ{KA) can be viewed under the
natural embedding as a s(Γ(KA)", Γ(KA)') closed *-subalgebra of
Γ(KA)". Furthermore, it is routine to show that the map ψ: A" —>
Γ(KΛ)'* defined by the formula

ψ(F)(f)=F(f\A)

is a ^-isomorphism of A" onto the *-subalgebra j y of Γ(KA)"9

where j ^ = {FeΓ(KA)": suv{pλ(F): XePCS(A)} < oo}. Also note
that the adjoint mapping φ" considered in 3.3 preserves involution.

Next let {In} be a PCS-sequence of closed two-sided ideals in A
and let {pxj denote the corresponding sequence of seminorms defined
above 3.3. By 3.3 the seminorms {pλj generate the s(Γ(KA)",
Γ(KA)

r) topology, so Γ(KA)" is a metric space. Note that from 2.9
and 3.3 we can deduce pλn(F) - \\K(F)\\ for all FeΓ(KA)" and
positive integer n. It follows that px%(FoG) ^ Pxn(F)pXn(G) and
pλn(F*F) = [pχn(F)γ, F,GeΓ(KΛ)". So we will have shown Γ(KA)"
is a δ*-algebra once we prove Γ(KA)" is complete.

Let F be a linear functional defined on Γ(KA)' that is s(Γ{K)',
Γ(K)) continuous on each s(Γ(KA)', Γ(KA)) bounded subset of Γ(KA)'.
Note that if Q is a s(Γ(KA)', Γ(KA)) bounded subset of Γ(KA)', then
F(Q) is bounded [17, Corollary 1, p. 102]. Let

rn =
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which is finite, and observe rn ^ rΛ+1 for each positive integer n.
Now let Qn = {xeΓ(KA): \\<pn(x)\\ ^ 2*r»} and set Q = ΠQ*. By 2.18,
Q is a /r-bounded subset of Γ(KA). Let Qp denote the polar of Q
taken in Γ(.KJ' and Qpp the polar of Qp taken in Γ(KA)'*. Let
/ e Qp. Then, by 2.21, / = ΣiUfu where /, e Ji Γ\Γ(KA)' and

Set Jo = A and then let Λf, = {x e 1^: 2V, > ||α?||} for i = 1, 2, ,
Since / 0 2 / i 2 I2, , AT, £ Q for i = 1, 2, , ti. It follows that

so 11 /41A11 g 1/2V«. Therefore

\F(f)\£Σ.\\f<\A\)\F((ll\\ft\A\\)ft)\

^ Σ (1/2 V,) I F((l/| I /, IAI |)/t) | < 1 .
ϊ = l

So FeQpp which means FeΓ(KA)" by [17, Proposition 2, p. 47]. But
this implies Γ(KA)" is complete by virtue of [17, Theorem 2, p. 103]
and therefore Γ(KA)" is a metrizable &*-algebra.

Finally, we will show that Γ(KA)" is 6*-isomorphic to the Car-
tesian product of TF*-algebras. Let P% be the central projection in
A!1 that is the identity for the σ(A", Ar) closure of In. Note that
(I - Pn)oF = Fo(I - Pn) e A" for each F e ΓCEΓJ". Set Q, = I - Plf

Q2 = Px - P2, , Qn = P ^ - P. and let £„ denote the TF*-algebra
QnΓ(KA)" for each positive integer w. It follows easily that Γ(KA)'r

is ϊ>*-isomorphic to the Cartesian product τC=1 Bn. Hence (i), (ii), (iii),
and (iv) hold and our proof is complete.
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