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PSEUDOCOMPACT GROUP TOPOLOGIES AND
TOTALLY DENSE SUBGROUPS

W. W. COMFORT AND T. SOUNDARARAJAN

Throughout this synopsis all topologies are Hausdorff
topological group topologies, and <G, 7 > is assumed com-
pact. The symbol w denotes weight. Definition. A subgroup
H of <G, 77> is totally dense (in G) if HNK is dense in K
for every closed subgroup K of G. We prove these results.

If 7'27 with <G, "> pseudocompact, then not every
7 '-closed subgroup of G is Z-closed. If w(G, 7 )>w with
{G, 7 totally disconnected Abelian, then there is pseudo-
compact I '2.7.

Not every infinite <G, 7 > has a proper, totally dense
subgroup. But (a) if w<{G, 7 >>e with {G, 9> connected
Abelian, or (b) if <G, 9 ) is totally disconnected Abelian
and in the dual group p-primary decomposition (?=(—D,,@,, one
has I@,,I>w for infinitely many primes p, then <G, 2> has
a proper, totally dense, pseudocompact subgroup.

Let H be a totally dense subgroup of <G, 7 >. Then
(a) |G|=2'%; (b) if G is Abelian then |G|=|H|*; (¢) if G is con-
nected Abelian then |G|=|H]|; (d) if G is totally disconnected
and H countably compact, then G=H; (e) there are examples
with (G, 7> (totally disconnected) Abelian and |H|<|G|.

1. Introduction and motivation. All the topological groups
hypothesized in this paper are assumed to satisfy the 7T, separation
property; as is well-known (see for example [18] (Theorem 8.4)),
this guarantees that they are in fact completely regular, Hausdorff
spaces, i.e., Tychonoff spaces.

The authors’ interests in pseudocompact group topologies (defined
below) arise, quite independently and to our surprise, from distinct
and differing considerations not related at first glance: (a) as a
natural class of spaces, considerably broader than the class of
compact spaces, with fascinating topological features; and (b) as
important tools in the development of topological Galois theory. As
to (a) we note that major portions of [33], [20], [34] are devoted
to questions concerning the existence and the size of dense pseudo-
compact subgroups of compact groups, while [7] shows that the
product of pseudocompact groups is pseudocompact and that the
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pseudocompact groups are exactly those whose Stone-Cech compacti-
fication is a compact group extension. As to (b) we cite only [26],
[28], and from [29] the following result: for a normal, separable,
algebraic extension E of a field K, the dense, pseudocompact sub-
groups of the (compact) Galois group G = G(E/K) are exactly those
subgroups H with the property that every K-isomorphism: F' — E
with F countably generated over K extends to an element of H.

The question of altering the topology of a topological group
without altering the family of closed subgroups also comes to our
attention from two different directions —as a question of interest
in its own right in the context of harmonic analysis and, again, as
a question with applications in topological Galois theory. In the
latter connection, see [28] and [21]. In the former we recall that
K. A. Ross [25] has shown that if .7~ and .77’ are locally compact
group topologies for Abelian G with .7~ compact such that (G, 7 )
and (G, 7'y have the same closed subgroups, then 7~ = .7’ if
either .7~ is totally disconnected or .77’ D .77; several of the results
of [25] have been extended to the general (non-Abelian) setting by
N. W. Rickert [24] and by M. Rajagopalan [23].

The authors are indebted to James D. Reid for several valuable
conversations and suggestions, and to the referee for a helpful
report.

2. Notation, definitions and results from the literature. Here
for convenient reference we collect a number of results to be used
without proof later in this paper. In general, our notations and
conventions are guided by those of Hewitt and Ross [18], which is
our principal reference.

We denote by @ the least infinite cardinal. For an infinite
cardinal @, the symbol a* denotes the least cardinal larger than a.

The symbols Z, R and T denote the integers, the real numbers,
and the circle, respectively; in each case the usual algebraic and
topological properties are assumed when necessary.

The symbol ~ denotes group isomorphism; the statement G =G
has no topological import. The symbol = denotes topological group
isomorphism; that is, we write G = G only if G and G are topologi-
cal groups and there is a one-to-one function from G onto G which
is simultaneously a group isomorphism and a topological homeomor-
phism. We occasionally use the symbol = in contexts where rigor,
perhaps, demands =.

We often use the symbol ¢ to denote the identity element of a
group.

For an Abelian topological group G we denote by G the set of
continuous homomorphisms from G to the circle group T. When G
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is locally compact, as in (2.1) and (2.2) below, G carries the compact-
open topology; otherwise, as in (2.8), G denotes simply the (non-
topologized) group. For {G;:1e€l} a set of groups we set
QGi ={re HIGi: H{iel:x; # e} < w}.

(2.1) Let {G;:teI} be a set of compact Abelian groups, G =
e, G; and H = @,.; G, with H discrete. Then

(@) G=@,.,G, with G discrete, and

() H = e, G

(2.2) [See [18], 23.25 and 24.11.] Let G be a locally compact
Abelian group, H a closed subgroup and A the annihilator in G of
H (that is,

A={XeG:X(x) =1 for all ze H)) .

Then (G/H)" = A and H = G/A.

(2.3) [See [18], 24.47.] Let G be an Abelian topological group.

(a) If G is discrete, then |G| = 21;

(b) If G is compact, then |G| = 281,

For a space X and z€ X, we denote by wX and w(X, x) the
weight of X and the local weight of X at x, respectively. It is
easy to prove that if X is locally compact (at x) then w(X, x) is
equal to the pseudoweight (X, ) of X at «; this is (by definition)
the least cardinal number which is the cardinal of a family of open
subsets of X whose intersection is equal to {x}. The following
result may be viewed as a generalization of (2.3).

(2.4) [See [19], 28.58(b) for G compactly generated; or [2], 2.1.]
Let G be a nondiscrete, locally compact, o-compact group. Then
wG = w(G, ¢) and |G| = 2*°.

(2.5) [See [18], 24.25.] Let G be a compact, Abelian group.
Then G is connected if and only if G is torsion-free.

(2.6) [See [18], 8.7.] Let G be a compact group and {U,: n<w}
a countable set of neighborhoods of ¢. There is a compact, normal,
G, subgroup N of G such that Nc N,.. U..

For a topological space X we denote by C*(X) the set of
bounded, real-valued continuous functions on X. The space X is
said to be pseudocompact if every continuous, real-valued function
on X is in C*(X); for X a Tychonoff space, this is equivalent to
the condition that every locally finite family of nonempty, open
subsets of X is finite.

For a Tychonoff space X we denote by gX the Stone-Cech com-
pactification of X.

(2.7) [See [17], 28.] A Tychonoff space X is pseudocompact if
and only if X meets each nonempty G, subset of gX.
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A topological group G is said to be totally bounded if for every
nonempty open U C G there is finite FFc G such that G = FU. It
is clear that every compact group, and each of its subgroups, is
totally bounded. Conversely Weil [32] has shown that every totally
bounded group G is dense in an essentially unique compact group G
(called the Weil completion of G). Throughout this paper we use
the symbol G only when G is a totally bounded group and G is its
Weil completion.

The symbol G; denotes the group G topologized with the discrete
topology.

(2.8) [See [6].] If G is an Abelian group, 5% a point-separating
subgroup of G, and .77 (5#) the topology induced on G by 5% then
(G, 7 (7)) is a totally bounded group and (G, .7 (5#Z))" = S#
Conversely if (G, .7) is a tatally bounded Abelian group and 5% =
(G, 77", then . = 7 (7).

(2.9) [See [7],1.1.] Every pseudocompact group is totally bounded.

(2.10) [See [7], 1.2.] For a totally bounded group G, the follow-
ing are equivalent:

(a) G is pseudocompact;

(b) G = G;

(¢) every translate in G of every closed, normal G, subgroup
of G meets G.

For {X;:1eI} a set of spaces, p, e X, and p=<{p;:1e€l)eT];.; X,,
the Y-product of the family {X;: i€ I} at p is the family

Y= {meillXi:[{ieI: %, # P} = w}.

It is clear that if each X, is a (topological) group and p, = ¢, then
the Y-product is also a topological group.

(2.11) [See [9], [14] or [22].] Let {Gi:ie I} be a set of compact
groups and X the Y-product of {G.:icI} at e. Then ¥ is a count-
ably compact (hence, pseudocompact) topological group.

We set P={peZ:p is prime}. For pcP we denote by Z(p)
the cyclic group of order ». A group G is a p-group (or, a p-
primary group) if the order of each of its elements is a power
of ».

(2.12) [See [18], A.3.] Let G be an Abelian torsion group and
for pe P let G, be the set of elements of G whose order is a power
of p. Then G, is a p-primary subgroup of G, and G is isomorphic
to the group @, G,.

(2.13) [See [18], A.11(III).] Let G be an Abelian p-group with
socle S={reG: order of x =p}U{e}, for xeG let p** be the
order of z in G and let L be a maximal independent set in G. Then
{p*=~'x: x e L} is a basis for S.
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(2.14) Corollary. Let G be an Abelian p-group with |G| > @
and let S be the socle of G. Then |S| = |G|.

Proof. With L as in (2.13) we have |G| < |L|-® and |S| = |L|;
from |G| > w follows |S| = |G|, as required.

For an Abelian group G, we denote by tG or t(G) the torsion
subgroup of G.

3. Larger topologies with no new closed subgroups. We
show in this section (Theorem 3.5) that if a preudocompact group
topology .77’ is strictly finer than some compact group topology
7, then not every .7 ’-closed subgroup is .7-closed.

In the landmark paper [17] in which pseudocompact spaces
(inter alia) were first introduced, Hewitt showed (Theorem 30) that
a normal, pseudocompact Tychonoff space is countably compact (the
terminology of [17] differs from ours today); in particular, a pseudo-
compact metric space is compact. It is tempting then to conjecture
that a first-countable, pseudocompact space is compact, but the
Katétov-Isbell space + described in Problem 51 of [13] is a counter-
example; indeed the space « is locally compact and every subset of
4 is a G;. We show now that for pseudocompact groups, and for
their quotients by (not necessarily normal) closed subgroups, metri-
zability is equivalent to the condition that every point is a G;.

LEMMA 8.1. Let G be a pseudocompact group in which each
point is @ G,. Then G is a compact metric space.

Proof. It is enough to show that {e} is a G; in the Weil com-
pletion G of G; for then G is metrizable ([18] (Theorem 8.5)) and
hence as noted above G, a pseudocompact metric space, is itself
compact metrie.

Since G = BG (2.10) there is feC*(G) such that f~'({0}) N G={e}.
If there is x e f'({OP\G we choose gecC*(G) with ¢ =0, g) =0
and g(¢) >0, and we set o =|f|+¢g. Then 2> 0 on G and from
h(x) = 0 we have inf (h|G) = 0; this contradicts the hypothesis that
G is pseudocompact.

LEMMA 8.2. Let G be a totally bounded group. If G/N is
compact for every closed, normal, G; subgroup N of G, then G is
pseudocompact.

Proof. It is by (2.10) enough to show th_at if H is a_closed,
normal, G, subgroup of the Weil completion G and if xe(G, then
xHNG+=¢. We set N=HNG and we note that N is a closed,
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normal_, G, sngroup of G and (with ¢ the natural homomorphism
from G onto G/H) that

ker (|G) = ker () NG =HNG = N.

The group @[G], which is dense in @[G], is (isomorphic to) the com-
pact group G/N and hence @[G] = G/H; that is, for xeG there is
g € G such that xH = gH, as required.

Combining the results of Lemmas 3.1 and 3.2, we obtain a
characterization of pseudocompact groups which we have not found
elsewhere in the literature. We note that in what follows it is not
assumed that the group G is totally bounded, nor is it assumed
that the subgroups H of conditions (b) and (¢) are normal in G; of
course additional equivalent conditions can be obtained by imposing
this additional hypothesis in (b) or (c).

THEOREM 8.3. Let G be a topological group. The following
statements are equivalent.

(a) G is pseudocompact;

(b) for every closed, G; subgroup H of G the coset space G/H
1s compact metric,

(e) for every closed, G, subgroup H of G the coset space G/H
1s compact.

Proof. (a)=(b) The group G is totally bounded (2.9) and there
is a sequence {U,:n < ®} of open subsets of G such that H =
N.-o U)NG. There is by (2.6) a compact, normal, G, subgroup
N of G such that Nc,.. U,; we set N=NnNG. Then {N}is a
G, in the pseudocompact group G/N, so G/N is a compact metric
space (by Lemma 3.1 above, applied to G/N in place of G). The
natural function from the group G/N onto the space G/H is easily
seen to be continuous. Thus G/H, like every (Hausdorff) continuous
image of a compact metric space, is itself compact metric ([11]
(Corollary 2, page 105)).

(b) = (¢) This is obvious.

(¢)=(a) It is by Lemma 3.2 enough to show that G is totally
bounded. Let U be a neighborhood of e, set V, = U, recursively
for n < w let V, be a symmetric neighborhood of ¢ such that

CZVﬂC VnVlnvlc Vn—l ’

and set H = N, V.. Then H is a closed, G, subgroup of G and
the natural function ¢ from G onto the compact space G/H is open.
Hence the (open) cover {@[xV.]: 2 G} of G/H has a finite subcover
{Ple; V.]: 1 £ 1 =< n} and we have
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G=U%V1HC Usz;lVl—lC leU,
=1 i=1 i=1

as required.

LEMMA 3.4. Let G be a totally bounded group and U a neigh-
borhood of e. There are a closed, normal G, subgroup N of G and
a neighborhood V of e such that VNc U.

Proof. Let U and V be neighborhoods of ¢ in G such that
UNG = U and V:c U. There is by (2.6) a closed, normal, G; sub-
group N of G such that Nc V. We set N=NNG and V=VNG;
it is clear that N and V are as required.

We give the principal result of this section.

THEOREM 3.5. Let (G, 7> and (G, 7' be topological groups
with the same closed subgroups such that (G, .7 ) is compact, {G,
T is pseudocompact, and 7' D . Then T = .7 '.

Proof. Let ec Ue.o7’. Since (G, ') is totally bounded there
are by Lemma 3.4 a . '-closed, .7’ — G, normal subgroup N of G
and Ve 7' such that VNc U.

Since .97’ D .7, the quotient topology .7, induced on G/N by
7" contains the quotient topology .77, induced on G/N by 7. The
former is compact (by Theorem 8.3) and the latter is Hausdorff
(since N is .7 -closed). Thus 7, = .7, and from VN = @[V]e .7/
we have VNe.7,. It follows that

PHPLV]) = VNe 7.

Thus every .7 '-neighborhood of e contains a .9 -neighborhood
of ¢ and we have .7’ C .7, as required.

We note that (as the proof above shows) it is not necessary to
assume that every .7 '-closed subgroup is .Z-closed, or that every
7 '-closed-G; subgroup is .Z-closed-G;; it is enough to assume that
every .7 '-closed, .77'-G;, normal subgroup of G is .7 -closed.

4. Larger pseudocompact group topologies. We have seen
that a compact group topology cannot extend properly to a pseudo-
compact group topology with the same set of closed subgroups. We
show in this section (Theorem 4.4) that under suitable conditions a
compact group topology does extend properly to a pseudocompact
group topology (in which, of course, certain subgroups not previ-
ously closed become closed). Our argument, which evidently is
applicable only in special circumstances, is easily summarized: Given
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compact (G, .7 ) we find a proper (dense) pseudocompact subgroup
H of G with |G/H| < w and we take for .77’ the topological group
topology generated by .7~ and H.

We begin with two lemmas. Part (¢) of Lemma 4.1 is a trifle
out of place here: it belongs below in §5. We prove 4.1(c) now
because it is immediate from 4.1(a), which is needed immediately.

DEFINITION. A subgroup H of a topological group G is totally
dense (in @) if ¢lo(H N K) = K for every closed subgroup K of G.

LEMMA 4.1. Let G and G be compact groups, ® a continuous
homomorphism from G onto G, H a subgroup of G and H = ¢~(H).

(@) If D is dense in H, then ¢~(D) is dense in H.

(b) If H is pseudocompact, then H is pseudocompact.

(¢) If H is totally dense in G, then H is totally dense in G.

Proof. It follows from the Baire category theorem that o is
an open function (cf. [18] (Theorem 5.29)). Hence @|H is open: If
U is open in H and V is an open subset of G such that VNH=U,
then @[U] = ¢[V]N H and hence @[U] is open in H.

(a) If U is a nonempty, open subset of H then o[U]lND =4
and hence U N o (D) + ¢, as required.

(b) Suppose there is an (infinite) locally finite family {U,: n <w}
of nonempty, open subsets of H. We obtain the required contradic-
tion by showing that for every pe H some neighborhood U of p
meets @[U,] for only finitely many n < w. We note first that
o '({p}) is a compact subset of G and is a subset of H. Since
{U,: n < w} is locally finite in H and o !({p}) is compact there is an
open subset V of H such that VN U, # ¢ for only finitely many
n < w. There is a neighborhood W of ¢ in H such that ¢ *({p})-
WcV;, we set U=p-¢[W] and we see for N < @ that if there
are we W and u, e U, with p-o(w) = @(u,) then with ¢ = u,w™ we
have qe @ *({p}) and hence

VnU.o@'@eh-W)nU,#¢.

(¢) Let K be a closed subgroup of G and set + = ¢|K. Ther~1
HN [K] is dense in [K] and it follows from part (a), with G, G
@, H and H replaced by K, ¢[K], v, H N ¢[K] and HnN K, respec-
tively, that the set 4 '(# N [K]), which is HN K, is dense in K.

LEMMA 4.2. Let G = Z(p)* with peP and a > w. The group
G has a dense, pseudocompact subgroup H with |G/H| = p.

Proof. As in (2.11) we set
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S={reG|{t<ax, #0} = w};

then Y is a dense, pseudocompact (indeed, countably compact) sub-
group of G. Let x€G with £¢ 3 and let H be a subgroup of G
maximal with respect to the property that Ao X and x¢ H. It is
clear that 3 (and hence H) is dense in G, and that |G/H| = p.
Like any space with a dense, pseudocompact subspace, H itself is
pseudocompact.

THEOREM 4.3. Let (G, .7 ) be a compact, totally disconnected,
Abelian group with w(G) > @. Then there is a dense, pseudocom-
pact subgroup H of G such that 1 < |G/H| < w.

_ Proof. The dua:} group G of G is a torsion group; we write
G=@,cr @,, with G, the p-primary subgroup of G. Since |G| =
w(G) > w there is peP such that |G,| > w. We denote by S the
socle of @,,, that is, we write

S = {XeG,: order of X = p}U{e},

and we note from (2.14) that | S| > w and that S is (isomorphic to)
the weak sum S = @;.; Z(p) with |I| =a > »w. With A the anni-
hilator of S in G it follows from (2.2) that there is a continuous
onto homomorphism

P:G— G/A=S = IL(Z(0))" = (Z(»)*,

and from Lemma 4.2 there is a dense, pseudocompact subgroup H of
G/A with [(G/A)/H| =p. We set H= o '(H) and we note from
Lemma 4.1 that H is a dense, pseudocompact subgroup of G; it is
clear that |G/H| = p.

THEOREM 4.4. Let (G, 7 ) be a compact, totally disconnected
Abelian group with w(G) > w. Then there is a pseudocompact group
topology 7' for G such that 7' 2 7.

Proof. There is by Theorem 4.3 a dense, pseudocompact sub-
group H of G with 1 < |G/H| < w. Let .77’ be the topology for
G generated by .7~ and the finite family {xH:x < G}; that is, for
ACG we have Ae. 7’ if and only if for each xc€G the set ANxH
is open in xH in the topology induced on xH by 7. It is clear
that <G, .7 is a topological group in which G, like any finite union
of pseudocompact spaces, is pseudocompact.

REMARKS 4.5. (a) If in Theorem 4.4 the hypothesis w(G) >
is omitted the resulting statement fails (for every compact group
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(G, 7> with wG < w). Indeed for .7 'D.7 every point of G is
a .9 — G, and hence a 7' — (G,, and if follows from Lemma 3.1
that if (G, ") is a pseudocompact group then (G, . 77'> is compact
and hence ' = 7.

(b) In an early version of this manuscript (see also the abstract
[8]) the authors conjectured that the group 7" in its usual com-
pact, connected topology admits no proper pseudocompact topological
group extension. Subsequently Lewis C. Robertson and the first-
listed author have shown the conjecture false; it follows that
Theorem 4.4 remains valid if the hypothesis that (G, &) is totally
disconnected is omitted. Details will appear in [4].

We show below in Theorem 7.2 that there are many totally
bounded group topologies on the circle whose closed subgroups are
exactly the usual closed (compact) subgroups. (In view of Theorem
3.5, no such topology extending the usual topology can be pseudo-
compact.) We show now, denoting by £ (7 ) the class of totally
bounded topologies .77’ for an Abelian group (G, .7 » for which .9~
and .7 ' have the same closed subgroups, that the partially ordered
set <#(97) has maximal elements.

THEOREM 4.6. Let {G, .o > be a totally bounded Abelian group.
For every 7 '€ () there is & e€.Z (7 ) with I C.%7 such
that &7 is maximal in the following semse: If '€ B(9) and
& &, then & = .

Proof. It is enough to show that every chain {<5:ne 4} in
(<) has an upper bound in £ (7). Set “=U,;.:.95, let 7 (\)
be the set of .“4-continuous homomorphisms into the circle (i.e.,
7\ =4G, &) and set . = U;. -~ (\). We have from (2.8)
that 7 = (G, .&)" and that (G, &) is totally bounded.

It remains to show " €.Z(v ). (The following argument is
taken in all essentials from [21] (Lemma 2.2).) Let H be an &~
closed subgroup of G, let G denote the (compact, Abelian) Weil
completion of (G, .%”> and set H = clzH. Writing

A={eG:X=1on H)

we have as usual H = N {kerX: X e A} (cf. (2.2)) and hence H = N
{ker (X|G): X e A). For XeG~ we have X|Ge (G, &), so for XeG"
there is A €4 such that X|G e _7(\) and hence ker (X|G) is $-closed
(and hence .7-closed). It follows that H is .7-closed, as required.

REMARK 4.7. It is shown in [6] that every Abelian group G
has a largest totally bounded group topology; this is, in fact, the
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topology induced on G by (G,;)” = Hom (G, T). It is, accordingly,
perhaps tempting to believe that the proof of Theorem 4.6 can be
adapted to show that <& (") has a largest element, namely the
topology induced on G by the subgroup of (G;)~ generated by
U{{G, &¥": e (7)) This attempt to strengthen Theorem 4.6
fails. We show in Theorem 7.2 below that (with .~ the usual
topology for T) for ¢ = 0,1 there are £ e<# (7 ) and X, e<T, .&5)"
such that ker (X,-X,) is a proper .7-dense subgroup of T; since X,-X,
is continuous in any topology for T containing .4 and .4, no such
topology can belong to <& (7).

5. On the existence of totally dense subgroups. We recall
from §4 that a subgroup H of a group G is said to be fotally dense
(in G) if, for each closed subgroup K of G, the set HN K is dense
in K. It is clear (upon taking K = G) that every totally dense
subgroup is dense. It is clear also that if H is totally dense in G
and K is a closed subgroup of G, then HN K 22 {¢} provided K #
{e}. For G compact, the subgroups H of G with this latter, weaker
property are exactly the subgroups of G with no coarser (Hausdorff)
topological group topology. That is: A totally bounded group (5%
7 ) admits no coarser group topology if and only if HN K 2 {e}
for every nondegenerate, closed subgroup K of the Weil completion
H. These “minimal groups” have been studied extensively (see for
example [27], [10], [30], [15], [L16]). The totally dense subgroups of
compact groups are exactly those subgroups which, together with
all their Hausdorff quotients, are minimal groups [31], [15].

In this section we establish the existence, under suitable condi-
tions, of totally dense, pseudocompact subgroups.

We first remark that not every compact group has a proper,
totally dense subgroup. Let G be a compact torsion group, z¢€G,
K(x) the smallest closed subgroup of G containing x, and H a totally
dense subgroup of G. Since K(x) is finite and H N K(x) is dense
in K(x) we have H N K(x) = K(x) and hence xe¢ H. Thus a compact
torsion group has no proper totally dense subgroup. (For a concrete
example take peP, a = w and G = (Z(p))*.) We show now that for
connected Abelian groups the situation is quite different.

LemMA 5.1. For a > w, the group T* contains a proper, pseudo-
compact, totally dense subgroup.

Proof. This is essentially a consequence of a result of D. Grant
[16]: Denoting by ¢T the torsion subgroup of T, the group ({T)* is
totally dense in T®. As earlier set

Y={reT:|{t<a:z # 1} < w}
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and let H be the subgroup of T generated by 3 U (tT)*. Since X
is pseudocompact (2.11) and dense in T¢, H is pseudocompact; since
(tT)~ is totally dense in T* and (tT)*c HcC T* H is totally dense in
T*. The elements of H are those elements of T* all of whose coor-
dinates, with at most countably many exceptions, are torsion ele-
ments of T; hence HcC T* and H # T<

LEMMA 5.2. Let G be a compact, connected, Abelian group with
w(G@) = a > ®. There is a continuous homomorphism of G onto T*.

Proof. 1t suffices to show that G contains a subgroup B isomor-
phic to (T*)"; for then by (2.2) the annihilator A in G of B satisfies
G/IA=B=T"

Let I be a maximal independent subset of G, B the subgroup
of G generated by I, and W the divisible hull (that is, the injective
hull) of G. Then B = ®.., Z; = (T?)", and since |G| = a it follows
from

BcGcW=0Qq.

tel

that w-|I| £ @ < w-|I| and hence |I| = a, as required.

THEOREM 5.8. Let G be a compact, connected, Abelian group
with w(G) =a > w. Then G contains a proper, pseudocompact,
totally demse subgroup.

Proof. There are by Lemmas 5.1 and 5.2 a continuous homo-
morphism ¢ from G onto T* and a proper, pseudocompact, totally
dense subgroup H of T*. We set H = ¢ '(H). Then H is pseudo-
compact by Lemma 4.1(b), proper in G since H is proper in G, and
totally dense in G by Lemma 4.1(c).

REMARK 5.4. We showed in Lemma 4.1(c) that if G and G are
compact groups, ¢ a continuous homomorphism from G onto G and
H a totally dense subgroup of G, then @~*(H) is totally dense in
G. It is not difficult to show that in this statement the require-
ment that G is compact can be replaced by the hypothesis that (G
is a Hausdorff group and) G has the form G = G/N with N a
compact, normal subgroup of G and @ the cannonical homomorphism.
(Since we do not need this statement, we omit the details of the
proof.) We note, however, that in general the inverse image under
a continuous homomorphism of a totally dense subgroup need not
be totally dense. For a simple example one may take the canonical
homomorphism
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:R—>R/Z=T

and the torsion subgroup tT of T; here ¢ *(tT), which is the group
of rational numbers under addition, is not totally dense in R.

In the paragraph preceding Lemma 5.1 we showed that there
are many compact, totally disconnected, Abelian groups G, even
with w(G) > @, with no proper, totally dense subgroup. There are,
however, compact- totally disconnected groups with such a subgroup.
The following definition sets forth a useful concept; the positive
result appears below in Theorem 5.6.

DEFINITION. Let G be a compact, totally disconnected Abelian
group and for peP let G be the p-primary subgroup of the dual
group G. Then p is abundant in G if |G,,| > ®.

LEMMA 5.5. Let I be an infinite set of primes, {a,:pel} a
set of cardinal numbers, G, = (Z(p))*» for pel, G = I1,.;G, and
H=@,.;G, Then H is the smallest totally demse subgroup of G
in the following sense:

(a) H 1is totally dense in G, and

(b) if J is a totally dense subgroup of G, then HC J.

Proof. We have noted already that every torsion element of
a group belongs to every totally dense subgroup. It is clear in the
present case that H is the torsion subgroup of G; statement (b)
follows.

To prove (a) it is enough to show that for every closed sub-
group K of G, the torsion subgroup tK of K is dense in K (for, as
just indieated, tK is a subgroup of H). We have from (2.1)

pel e<ap

with Z(p). =?(p) for ¢ < a,. It follows from (2.2) that K is a

quotient of G. Hence K is (isomorphic to) a group of the form
®,.: [D:.,(F(p):] where, for ¢ <a,, F(p) ={0} or F(p). = Z(p):..

Then
K=]1I[II F(p)],

pel (<ap

a product of finite cyclic groups. It is then clear that the torsion
subgroup of K is dense in K, as required.

THEOREM 5.6. Let G be a compact, totally disconnected, Abelian
group im which infinitely many primes are abundant. Then G has
a proper, pseudocompact, totally dense subgroup.
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Proof. As in the proof of Theorem 4.3 we write G = ®D,.-G,
with @,, the p-primary subgroup of G. There is IC P with |I|=®
such that |G,| > for pel. We find a subgroup S, of G, with
S, = @:<o+ Z(p): and we set S =@,.,S,. From (2.1) we have

S=118,=1II Il + Zw). =11 (Z®m)",
pel pel ¢<wt pel

and from (2.2) there is a homomorphism ¢ from G onto S. We set
H = @,.,(Z(p))*" and

Z={ee ]l Z@)": [{{p, & eI x 0*: 0, # 0}| < @)

and we denote by H the subgroup of S generated by HU Y. Now
H is totally dense in § by Lemma 5.5, and ¥ is a pseudocompact
subgroup of S (2.11) dense in S and hence in H. It follows that
H is a pseudocompact, totally dense subgroup of S. It is clear
further that H is a proper subset of S. It follows then from
Lemma 4.1 that ¢ (H) is a proper, pseudocompact, totally dense
subgroup of G, as required.

6. On the cardinality of totally dense subgroups. We have
described several groups G in which it is possible to find a proper,
totally dense subgroup H; here we investigate the question whether
H may be chosen so that in addition |H| is small relative to |G|.

Our interest in this general question arose when we recalled
the so-called Hewitt-Marczewski-Pondiczery phenomenon (see for
example [11] (Problem 2L) or [3] (Corollary 3.18)): for a = w, a
product of <2 spaces with density character <« itself has density
character <a. Thus for example the group T?* has a dense subset
D with |D] £ a; clearly the subgroup H generated by D satisfies
|H| £ a. May H be taken totally dense? Are there models of
ZFC in which some totally dense subgroup H of T** satisfies |H|<
2%7 |H| < 2?7 It is questions like these which motivated the present
section.

THEOREM 6.1. Let G be a locally compact, o-compact group
and H a totally dense subgroup. Then |H|= w(G) (and hence
G| < 2'%).

Proof. If G is discrete we have w(G) = |G| < w and H = G.
We assume that G is not discrete, we denote by £ the local weight
of G at e, for x ¢ H with x # ¢ we choose by (2.6) a compact, G,
subgroup H(x) of G with ¢ H(x), and we set

K=nN{H&):xcH, x+e}.
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Since K is a closed subgroup of G and KN H = {¢} we have K={e}.
Denoting by (G, ¢) the pseudoweight of G at e—that is, the minimal
number of open subsets of G whose intersection is equal to {¢}—we
have

¥(G,e) = 0-|H| = |H|

and also (since G is locally compact) (G, e) = k. Then from (2.4)
we have

w(G) =k < |H| and |G| =2F L 27,

as required.

For a compact group assumed Abelian, a stronger lower bound
(on the cardinality of a totally dense subgroup) is available. It is
convenient to separate our treatment of the connected and the
totally disconnected cases; these are combined in Corollary 6.5.

LEMMA 6.2. Let G and G Ile topological groups, @ a continuous
homomorphism from G onto G, HCG and {? =@|H]. If H 1is
totally demse in G, then H is totally demse in G.

Proof. Let K be a closed subgroup of G and set K = ¢7(K);
then K is a closed subgroup of G. Since H is totally dense in G
the set HN K is dense in K and hence ¢[H N K], which is AN K,
is dense in @[K] = K.

THEOREM 6.3. Let G be a compact, connected, Abelian group
with w(@) =a > w and let H be a totally demse subgroup of G.
Then |H| = |G]|.

Proof. There is by Lemma 5.2 a continuous homomorphism ¢
from G onto T* The two-element group {+1, —1} is a (torsion)
subgroup of T and {+1, —1}* is a torsion subgroup of T*. Since
9[H] is (by Lemma 6.2) a totally dense subgroup of T* and every
such subgroup contains all torsion elements, we have

|H| z |plH]| = {+1, —1}|* = 2" = |G|,

as required.

THEOREM 6.4. Let G be a compact, totally disconnected Abelian
group and H a totally demse subgroup with |H|=«a. Then |G|=Za”.

Proof. If |G|<w® then G=H. If w <|G|<2* then since
|G| = 2°® we have |G| = 2° and from the fact that H is dense in G
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it follows that o« = w and hence |G| = a®. We assume in what
follows that |G| > 2°, we note from |G| = 2% that |G| > w, and
using (2.12) we write G = @, G, with G, the p-primary subgroup
of G. We set

={peP:|G,| > o},
we note |I| # ¢, and for p eI we denote by S, the socle
= {Xe@G,: order of X = p} U {e} .

We set a, =|S,| and we note from (2.14) that «, I@ | for pel.
Now let S =@,.;S,. For pel we have S, = @:.., Z(p): and
hence S, = (Z(p))*. Since S = II,.;S, we have

A~

SI=TL18, = 12

p pel

We claim further that |S| = |G|. Indeed

wG = |G| = lpﬂ?, I—I(GG)EB(QGP)I
=0 DG, = ZIGpl—Ea

pel pel

= @8, =18 =18 = w(s)

and hence |G| = 2*¢ = 2*® = |§|.

There is by (2.2) a homomorphism @ from G onto S. Since P[H]
is totally dense in § (by Lemma 6.2), the set @[H] contains the
torsion subgroup of

S =118, = [T (@) ;

PEI PE
that is, [H]D @,.; (Z(p))*». It follows that
a=|H|z|plH]| = |(Z(p))*| =2 for pel
and hence

Gl =8| = 11 2°

pel

II/\
II/\

a’,
as required.

COROLLARY 6.5. Let G be a compact Abelian group and H a
totally demse subgroup with |H| = a. Then |G| £ a“.

Proof. If |G| = 2 then as in the first paragraph of the proof
of Theorem 6.4 we have either |G| =a or |G| = a*. We assume
in what follows that |G| > 2°.
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Let C be the component of the identity in G and @ the canoni-
cal homomorphism of G onto the totally disconnected group G/C.
If |C| = |G| then from |C| = 2*° we have wC > w and since HNC
is totally dense in C we have

|G| =|C|=|HNC| < |Hl=a=a"

from Theorem 6.3 (applied to C); and if |C| < |G| then since @[H]
is totally dense in G/C we have

|G| =|G/C| = |PlH]|” = a”

from Theorem 6.4. The proof is complete.

The general conclusion to be drawn from the results above in
this section is that a totally dense subgroup H of a compact Abelian
group G cannot be much smaller (in cardinality) than G itself. It
becomes reasonable to ask: is |H| < |G| possible? The answer here
is “Yes”: take G = [I,.» Z(p) and H = @,.» Z(p). More generally,
we have this result.

THEOREM 6.6. For every infinite cardinal @& there are a com-
pact, totally disconmected Abelian group G with |G| > a& and a
totally dense subgroup H of G such that |H| < |G].

Proof. We recall from Lemma 5.5 that if {a,: pcP} is a set
of cardinal numbers, G, = (Z(p))» for peP and G = [],.,G, and
H=@,.:G,, then H is totally dense in G. In this case, writing
a=>,a, and ¥ =, 2%, we evidently have |H| =7 and

@1 = T116,| = [ 2 = 25 = 2.

(It follows from Theorem 6.4 that 2* < |H|® = v“. In the present
specialized context this is easily verified directly: We have 2 < v
for peP, and hence

2 =[2% < 7P =7,
p

To arrange |H| < |G|, we recall the classical theorem of J. Konig
(see for example [1], or [3] (1.19)): If {a;:7€I} and {b:tcI} are
sets of cardinal numbers with a, < b, for all 1€, then >,.;a; <
IT.c;b;. In the present context, where |H|=3,,2% and |G|=T], 2%,
it is enough, denoting by »’ the successor of p in P, to have a,=a&
and 2% < 2% for peP (for example, a,, = 2%»). The proof is com-
plete.

Let us notice at this point, following Corson [9], that the sub-
group H of G in the proof of Theorem 6.6 is o-compact and hence
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Lindelof. (The proof is not difficult: The group G is naturally
identified with a product []...F: with @ = 3>, @, and with F a
finite group for ¢ < a; writing

H, ={zxceH: |{t<ax #e}| =n} for n<ow

we see that each set H, is closed in G and hence compact, and that
H = U.,., H,.) Since H is dense and proper in G it is not pseudo-
compact, for a pseudocompact, Lindelof space is compact. In an
early version of this manuscript the authors, motivated by these
observations, raised (but could not solve) the following question:
Are there a compact, Abelian group G and a totally dense, pseudo-
compact subgroup H such that |H| < |G|? Subsequently the first-
listed author and Lewis C. Robertson have shown that this question
is undecidable on the basis of the usual axioms of Zermelo-Fraenkel
set theory. A precise statement will appear, together with related
results, in [5].

While it is not difficult to find pseudocompact groups that are
not countably compact (to the best of our knowledge it was Kister
[22] who first explicitly considered this question), the X-products
defined above and used in various connections are in fact countably
compact; indeed they have the stronger property that each of their
countable subsets has compact closure. In view then of the ready
availability of proper, dense, countably compact subgroups of (many)
compact groups, it is perhaps reasonable to ask a “strengthened”
form of the question above: Are there a compact (Abelian) group
G and a totally dense, countably compact subgroup H such that
|H| < |G|? We now answer that question in the negative.

THEOREM 6.7. Let G be a compact, totally disconnected group
and H a totally dense, countably compact subgroup. Then H = G.

Proof. It follows from [18] (Theorem 25.16) that for x € G there
is a compact, metric subgroup H(x) of G such that xe H(x). (This
observation and many related results about “metric elements” are
given in [34].) Since H N H(x) is dense in H(x) (and closed), we
have H N H(x) = H(x) and hence x ¢ H(x) C H.

COROLLARY 6.8. Let G be a compact Abelian group and H a
totally dense, countably compact subgroup. Then |H| = |G|.

Proof. If wG < ® then G is metrizable and H is a compact
metric space; since H is dense in G we have in fact H=G. We
assume in what follows that wG > w.

Let C be the component of the identity in G and @ the canoni-
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cal homomorphism of G onto the totally disconnected group G/C. If
|C| = |G| then since HNC is totally dense in C and wC > w we
have from Theorem 6.3 that

|Gz |H z|HNnC|=I|C|=1G]|.

If |C| < |G| then since @[H] is a totally dense, countably compact
subgroup of G/C we have from Theorem 6.7 that ¢[H] = G/C and
hence

|G| =z |H| z |P[H]| = |G/C| = |G] .

REMARK 6.9. In the interest of completeness we cite a result
of H. Wilcox [34] related to those of this section but formally
neither weaker nor stronger than ours. Suppose that G is an infi-
nite, compact Abelian group for which wG has the form wG = 2°
(so |G| = 2*) with a* < 2*. Then for every dense, pseudocompact
subgroup H of G with |H| < a® there is an infinite, closed subgroup
K of G such that HN K = {¢} ([34](Theorem 2.2)). In particular,
H is not totally dense in G. We note from Corollary 6.5 above that
for such a group G any totally dense subgroup H, whether pseudo-
compact or not, must in fact satisfy |H| > 2* (since from |H| < 2*
would follow the contradiction

2= |Gl =|Hl"=s @) =29.

7. Some totally bounded topologies on T. We have noted
already that every pseudocompact group topology is totally bounded
and we have shown that no pseudocompact group topology properly
extending a compact group topology can have the same family of
closed subgroups. We show in this section that there exist many
totally bounded topologies for T with the same closed subgroups;
our construction allows us to deduce, somewhat unexpectedly (cf.
Remark 4.7), that there is no largest such topology.

For peP we use the symbol Z(»~) as usual and we recall the
isomorphism T = (@,.r Z(»p~)) DR (cf. [18] (A.14) or [12] (23.1)).
When convenient we identify Z(p~) and R with their natural copies
inside T (that is, we write Z(»~)CT and RcCT) and we write T
additively, using the symbol 0 to denote the identity of T (or of
any of the groups Z(p~), or of R).

LEMMA 7.1. There is a homomorphism f of T into T such that
Jor all m, neZ with {m,n) = 0, 0> the set {x €T: mx + nf(xr) = 0}
s finite.

Proof. For peP let i, denote the identity function on Z(p~);
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that is, i,(x)=2 for x e Z(p~). The endomorphism group Hom (Z(p~),
Z(p=)) has been analyzed in detail (cf. [18] (p. 181) or [12] (25.2));
we here need only that its cardinality is 2%, so that we may choose
an endomorphism g, of Z(p~) such that 7, and g, are independent.
That is: for a, beZ, the endomorphism ag, + bi, is the zero function
only when ¢ =b=0. (We remark for later use that in fact for
p P there is an independent subset B(p) of Hom (Z(p*), Z(p~)) with
1, € B(p) and with |B(p)| = 2“.)
Let [ ] denote the usual “greatest integer” function. We set

fp =p9, + [p1/4]'ip for peP ’
we define fr ¢ Hom (R, R) by the rule fi(®) =1V 2%, and we define
f= (?fp) D fr;

that is, we choose feHom (T) so that f|Z(p~) = f, and f|R = f;.
It remains to show f is as required.
We fix m, n€Z with {m, n) # <0, 0) and we set

K={zxeT: me + nf(x) =0},
K(p) = {x € Z(p~): mx + nf(x) = 0} for pcP, and
KR) ={xecR: mx + nf(x) = 0}.

It is clear that K = (@, K(p)) ® K(R). Thus to show K| < @ it is
enough to show the following three statements.

(@) [KR)| < w;

(b) |K(p)| < w for all peP;

(¢) there is N < w such that K(p) = {0} for N < peP.

It is clear in any event that if » =0 then K = {xe€T: ma = 0}
and hence K is finite. We assume in what follows that n == 0.

(a) For xcK(R) we have mx + n1 2% =0 and hence z = 0;
thus in fact K(R) = {0}.

(b) If there is peP with |K(p)| = @ then since every proper
subgroup of Z(p~) is finite we have K(p) = Z(p~) and the function

x—— mx + nf(x) = npg,(x) + (m + n[p" Nz

is the zero function on Z(p~). It follows that »p = 0, contrary to
the fact n =0, peP.

(¢) Let N =max {16, (m + 1)*, »*} and N < peP. Since p > 16
we have

p1/4(1 + p1/4) < p1/4(2p1/4) < p1/4.p1/2 — p3/4 < p;

since p > (m + 1)* we have m + n[p"*] # 0 (otherwise 1 < [p"] and
[»Y*]|m, a contradiction).
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Let a be an element of Z(p*) such that a 0 and pa =0. Since
a belongs to every proper subgroup of Z(p~), it is enough (to show
K(p) = {0}) to show a¢ K(p). If a e K(p) then from pa = 0 we have
pg,(a) = 0 and hence

0 = ma + nfla) = npg,(a) + (m + n[p"*]a
= (m + n[p"]a

and hence p|(m + »[p"*]). From (m + n[p"‘]) # 0 it follows that

P = [m+ ap]l = |m| + [n|[p¥]
<P+ Y] = A + p¥) <,

a contradiction. The proof is complete.
For two topologies .77/, .7” on a set X we denote by .7 'V
7" the least (the smallest) topology on X containing .7’ and .7 ".

THEOREM 7.2. Let .7 be the usual topology for T. There is a
set { T & < 2°} of topological group topologies for T such that

(a) I & I for £<2%

(b) (T, 7.> is totally bounded for & < 2¢

(¢) 7 and 7, have the same closed subgroups;

(d) every continuous homomorphism h: (T, 7> — (T, 7 ) satis-
fies |R[T]| =1 or R[T] =T; and

(e) for £< & <2° there is a proper, F-demnse, (7.\V 7)-
closed subgroup of T.

Proof. For peP with p > 2 we choose and fix g, € Hom (Z(p~)),
Z(p=)) as in (the proof of) Theorem 7.1 and for &£ < 2° we choose
g; € Hom (Z(2*), Z(2~)) so that {gi: £ < 2°} U {4,} is independent. We
define

fi=f, =19, + [p"]-7, for 2<peP, <2,
fi=2-g; + [2"*] -4, for £ < 27,
fi=fa=V2:ig for £<2°,

and we define f*eHom (T, T) so that f*|Z(»p>) = f; for peP and
IR = f5. We note that each f¢ is a homomorphism as in (the
statement of) Lemma 7.1.

For £ < 2° let 57(&) be the subgroup of Hom (T, T) generated
by (T, 7>~ U{f*} and let .7, be the topology induced on T by
o (8)-

(a) Since (T, 7 )" C o7 (¢) we have 7 .7, and since f° is
7 ~continuous but not Z-continuous we have .7~ # 7.

(b) This follows from (2.8).
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(¢) Let H be a .Z,-closed subgroup of T, and let T. denote
the Weil completion of (T, .7;) and H the closure in T, of H. For
hes7(E) let b denote the continuous extension to T. of h, and
(retaining additive notation) set

A={hes”E):h=0 on H}.

From (2.8) it follows 57°(8)=(T, .7;)" and hence {h: h € 57 (&)}=T. .
Since

H = ( {ker (h): h € A}

we have H = N {ker (h): he A}. For every he AC 57 (&) there are
m,neZ with h=mi+ nf’, so from Lemma 7.1 it follows that
ker () =T or ker (k) is finite. It follows that each ker (k) with
he A, and hence H itself, is .7 -closed.

(d) Let h=mi+nfielT, 7,y . If (m,ny=<0,0) then |h[T]=
1. If {m,n) # <0,0) then h[R] = R and for peP from h[Z(p~)] =
Z(p~)/ker (h| Z(p~)) and |ker (h)| < @ we have |h[Z(p™)]|] =@ and
hence h[Z(p~)] = Z(p~). It follows that hr[T] = T.

(e) For £ < ¢ < 2¢ the functions gi and g; are independent; in
particular there is % € Z(2*) such that

(2g9; — 295")(@) # 0
and hence (f* — f*)(%) = 0. But for 2 < pcP we have
= =5

and hence
(ff — ) (@) = fo(x) — fo(x) = 0 for xe Z(p™) .

Thus f¢ — f¥ is a (I, V Z,)-continuous homomorphism whose kernel
is proper in T and contains Z(p=) for all pcP with p > 2. The
set ker (f* — f%) is then a subgroup of T as required in (e).

The proof is complete.
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