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ON TOPOLOGICAL ANALOGUES OF LEFT THICK
SUBSETS IN SEMIGROUPS

JAMES C. S. WoNG

We discuss the relation among various topological
analogues of left thickness in semigroups and their connec-
tion with left invariant means for locally compact separately
continuous semigroups. Until now, most results in this
direction have been obtained for only jointly continuous
semigroups. However, an important convolution formula
found recently by this author made the transition to sepa-
rately continuous cases possible.

1. Introduction. Let S be a semigroup and T a subset of S.
T is called left thick if for each finite set F'c S, there is some se¢ S
such that Fsc T. In 1965, T. Mitchell obtained the following in-
teresting results:

THEOREM 1.1 (Mitchell [7]). Let S be a left amenable semigroup
and T a subset of S, then T is left thick iff there is a left invariant
mean m on S such that m(&;) =1 where &, is the characteristic
Sunction of T.

THEOREM 1.2 (Mitchell [7]). If T is a left thick subsemigroup
of a semigroup S, then S is left amenable iff T is left amenable.

Since then, various attempts have been made to obtain topo-
logical analogues and extensions of these concepts and results to
locally compact semigroups (with jointly continuous multiplication)
with only partial success (see Day [3], [4] and Wong [10], [11]). In
fact, in these attempts, a topological analogue of one or the other
(but not both) of Mitchell’s theorems was found. The purpose of
this paper is two-fold. First, we introduce a “suitable” topological
analogue of left thickness and extend both of Mitchell’s results.
Second, we shall do it in the more general setting of locally compact
separately continuous semigroups because of an important convolu-
tion formula obtained recently by this author for such semigroups
(see Wong [12] and §2 below).

§ 2. Notations and background. For notations and definitions
in analysis on locally compact (Hausdorff) semigroups, we shall
follow [11] (to which the present paper is a sequel) except that we
are now dealing with a locally compact separately continuous semi-
group S. Although all the results cited in the references here are
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for jointly continuous semigroups (or compact separately continuous
ones), many of them (in particular, those we are going to need
here) can be carried over to general separately continuous semigroups.
We shall discuss this briefly here and where appropriate, special
remarks with respect to this will be made below.

As usual, let M(S) be the measure algebra with convolution
product and M,(S) the probability measures. Recently, this author
has obtained the following convolution formula:

| rapy = (| renapeaw) = ([Fepiwine)

for all feL,(pl«|v)), p#, ve M(S). (See Wong [12].) It follows
that M,(S) is a convolution semigroup (algebraically) and that

support (¢xv) = [support x-support v]~

if p, ve M\(S).

As a result, if S is jointly continuous, gy has compact support
whenever g, v do. In general, this may not be the case except for
example when ¢ = g, is the Dirac measure and v has compact sup-
port. Then 6,xv has compact support (=a-support v).

Also, the functions z— f(xy), ¥ fixed and z— g flxy)dyv(y), though

continuous, need not be in C,(S) if f is in C,(S), the continuous
functions on S which vanish at infinity. Thus M,(S) need not be a
topological semigroup under the weak* topology of M(S) = C(S)*.
Despite this apparent setback for separately continuous semigroups,
it should however be remarked that for example the construction
used in Wong [11, Lemma 8.1, p. 296] is valid for separately con-
tinuous semigroups since it requires only that 1,(S) be a semigroup.

Now let -T be a Borel subset of S. Consider the following
conditions on T

(TLS) For ‘each K S compact, there is some ze€ My(S) such
that v+p(T) =1 for any ve M, (S) with »(K)=1. [Can assume
w(T) =1]

(TLT) For each ¢ > 0, Kc S compact, there is some pe M(S)
such that v*u(T) > 1 —¢ for any ve M(S) with »(K)=1. [Can
assume that g has compact support and ¢(7) > 1 — ¢.]

(TLL,)) For each ¢>0 and veM(S) with compact support,
there is some ¢ in M(S) with compact support such that v+p(T) >
1—e.

(TLL) For each ¢ <0 and veM,(S) with compact support,
there is some s€ S such that v«6,(T) > 1 — ¢ where §, is the Dirac
measure at s.

(LT) For each F'c S finite, there is some se S such that Fsc
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T [Can assume s T.] (This is Mitchell’s definition of left thickness.)
and

(*) For each ¢ >0 and ve M,(S) with compact support, there
is some pte M(S) with compact support such that p(7) > 1 — ¢ and
vep(T) > 1 — e.

T is called topological left substantial if T satisfies (TLS). In
Wong [10], it is proved that if T is a (locally compact Borel)
topological left substantial subsemigroup of S, then T is topological
left amenable iff S is. This is a topological analogue and extension
of Theorem 1.2. Also condition (TLS) remains unchanged if we
require the measure g to satisfy the additional assumption that
¢#(T) = 1. The proof can be found in [10]. Since similar situations
will frequently occur again below, we present the proof here for
completeness. As in [10], if ¢ = KC S compact is given, choose
ke K and let K, = Kk U {k} which is also compact. There is some
P€ My(S) such that v+ (T) =1 if v, e M(S) and y,(K,) = 1. Con-
sider g =d,xp, e My(S). p(T) =1 since 0,(K,) =1. Moreover, if
ye M, (S) and »(K) =1, then

vep(T) = (wxd)x 4y (T) = 1 since p+0,(K,)
- S Ex (@hk)dv() = w(K) = 1.

On the other hand, T is called topological left thick if T satisfies
(TLT). It is proved in Wong [11] that if S is uniform strong
topological left amenable (hence topological left amenable), then 7T
is topological left thick iff there is a topological left invariant mean
M on M(S)* such that M(;) =1 where X, is the characteristic
functional of T in S (see [11] for more details). This is a topolo-
gical analogue and extension of Theorem 1.2. Condition (TLT)
remains unchanged if we require the measure g to satisfy the
additional assumptions that ¢ has compact support and p(7T) > 1—e.
For if ¢ >0 and K C S compact are given, there is some e M(S)
such that v=u(T) > 1 —¢/2 for all ve M(S) with »(K) = 1. Since
the measures in M,(S) with compact supports are norm dense in
M(S), we can choose p, € M(S) with compact support such that
Izt — gl < €2, then

(epy = o (T)] < [lops, = vepel| <

and v (T) > 1 — ¢ for all ve M(S) with v(K) = 1. Next, suppose
the pair (¢, K) is given and K # ¢. Choose k€ K and let K;=Kk U
{k} which is compact. By the above argument, there is some g, ¢
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M,(S) with compact support such that
Tx(T) > 1 — ¢ for all v e M(S)

with 7(K,) = 1. Consider p, = d,xt, € M(S), which has compact sup-
port (=k-support p,), (T) = xpt,(T) > 1 —¢ since 06,(K,) = 1.
Moreover, if ve M,(S) and v(K) =1, then vxp,(T) = (vxd,)xp(T) >
1 — ¢ since w3(K)= | &r@b)ir(@) = »(K) = 1.

Later, M. Day [4]Kimproves the result in Wong [11, Theorem
4.1, p. 297] by calling T topological left lumpy if T satisfies (TLL)
and proves that if S is topological left amenable, then T is topolo-
gical left lumpy iff there is a topological left invariant mean M on
M(S)* such that M(X,;) =1. Thus for uniform strong topological
left amenable semigroups (in particular, any left amenable locally
compact group), the concepts of (TLT) and (TLL) are the same.

In general, of course (TLS) implies (TLT) which in turn implies
(TLL)). Also (TLL) and (TLL,) are equivalent. This is due to Day
[4] (under further but redundant assumption). Clearly (TLL) implies
(TLL,). Conversely, if ve M,(S) has compact support and v=is(T)=<
1—¢forall s in S, then vu(T) = Sv(Ts“l)d/J(s) - SD*SS(T)dp.(s) <
1 — ¢ for all e My(S). Hence (TLL,) and (TLL) are equivalent.

Also (TLL) implies (LT). The proof is implicit in Day [4].
For given any finite F ' S with & elements, consider v=1/k >,,.-0,¢€
MyS) with compact support. By (TLL), there is some s€S such
that v+0,(T) > 1 — 1/k. Hence 6,(T) =1 for all 6 F or FsC T.

Finally, condition (*) is somewhere between topological left
thickness and topological left lumpiness. Clearly (*) is formally
stronger than (TLL,). Also (TLT) implies (*) in view of the above
remarks concerning the additional assumptions at the end of the
condition (TLT).

This condition (*) is precisely the “suitable” condition we are
looking for in order to extend both Mitchell’s results.

3. Main results.

THEOREM 3.1. Let T be a Borel subset of a locally compact
semigroup S such that M(S)* has a topological left invariant mean.
Then the following statements are equivalent:

(1) There is a topological left invariant mean M on M(S)*
such that M(X;) = 1.

(2) T 1s topological left lumpy (i.e., T satisfies (TLL) or
(TLLy).

(38) T satisfies (*).
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Proof. Equivalence of (1) and (2) is due to Day [4, Theorem,
p. 89]. Since the only difference between conditions (TLL,) and (*)
is that the measure g in (*) must satisfy the additional assumption
that u(T) > 1 — ¢, Day’s original proof in [4] can easily be adapted
to show (1) implies (3). However, we shall present a modification
of Day’s argument to show that Theorem 3.1 remains valid if the
measure g in condition (*) is required to satisfy #(T) = 1. Suppose
(1) holds and M is a topological left invariant mean such that
M@X,;) =1. Let pu, be a net in M(S) with compact supports such
that g, — M weak® in M(S)**. Then lim, #,(T) =1 and for each
ve M,(S) with compaet support,

Vit (T) = Lp(wrfts) = pa(v © Xp) — My @ %) = M(X;) = 1,
since M is topological left invariant.
Define z,€ M*(S) by
Sfdz-a = SEde(ua: f € CO(S) .

Then 7,(B) = (BN T) for any Borel set B in S. In particular,
7(T) = p,(T) — 1. Hence we can assume 7,(7T) # 0. Let », € M(S)
be defined by v, = 7./7(T) = 7./¢t.(T). Then for any feCyS), we
have

((rave = pase | = |2l o — [ram,
; #a(lT)S fap, — Sde;ea - HT fap.,
S 171l |y = 1] +15 laT
Hence
v = 1l S | = 1] + (1) — 0.

Let ¢ > 0 and ve M,(S) with compact support be given, there
is some «, (depending on ¢ and v) such that

[[ve — fll <—25-

and
v (T)>1—¢2if a =z a,.

Hence
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[Vxu(T) — vxpe(T)|
= |vrw, — vxp, |(T)

é!lva—#all<-26— if a>a,.

Consequently

p*»ao(T)>1-§— =1—c¢.

£
2
The measure ¢t = v, € M,(S) has (compact) support < K, N T~ where
K, is the (compact) support of 4, and g satisfies the requirements

m(T)=1 and v+p(T) > 1 —¢.

This completes the proof.

REMARKS. It should be remarked that Day’s result [4, Theorem,
p. 89] is for jointly continuous semigroups. However, his proof
(and the above adaptation) is actually valid for separately continu-
ous semigroups (see also discussions at the beginning of §2).

Theorem 3.1 is a topological analogue and extension of Theorem
1.1. It is also an improvement of Day’s result in [4, Theorem, p.
89] (from joint continuity to separate continuity). It also shows
that for topological left amenable semigroups conditions (TLL) and
(*) are the same. It is not known in general whether condition (*)
remains unchanged if we require the measure g in (*) to satisfy
wT) =1.

To obtain the analogue of Mitchell’s second result, we need
the following lemmas. From now on, unless otherwise stated
explicitly, T is a locally compact Borel subsemigroup of S. It is
known that if pe M(S), then the restriction g, = |, of x to the
Borel subsets of T is a measure in M(T). In fact the correspondence
¢ — tr is an isometric order preserving isomorphism between the
subalgebra of all measures pe M(S) with [¢|(T’) = 0 and the algebra
M(T). Moreover p,eM(T) if pe My(S) and #(T) =1 (see Wong
[9] and [4] for details).

LEMMA 3.2. Let pt, ve M(S) with p(T') < ¢ and v(T)=1. Then
(1) Jprv —v[(T") =€
(2) |pxy —o|(T) = | ptrrvr — 2o [(T) + &
Consequently
v — »ll < [ gty — gl + 2¢ .

Proof.
(1) Since g, v =0 and »(7T’) =0, we have
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[y — (1) < [ pev [(T7) + |0 [(T7)
= (T = SSET»(xwdﬂ(x)dv(y)

= | | erendp@an) + | | s@pdpwanw) .

T

Since 7T is a subsemigroup, TN T’y = ¢ if ye T and the first
integral vanishes. Thus

[y — 0 [(T) = AT)- T < ¢ .

(2) If BC T is Borel in S then B is Borel in T and

ruB) = | \estendp@anty)
= || aendu@an + | | aendumisw)
= tonB) + | | ssendp@any) ,

since T is a subsemigroup and »(7T”) = 0.
Hence if (B, B,, ---, B,} is a partition of T into Borel sets in
S, we have

ey = 2)(B)| = |ty = 2B + | | en@mdp@aw)

and
|psv — v|(T)
= sup {i: |(wv — v)(B,)|: (B, B,, - -+, B.} a Borel
k=1

partition of 7' in S}

IA

trrvr = 2 (T) + | | sew)dp@)d)
= vy — 0 [(T) + €.

The last part of the lemma is now trivial.

LeMMmA 3.3.

(1) Let v, be a net in M(T) such that ||v=v, — v,||— 0 for
each veM(T). If 0<e<1l and 7 is a measure in M*(T) such
that 1 —e<o(T) = ||t]| £1, then there is some o, (depending on
T and €) such that

sy, — vl < 2 if a = a, .
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(2) Let v, be a net in M(T) such that for each F C T compact,
[|v#v, — V|| — 0 uniformly for all ve M(T) with v(F)=1. Let
0<e<l and F a compact subset of T be given. Then there is
some o, (depending on ¢ and F') such that for any e M*(T) with
(T\F)=0and 1 —e<z(T) = |lz|| £ 1, we have

[[Txv, — vull = 26 for a = «, .

Proof.
(1) Let ¢={|7]|# 0 and write z = ¢v with ve M(T). Then
0<1—-—¢<eand

NT#ve — Vol = |le(v, — o) + v, — v, ||
é H”*’)a - ”a” + ]C - 1[
<2ifaza,.

(2) Let 0<e<1l and FC T compact be given. There is
some «, (depending on ¢ and F') such that

[[vev, — v, || < e if a = a, and v e My(T)

such that v(T\F') =0. Let te M*(T) with ¢(T\F)=0and 1 —¢e <
o(T) = ||z]| £1. Write © =cv where ¢ =|[z]| #0 and ve M(T).
Then as before 0 <1 — ¢ < ¢ and y(T\F') =0, and

HT*DQ, - va“ é HD*Da - va“ + |C - 1|
<2 if a=zaq,.

THEOREM 3.4. Let S be a locally compact semigroup and T a
locally compact Borel subsemigroup of S satisfying comdition (*)
of §2, then S is topological left amenable iff T 1is topological left
amenable.

Proof. Assume that S is topological left amenable (i.e., M(S)*
has a topological left invariant mean). Since T satisfies (*), by
Theorem 3.1, there is a topological left invariant mean M on M(S)*
such that M(X;) = 1. Therefore M(T)* also has a topological left
invariant mean by a topological analogue (separately continuous
version) of Day’s well-known criterion for amenability of (discrete)
subsemigroups (Day [1] and Wong [14, Theorem 4.1}).

Conversely, suppose M(T)* has a topological left invariant mean.
Then there is a net v, in M(T) such that ||z*v, — v,|| — 0 for each
e M(T). Let p, be the unique measure in M(T) with p(7") =0
and f,; = v,. Suppose now ve€M(S) has compact support. We
claim that ||v+p, — .|| — 0. By (*), given 0 < ¢ < 1, there is some
¢ e My(S) with compact support such that
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MTYy>1—¢cand veu(T) > 1 — ¢

(i.e., w(T") < e and vxu(T") < e).
Now apply Lemma 3.3 (1) to the measures 7 = f;, and (v,
there is some «, such that if a = a,

| tr#ve — Veol| < 2e
and
[ (xp) v, — va|| < 2¢ .

By Lemma 3.2, if o = a,

[ prtte — tall = || e lair — Uarrl] + 2
< | prxv, — vol| + 26 < 46

and similarly
[ )pte — fall = (| )r* iz — iz ]
< || (rp)rwve — vl + 26
< 4e.
Consequently,

[vrpte — poll
= [lvstte — vx(prpte) || + || (x5 fte — el
= [ exte — fall + [| (x5 pte — feal|
<& if a=zaq,.

Therefore S is topological left amenable and this completes the
proof.

REMARKS. Theorem 3.4 is an extension of Wong [10, Theorem
3.2, p. 233].

4. Uniform strong topological left amenability. It is quite
natural to ask whether Mitchell’s second result has also an analogue
for uniform strong topological left amenability. To answer this in
affirmative, we need the following concept of left lumpiness first
introduced by Day [4] for a Borel subset T in S (not necessarily a
subsemigroup):

(LL) For each K< S compact, there is some
se S such that KscT.

Like Mitchell’s concept of left thickness, there is no loss of
generality here in assuming that se€T. Thus we have the follow-
ing string of implications

(LI) == (LL) == (TLS) = (TLT) — (x) =— (TLL) =— (LT)
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with (LI) which stands for left ideal being the strongest and
Mitchell’s (LT) the weakest of all these conditions.

THEOREM 4.1. Let T be a locally compact Borel subsemigroup
of a locally compact semigroup S. Consider the following statements:

(@) S is uniform stromg topological left amenable

(b) T is uniform strong topological left amenable.

If T satisfies (*), then (a) implies (b). If T is left lumpy, then
(a) and (b) are equivalent.

Proof. Suppose T satisfies (*) and S is uniform strong topo-
logical left amenable. Then by Theorem 3.1, there is a topological
left invariant mean M such that M(X;) = 1. By [11, Lemma 3.1, p.
296, (separately continuous version, same proof)], we can assume
that there is a net p,e M(S) such that for each compact set K S,
|| ptte — ttol] = 0 uniformly for pe M(S) with p#(K) =1 and that
Yo — M weak* in M(S)**. Define 7, and v, as in the proof of
Lemma 3.1 above and let 6, M(T) be defined by

ggdﬁa = Sg’dva, geCy(T)

where ¢'(s) = ¢g(s) if seT and ¢g'(s) =0 if s¢ T. Then 6, = v,r€
M(T). (See Wong [9] and [14, Lemma 3.1] (separately continuous
versions).) Now let FF < T be compact and ve M,(T) with v(F') =1.
Then there is a unique f¢te€ M(S) with #(T’)=0 and p|,=v. Clearly
p(F) =1. Since p(T") =0, v(T") = 0, we have

vxle — Oull = || tr*Vair — Varrll = [[(#1ve — o) 7]l
= H#*Da - ”a”
= llppwve — pxptall + (1100 tte — tall + 11t — vell

Now || fte — vo|| — 0 and ||g|| =1, this last sum tends to zero uni-
formly for ve M(T) with v(F') = 1. Hence (a) implies (b).

If T satisfies (LL) which is stronger than (*), then (a) certainly
implies (b). Conversely, suppose T is uniform strong topological
left amenable. Let v,e M,(T) be such that for any FFc T compact,
[|[v#y, — vq|| — 0 uniformly for ve M(T) with »(F) = 1. Let g, be
the unique measure in My(S) such that p,, = v, and (7)) = 0.
We claim that the net p, converges strongly to topological left
invariance uniformly on compacta in S. Let Kc S be compact.
By (LL), there is some ac T such that Kac T. Then F = Ka U
{a} is a compact subset of 7. Given & > 0, there is some «, depend-
ing on (¢, F') such that

[|0#ve — Vo || < € if & = a, and ¢t € Ka U {a} .
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Therefore for any a = «,, ke K, we have ka ¢ Ka and

|| 0k* e — el
= [0k tte — Op*Oa* thel] + 1| Opar e — el
= [0akfte — Hall + 1| Opa e — Hall
= []00%Va — Val| + |[0rarve — val| < 26 .

This implies that S is uniform strong topological left amenable
(See Day [4, (1sau) = (W) pp. 88-89].) and the proof is complete.

If the semigroup S is jointly continuous, then the result can
be partially strengthened.

THEOREM 4.2. Let T be a closed topological left thick subsemi-
group of a jointly contimuous semigroup S. Then T is uniform
stromg topological left amenable iff S 1s.

Proof. Since T is closed, T is necessarily locally compact Borel.
Sufficiency is clear by Theorem 4.1. On the other hand, if 7T is
uniform strong topological left amenable, there is a net v, e M(T)
such that for each compact FC T, |[v+v, — v.|| — 0 uniformly for
all ve M(T) with v(F') = 1. Again let g, e M(S) satisfy p.(7)=0
and ft,r, =v,. We claim that g, converges strongly to topological
left invariance uniformly on compacta. Let Kc S be compact and
0<e<1l By (TLT), there is some g, € M(S) with compact support
K, S such that ¢#(7T) > 1 — ¢ and pxp,(T) > 1 — € for all pe M(S)
with p(K) = 1. Since T is closed and S is jointly continuous, both
F,=KNT and F,=K,N T where K, = KK, are compact subsets
of T. So is FF= F,UF,. By Lemma 3.3 (2), there is some «,,
depending on (e, F') such that for any ze M*(T) with z(T\E) =0
and 1 — e < o(T) = ||z]| £ 1, we have

[Txv, —v.|| < 2 if a = a, .

Now apply this to the measures 7 = g, and (uxg,), where
pne M(S), p(K) =1. We have

1= py(T) =p(T)>1—¢
and
#11T(T\F) = #1(T\F) = #1(T\F1) = #1(T N K;) = #1(K1’) =0,

since support y, = K,.
Similarly,

1= (rpp)o(T) = pxpi(T) > 1 — ¢
and
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(pxp)(T\F) = pxp(T\F) < pexpe(T\FY)
= pxp (TN K;) < prp(Ky)
= 0 y

since
() = | \eem@)dp@dp@) = 1.

Hence by Lemma 3.3 (2),
||#1IT*”«1 — ”aH < 2
and

[| () rov, — Vo] < 2e for all @ = a,, e M(S) with #(K) =1.
Consequently, for all a = a,, pt€ M\(S), #(K) =1, we have

et pte — tall
= [l pexpte — po(perpea) || + || ()5 te — ]
St — el + 1] (rpe)* e — thal]
S v — vall + || ()0 ve — ol + 4 < 8¢,

by Lemma 3.2 and above. This completes the proof.

5. Pointwise strong left amenability. As mentioned in Day
[4], an analogue of Theorem 1.1 is still needed for left amenable
locally compact semigroups which characterizes those subsets on
which some left invariant mean can be concentrated. He also
remarked without proof that to obtain a left invariant mean which
concentrates on a Borel subset 7T, under the assumption that T
is left thick, would require something like left amenability of S
regarded as a discrete semigroup which is not a common property
of left amenable locally compact semigroups.

In this section, we shall first show that if S is left amenable
as a discrete semigroup, then S is left amenable as a locally compact
semigroup and then supply a proof of Day’s remark, using an
elegant application of the fixed point property for left amenable
discrete semigroups. Also we shall obtain an analogue of Mitchell’s
second result (Theorem 1.2).

THEOREM 5.1. Let S be a locally compact semigroup which 1s
left amenable as a discrete semigroup, then S is left amenable. In
this case, if T is a Borel subset of S, then the following statements
are equivalent:
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(1) There is a left invariant mean M on M(S)* such that
M) = 1.

(2) T is left thick.

(8) There s a left invariant mean m on m(S) such that
m(&y) = 1.

Proof. Suppose S is left amenable as a discrete semigroup.
Let @: BM(S) — M(S)* be the natural embedding of the bounded
Borel measurable functions BM(S) into M(S)* defined by @(f) (1) =

S fay, pe M(S). It is known that @ is an order preserving isometric

isomorphism (into) which commutes with left translations and @(1)=
1. Let m be a left invariant mean on m(S) and n its restriction
to BM(S). Then n is left invariant on BM(S). Let K be the set
of means N on M(S)* which extends #. (In other words @*(N) =
n.) By Hahn-Banach Extension Theorem, K # ¢. (A mean M on
M(S)* can be defined equivalently as M(1) =||M||=1) K is a
compact convex subset of the separated locally convex space M(S)**
with the weak* topology. Moreover, if ae¢S and NeK, then
l¥*Ne K where [,; M(S)* — M(S)* is the left translation operator in
M(S)* defined by [.F =6, ® F. Therefore the map (s, N)—> N is
an action of S as continuous affine maps in K. By Day’s Fixed
Point Theorem (Day [2, Theorem 1] or Mitchell [7, Theorem 5]}),
this action has a fixed point N which is a left invariant mean on
M(S)* (extending %). By Day [4, Theorem, p. 91], (1) implies (2)
which is equivalent to (8) by Mitechell [7, Theorem 7, p. 257]. It
remains to show that (8) implies (1). This however follows from
the above arguments since we can assume in the definition of K,
the mean n to satisfy n(&;) = 1, then any fixed point N has the
property that N(X,) =1 because @(&;) = X,. This completes the
proof.

REMARKS. Theorem 5.1 is an analogue of a result in Wong
[11, Theorem 5.2, p. 301] for locally compact groups.

THEOREM 5.2. Let T be a locally compact Borel subsemigroup
of a locally compact semigroup S. If T satisfies (TLL), then T is
left amenable iff S is.

Proof. Suppose S is left amenable and T satisfies (TLL).
Then there is a left invariant mean M on M(S)* such that M(X;) =
1 by Day [4, Theorem, p. 91]. Hence M(T)* also has a left
invariant mean (Wong [14, Theorem 4.2, separately continuous
version]).
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Conversely, suppose T is left amenable, and v, is a net in
M(T) such that [|d,*v, — v,|| — 0 for each teT. Let p,e My(S) be
such that g (7") =0 and ft,r =v,. Since T satisfies (TLL), T is
left thick. For seS, there is some ¢e T such that ste T. Con-
sequently

104t — Lall
S |040px e — 0% lel] 4 || 0se* e — Mall
S 10 te — Pall + |00 e — ]
= [0V — Val| + [|0:#v0 — Ve[ —0 .

Hence S is left amenable.

6. Some examples.

(1) Let S = R be the real numbers under addition and usual
topology. Then S is a locally compact abelian group. S is amena-
ble in every sense we have considered. Let T be either [0, <) or
(0, =), then T is a locally compact Borel subsemigroup of S which
is clearly left lumpy in S. Therefore by Theorem 4.1, T is uniform
strong topological left amenable.

(2) Let S be a compact semigroup with identity. Suppose
CB(S), the continuous bounded functions on S has a left invariant
mean. By DeLeeuw and Glicksberg [5, Lemma 2.8, p. 70], S has a
unique minimal right ideal, the kernel K(S) of S which is a disjoint
union of minimal left ideals of S that are compact topological
groups. Let T be any one of these. Then T is left lumpy. Being
a compact group, 7T is uniform strong topological left amenable.
By Theorem 4.1, so is S. On the other hand if M(S)* has a left
invariant mean, so does CB(S) by restriction. It follows that for
compact semigroups with identity, uniform strong topological left
amenability, the existence of topological left invariant mean or left
invariant mean on M(S)* or CB(S) are all equivalent. [Note that
the restriction of the natural embedding ¢: BM(S)—M(S)* to CB(S)
commutes (besides with left translations) also with left convolutions:
pp® ) =p@®o(f) if feCB(S) and pe M(S), while if fe BM(S)
and peM(S), t@® f need not be in BM(S) but is in GL(S), the
generalized functions on S (See Wong [13] for details).] In fact,
we can show that any left invariant mean m on CB(S) is always
topological left invariant. For with notations as above, let v be
the normalised left Haar measure in 7. Again by [5, Lemma 2.8,

p. 70], m(f) = §f|Tdy, feCB(S). Let pe M/(S) be such that p¢(71")=

0 and g, =v. By Wong [9, Lemma 3.3, p. 129], d,x¢ = g for all
acT. Since T is a left ideal in S, 6+t = ¢ for all seS. It follows
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that zxp = g for all 7€ M(S). Moreover m(t @® f) = S(z@f)Tdu =
Sz-@fd,u = Sfdz'*p = Sfdp = Sf,Tdv = m(f) for any zeM,(S) and
m is topological left invariant. [Recall that = (® f(z) = S flyx)dz(y)
for feCB(S), v e M(S).]

Addendum. After the submission of the present paper, we
have been informed by M.M. Day that in general the measure g in
condition (x) can be chosen such that #(7) =1 and that as a con-
sequence, topological left lumpiness is equivalent to condition (x).
This latter result was also communicated to us independently by
H. Junghenn.

M. M. Day also claims that if a Borel subset T is topological
left substantial, then 7~ is left lumpy and as a consequence, these
two concepts coincide for closed sets.
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