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ON REGULAR EXTENSIONS OF MEASURES

GEORGE BACHMAN AND ALAN SULTAN

Let <2° be a sublattice of 2* containing @, X and let
MR(<) be the collection of all bounded nonnegative finite-
ly additive measures defined on ¥(*°) the algebra gener-
ated by < which are ““regular in the sense that #(F) =
supu(L), LCE,Le &, Fe (<), It is shown here that if
L, are sublattices of 2 and p€ MR(<), then p ex-
tends to a ve MR(<,). Several applications are given.

0. Introduction. In previous papers see [1-4, 18, 19] we were
concerned with regular extensions of measures and their applications
to several different areas of mathematics. Typically one was given
a pre MR(<) and conditions were given for when g extended to a
v € MR(<%;) where &, C_ &4 were sublattices of 2%, Sufficient condi-
tions for the countable additivity of v to follow from that of s«
were also given. In this paper we show that for finitely additive
measures, regular extensions always exist. This theorem represents
a significant extension of our main theorem of [3] in that now no
connection between &5 and &4 is required except that &£ c &4
This theorem has a great many applications and some of them are
given both to measure extensions and the related concept of measure
repleteness, a concept studied in many special cases in [5; 7-10, 14-17].

1¢ Terminology. Since the results of this paper use to a large
extent those of [3], we will adopt the notations and terminology of
[3]. The reader need only be familiar with § 2 of that paper. Again
we assume that @, X are elements of all sublattices & of 2% and
assume, since this represents no loss of generality, that all measures
are bounded and nonnegative. We need the following additional
definitions and notations: While MR(o, &) usually denotes the col-
lection of countably additive measures on (%), when & is a
delta lattice, we know we may extend any pe MR(o, &) to 0(&)
retaining the “-regularity. Thus we will assume in the case that
& 18 a delta lattice that a e MR(o,. ") is already defined on
0(.A).

If pe M(<), then by the support of g, denoted by S(x), we
mean N{4de & |pA) = n(X)} (even if the measure is defined on
0()). We say that &~ is measure replete if and only if every
nonzero ¢ € MR(o, &) has nonempty support.

If EcX, by & NE we mean {LNFE|Le<}. When we say
Ec X is &-compact, we will mean that the lattice &~ N E is com-

389



390 GEORGE BACHMAN AND ALAN SULTAN

pact. When we are working with lattices coming from several dif-
ferent sets we will subscript the lattices appropriately. Thus, %,
will denote the lattice of zero sets of X.

If we assume that X and Y are abstract sets and &£ and &
are sublattices of 2*¥ and 27 respectively then T: X — Y is called
F — & continuwous if {T(L,)|L,e &7}C &, or more succinctly if
T . T is called & — &5 closed if T(¥)C &5 where
T() ={T(L)|L,e<s}. If T is a surjection which is & — &
continuous, & — & closed and such that T '{y} is .&7-compact for
each ye Y, we call T <% — &4 perfect or just perfect when the
lattices involved are clear. In the case that X and Y are topolog-
ical spaces and ¢4 = #; and & = &, we get the usual topological
definition of perfect map.

2. The general measure extension theorem. We are now
ready to prove our main extension theorem. The theorem general-
izes substantially our main extension theorem of [3]. We should
remark that while the existence of a measure extension in our
theorem has been known for some time it is the proof of the ex-
istence of an 4-regular measure which is new.

Before presenting the main extension theorem we introduce
some of the notations used in the proof. If pe MR(<) then p,,
the (finitely additive) inner measure associated with g, and g¢*, the
(finitely additive) outer measure associated with g are defined as
follows: For any K¢ 2%, p, (E) = supu(B), Be . (<5), BCE, p*(E)=
inf (B), Be .o7(<5), BOE. If <7 and &7 are sublattices of 2% and
% is a subalgebra of 2* such that .o/ () c & C .97 (<5), then if
reM(<#) we say p is & regular if p(B) = sup u(L,), Lye 4N F
and L,cB. We can now present our general measure extension
theorem.

THEOREM 2.1. Suppose £,C F are sublattices of 2. Then if
pre MR(A), 1t extends to a ve MR(<4). The extension is unique if
&, separates . If <4 1s & countably paracompact, or &, e.b.
or () countadbly paracompact (=. (%) e.b.) then if pe
MR(o, &5), v e MR(o, <5).

Proof. Consider the collection of ordered pairs (.97, t,) where
(A C &, C (<) and Y, is an regular measure defined on
& which extends g. Partially order these pairs as follows:
(S, ta) = (9%, ) if and only if .97,C.o% and g, extends .. Then
{(.o7, ¢o)} is trivially inductively ordered and hence by Zorn’s lemma,
there is a maximal element( <%, v). We will show that <Z = .o/ (&)
and that v is the required measure.
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First, suppose that there is an Fe &4 such that F¢ &#. To
show this is impossible. Consider <%, = the algebra generated by
A and F. It is well known and easy to show that <%, consists
of all sets £ of the form E=(ANF)U(BNF') where A, Be 7.
Define a set function v, on <%, as follows: for any E e .Z,, v.(E)=
VYENF)+ v, (ENF). We will show that v, is an _“-regular
measure defined on %, 2 < and that v, extends v. This will con-
tradict the maximality of v and prove that Fe <&, for all Fe &
It will then follow that .o/ (&) cC.<# since <& is an algebra, and
since &Z C.7 (%) to begin with, we will get that <& = .o ().

The proof that »* and v, are additive on sets of the form AN F
and BN F’ respectively where A, Be <% is simple and follows as in
[11], page 269, Lemma. The fact that v, is a measure on <%, and
v, extends v is simple and again follows from Theorem 1 of [11],
pg. 269. We need only prove that v, is &-regular.

Suppose then Ee€.<#,. Then E=(ANF)UBNF') for some
A Be<#. Thus ENF=ANF and ENF’' = BNF'. v (ENF") = v,
(BNF") = suppp(C)ICc BN F',Ce FH} = sup{v(Ly,) | L, e &% N <, L,C
BN F't. Thus there is an L,e &Z N .4 such that L,c BN F' and
such that v, (BNF') <v,.(L,) +¢2=Z v, (L, N F') + ¢/2.

Consider now v*(ENF) = v*(ANF). There isan L, € &N <7,
L; C A such that (A — L;) < ¢/2, since v is & regular. It follows
that

v{MANEF) — (L;NF)} =v*(ANF — L,")
= ”*(A - LzA) = D(A - LZA) < 8/2 .

Since v* is a measure on sets of the form AN F where Ac <%
(again [11], pg. 269, Lemma) we have:

VYANF - L NF)=vANF)—vL;NF)<¢/2.

Let Ly = (L; n F)U L,e /53N .<%,. Then v, (L; NF)U L,) = v*(L: N
F) + v, (L,N F') and therefore

vi(B) — vi(Ly) = v (B) — vp(Ly N F)U Ly)
=v*ANF)—vL,NF)+v,(BNF') — v, (L,NEF")
<eg2+¢l2=c¢.

Thus v, is .5 regular. Since this contradicts the maximality of
v, 75C % and vy is the required measure.

To prove that v is o-smooth if g is, and .&; is .~5-countably
paracompact, suppose L,,, | @, n=1,2,8, ---, where L,, € &;. Then
by hypothesis there exist L,,e <5 such that L,,CL{, @. Thus
v(L,,)cv(L],) = (L], | 0. Thus v is o-smooth on & and since v
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is .&5-regular vy is o-smooth on .97 (%;). The proof that v e MR(o, 73)
is . &4 is (%) e.b. is analogous. Finally to prove that if &5
separates &% every pe MR(<4) extends uniquely to a ye MR(%)
we refer the reader to the proof of Theorem 4.2, pg. 303 of [3].

REMARK 2.2. If & is countably compact and if ¢ e MR(o, 7),
then v € MR(o, .4,) regardless. This follows from Theorem 2.1, pg.
295 of [3].

This remark gives us the first corollary which generalizes the
main extension theorem of Hardy and Lacey [6].

COROLLARY 2.3. If X 1is a topological space which has two
topologies .7, and .7, with closed sets Z#, and #, and if &, is
countably compact, then every pe MR(o, 7)) extends to a ve
MR(o, 7,).

The next corollary gives us a well known theorem of Marik
(see [13]).

COROLLARY 2.4. If X is a countably paracompact and normal
space, then every pre MR(c, ) extends to a ve MR(o, &% ). The
extension here is unique.

Proof. 1In this case .&, is 2, c.b. as is easy to see from the
normality of the space and the fact that it is countably para-
compact.

We also have the following:

COROLLARY 2.5. If X is a Tychonoff space such that F, is 27
countably paracompact, then every pe MR(o, 77) extends to a ve
MR(o, 7).

It is natural to ask whether there is any relation between the
conditions % is 27, countably paracompact, and .&, is countably
paracompact (i.e., X is countably paracompact in the usual topological
sense). Without normality the answer is no. Indeed in the Ty-
chonoff plank .&#, is %7, countably paracompact but it is not count-
ably paracompact. In addition Mack and Johnson [12], pg. 240-241
have constructed an example which is countably paracompact but
where . is not 2%, countably paracompact.

Obviously the following well known extension theorem is a
trivial corollary of the above theorem.



ON REGULAR EXTENSIONS OF MEASURES 393

COROLLARY 2.6. If % C .o are subalgebras of 2%, every pte
M(.&7) extends to a v e M(.84).

Proof. M(.%) = MR(.7), M(.&) = MR(.%4) since . and .9
are complemented.

We should mention that our extension theorem given in [3] has
some advantages over this: It gives us all the &4 regular extension
of ¢ under those circumstances. Indeed it shows that all linear
functionals extending the one associated with ¢ in the natural way
gives rise to an extension of . However, in applications all one
needs most of the time is the existence of some &5-regular measure,
and that’s where the theorem presented here is more useful since
the assumptions here are minimal.

Other corollaries follow simply in view of the generality of the
theorem and so we move on and mention some applications to direct
images of measure replete spaces.

THEOREM 2.7. Let 4 and &4 be delta lattices of subsets of X
with L,C ACt(A) and either 0(F)Cs(F) or & semiseparates
“. Let &£,C &7 be delta lattices of subsets of Y such that <& is
& countably paracompact. Then if T is an & — &, continuous
surjection such that 4 is T Y(<7) countably paracompact then 5-
measure replete implies F-measure replete.

Proof. If pe MR(o, ;) and p, = |, =, then by Theorem 2.3
of [3] we see that p, € MR(o, <). Thus S(¢,) # @. Since S(¢)=
S(y,), &4 is measure replete. Now let ve MR(o, .&;). By Theorem
2.1, v extends to a v € MR(s, &,). Define p, on o(T7'()=
T o(=)) by 0. TY(B) = v(B). Then p,ec MR(o, T-'(%,)). Since T
is an & — & continuous surjection it is easy to see that p, is well
defined and thus again by Theorem 2.1 p, extends to a pe MR(o,
). As noted above & is measure replete and thus S(o) + @.
Since v, = pT7, S(v,) # @, hence S(v) # @ since S(¥)D S(»,). Since
py was an arbitrary element of MR(g, &) we see that <4 is measure
replete.

As a typical type corollary one has

COROLLARY 2.8. Let X be a Tychonoff space and T be a per-
fect map from X onto a space Y such that Fy is 2y countably
paracompact (or c.b.). Then 2, is measure replete implies 25 is
measure replete.
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Proof. In the theorem take & = 2%, 4= 2% &=,
4= Fy. Asis well known 0(23) CS(2%), and & C & Ct(HA)
since in a Tychonoff space 2, forms a base for .&#,. To see that
& is T7(&~,) countably paracompact (or e.b.) suppose F, | @ where
F,e #,. Then by Lemma 5.2, pg. 309 of [3], T(F,) | ©. But
T(F,)cZ, (or Z,) for Z,€ 2,. Thus by taking preimages we get
the result.

COROLLARY 2.9. If T: X — Y s an open perfect map where X
and Y are Tychonoff spaces, themn 2, measure replete implies %%
18 measure replete.

Proof. In the theorem take & = & = 25%; and & = &£ = 2%
and note that for open perfect mappings, T(2%) < 27 [20] Corollary
15.14). By Lemma 5.3, pg. 312 of [3] <4 is T7(<,) countably
paracompact.

REMARK. Theorem 2.1 can be strengthened if we require &~
and &4 are closed under countable intersections. More precisely, if
4 18 0(<A) countably paracompact in this case then if g is count-
ably additive, so is the extension v.
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