PACIFIC JOURNAL OF MATHEMATICS
Vol. 101, No. 1, 1982

ON THE EVALUATION OF PERMANENTS

NATALIA BEBIANO*

Two identities involving permanents are obtained. One
of them is used to deduce in a simple way, two well known
formulas for the evaluation of permanents, namely the
formulas of Binet and Minc and of Ryser.

1. Notation. Let 4 =[a,;] be an n X n matrix. The permanent
of A is defined by

per (4) = P E Aio) »
where S, is the symmetric group of degree n.

Let I',,, denote the set of all »" sequences w = (@, ---, ®,) of
integers satisfying 1 < w; < n. Let @, , be the set of those sequences
in I',,, which are strictly increasing.

By G(n) we denote the set of all nondecreasing sequences of
positive integers (¢, ---, t;) such that ¢, + --- + ¢, = n.

Given an » X » matrix A and nonnegative integers «,, ---, @,
(B, +++, B satisfying e, + -+ +a, =0 (B, + -+ + B, = n), we re-
present by A(a, ---, a,) (A8, ---, B.) the matrix obtained from A
by repeating its first row (column) a,(3,) times, its second row
(column) a,(B,) times ... and its nth row (column) «,(B,) times. If
a; = 0(8; = 0) the ith row (column) of A is omitted.

Given an » X n matrix 4 and nonnegative integers a,, ---, a,,
B+, Bn satisfying a, + ---+a,=n, B+ -+ B, =mn, let
Aoy, -+, 3 8y, +++, Bn) denote the n X » matrix obtained from A
by repeating its first row «, times, ---, its nth row «, times and
also its first column B, times ... its nth column g, times. Again
a; =0 or B; =0 means that the ith row or the ith column of A is
omitted.

Given the integers a;,, 1 <7< mn, such that >, a, = n, let
R,,..., = (Ji *++, J.) represent the nondecreasing sequence of non-
negative integers (4, - -, J.) where 7 occurs with multiplicity «,.

2. Two identities involving permanents. Let A be an n X n
matrix and

zZ =112

with
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n
Z£=Zla,-jwj, 1=1,,m.
Since Z is an homogeneous polynomial of degree » in =z, ---, z, we
can write

xfr xle xom

2.1) Z= 3 Xpep— i ... T
BrsessBy 61! ,82! Bn!

where the summation is over all sequences (B, -+, 8,) of nonnega-

tive integers satisfying g8, + --- + B, = n. The coefficient =;,...5,
is equal to

’

0"Z
0;0%;, « + + 0%

) (jl} Tty jn) = Rﬁlw":ﬁn

in
as can be seen from the following

"z Qb ting
0x;0%;, -+ 02;,  0xit -+ - Owhr

(1 8‘9le1> < 1 a"":cf.n)
RTTN - e

B! dxf Ba! 0xin
= :81! oo Bn!
T Wy, By 1 1

Bl- /8n-
= wﬁl,...,pn .

We now compute §"Z/ox;, - - - 0%;,, (41, +*+, Ju) = Rs,,...5,- We begin
by assuming (5, -+, §.) = Ri..... Sinee Z, is a linear function of
the x;’s we have

0*Z;
2.2 —=_ =9
2.2) 02,07,

for any % and h and by differentiation

o"Z _ a"Z
02;,0%;, -+« + 0%;, 0x,0%, « -+ 0%,
— Z aZa(l) aZcr(2) e aZa(n) s

T 0x, O, ox,
where g€ S,. But
__&Z,,m = Qgrir
0x;
and therefore
@3) T2 = 5, T tyer = ver (4) .

0x, -+ 0%, €8, i=1
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Let now (5, - -+, J.) = R,,....s,. Again by differentiation and recalling
(2.2) we have

anZ — & a a(?)
aleasz AR axjn “ezsl'n ':'I;‘—‘I axh
(2'4) = Z II ‘7(7')-77,

€8, i=1

= per (A(Bls ) Bn)) .
From (2.1), (2.3) and (2.4) we obtain the following identity

@5 i (Faw)=, 3 verm, -, g0 2
where the summation is over all the sequences (8, ---, B.) of non-

negative integers satisfying >, 8, = n.

Now we shall deduce from (2.5), the following identity expressing
the nth power of a bilinear form as a polynomial with permanents
as coefficients,

(E X:0:5Y 5 ) Z per (A(al) crey QB v
nl \ii=1 Y]
(2.6)

Yt Y

?
a,l B! Ba!

Wherea = (aly Sty an)y B = (BJ; ct ety Bn)! With ai’ Bz ; 0 ,i = 1, Sty n
and X, = > B = M.

Indeed, by the multinomial expansion we have

N

@) L3 maw) = S [ 2 (S0,

a t=1

where a;=0,7=1,---,nand >, a;,=n. Let (b, -+, k) =Ry, .4,
We have

ﬁ <§%‘: aw'!/g> = <Zﬂ @u%') T (_72:‘1 alﬂ{j) te <12; an5y5> T <,Z:1 am'?/a'>
>

i=1 \j=1 i=1
Y o
a; times a, times

Il

‘nMs

(2.8) m?l:‘) tee (12; ah,,i%‘)

iIl <§”:| ahﬂ?/a‘) .

i

Substituting (2.8) into (2.7), applying the identity (2.5) to
Il o a5y and noting that the matrix A4 = (ay) has been
replaced by the matrix A(a,, ---, @,) = (a;,;) we obtain
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This proves (2.6).

3. About the Binet-Minc formula. As we have seen per
A = 0"Z/ox, - -- 0x, which is equivalent to per A = coef, ..., ITi; X
(331 asx;).  This result for the case n = 3, is due to Muir. Let us
evaluate 0"Z/ox, --- ox,. Let again Z = []~, Z, and Z, = 3", a;;x;,
1=1,---,n. Let T, ---, T, be a partition of {1, ---, n} such that

(3.1 T; ={w?, -+, w?}eQ,.,

where s=1%;, j=1,---,kand {, < --- < ¢,.
We define

(3.2) s = 3, Zih a?f:}

and

(3.3) g = 097

with s =¢;, j=1, ---, k.
It is clear that

(3.4) gt = 3y D

h=1 Zh :
On the other hand, it is easy to show (by induction) that

Wpuld **+ W)

(3.5) $T = (1) (t,— 1)1 S, N
f=1 Zii

s=t; 7=1,---, k. In fact, suppose

_ [%2] ) e e i
52w Qi+ * W)

= (—1)s — 2)1 3

(8.6) i = —
0X () + + + 0Ly, i= 7

’

where s =1¢;, and T; — w! denotes the set {w{®, ---, w¥}. By
differentiating (3.6) with respect to x,» we obtain

[€2)

s—1 5w 3") . Qppld) * ¢ Qpopld)
0'"'¢ = (—1)"%s — 1) S wy . w07,
0L+ 0L, () 0, i=1 VA T,
kil a’hw{j) cee a’hng_)la’hw;j)

= (~Ds = D1 3 .
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and (3.5) holds.
We finally prove (by induction) that

0"Z

3.7 —_—
( ) axl ¢ awn

=Z3 5 g,
k=174, ,1y,

where the summation > .., is over all the partitions T, ---, T}
of {1, .-, n}.
For » =1 it is trivial to verify (3.7). Suppose that

(8.8) oz E Z ¢‘T“---¢‘T'°’,
0x, -+ 0%y,

where T, ---, T, is a partition of {1, ---,» — 1}. Differentiating
(3.8) with respect to x, we get

3.9) 0"z - Z Z (¢(T1 LT e g L g

0%y *** 0%y 108, k=171,
+ ¢(T1) e ¢(T")¢("))Z
where ¢"»™ = (9¢"¥[0x,), ¢ is defined by (3.4) and T}, n is a
shorthand notation for T, U{n} h =1, ---, k. We observe that in

(8.9) the summation over T, ---, T, refers to the partition of
{1, ---,» —1}. It is obvious that (38.9) is equal to

23, % 4 gm,

k=1 Ty,

where >, ...;, is now over all the partitions T, ---, T, of {1, -+, n},
and (3.7) holds.

THEOREM 3.1. Let A = (A;;) be an n X n matrixz over C. Then
per(A) =Z3, 3 ¢T ... g7,
k=1 Ty e, T,
where ¢ is defined by (3.5).

REMARK. The theorem is also true for matrices defined over an
arbitrary field if we use formal differentiation.

Now we cast (3.7) into another equivalent form. Then we shall
see that per(4) is in fact independent of =z, ---,x,. We need the
following additional notation. Let 7,...,, denote the sum of the
entries in the Hadamard product of columns w, ---, w, of A, i.e.,

n
Vwreoorwg, = Z_ Qjw jw, *** Tjw, +

DeriNITION 3.1. For (¢, ---, t,) € G(n) we define the R function,
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R(t, ---,t,), as the symmetrised sum of all distinct products of the
Pugeeoswgy 8 = by +++, t, such that in each product the sequences
(wy, -+, w,)€Q,,, s=*t, -, t, partition the set {1, ---, n}.

DEFINITION 3.2. The permanent of an m X n matrix A4 = (a,;)
m £ n, written Per (4), is defined by

Per (A) = 3 01oy@00) ** * Cmoim) »
ag

where the summation extends over all one-to-one functions from
{1, ---, m} into {1, ---, n}.

The special case m = n is of particular importance. In fact
most writers restrict the designation “permanent” to the case of
square matrices. However the permanent of a rectangular m X n
matrix A, m =< n, can be obtained by evaluating the permanent of

the » X n matrix
[ }
C ’

where C is the (» — m) X n matrix all of whose entries are 1.
Clearly per (B) = (n — m)! per (4). In [2,1] Minc states a formula
for the computation of the permanent of an m X » matrix, m < »,
in terms of the R functions. This formula is an extension of Binet’s
formulas for m < 4, which are based on the Principle of Inclusion
and Exclusion.
If A is an n X » matrix, then
Per (A) = E C(tu ) tlc)R(tly ) tk)

(tgse++rt) €G (0)

with
Clts, -+, 1) = (—1** TT (b — DI .

This is the formula of Binet and Minc of m = n. Let us show that
(38.7) is precisely this formula.

Let A" = ((1/Z;)a;;) be the matrix obtained from A by multiply-
ing its ¢th row by 1/Z, i =1, ---, n. Thus, we can write (3.5) in
the following form

(3.10) 679 = (=1t — DI Pyaatli

where 7,0\....,;»» denotes the sum of the entries in the Hadamard
product of the columns w{, ---, w!” of A, s=1¢;, j=1,---,k On
the other hand
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ﬁ S T . g = ﬁ > SV BT . g
Tk

where >}’ denotes the summation over the partitions T, ---, T, whose
cardinals ¢, = |T,|, 1 =1, ---, k, are kept fixed. Substituting (3.10)
into (38.11), applying (38.1) and the definition of R we obtain the
formula of Binet and Minc for per (4')

n

g r Z--"Tk ¢(T1) ot ¢(Tk) = ZTk (—1)':1"'" . (_1)tk'1(t1 _ 1)!

Ty, eee

k
X oo (G — D! T 70 @
j=1 ! ¢y

k k
20 (DI — 1) I 7l
j=1 j=1 i

tyeenty

= Z C(tly ) tk)R(tv T tk) = per (A,) .

(t1y=eestg) €G(n)

ol

ay

Ma

3
|
-

It is now clear that in fact (3.7) is independent of z,, ---, 2, due to
the multilinearity of the permanent, since per (4)=Z2%,---Z, per (4') =
Z per (A").

4. Ryser’s formula. In this section we shall prove Ryser’s
formula [3] from the identity (2.5), without using the Principle of
Inclusion and Exclusion.

THEOREM 4.1. Let A = (a;;) be a matrixz of size n by n defined
over a field F. Let w= (wy, -+, W) €EQs,, and @ = (W,, +++, W,_y) €
Q._1.. be sequences complementary to each other. We shall denote by
A, the matrixz obtained from A by replacing columns i, -, W,_,
by zeros. Let S(A,) represent the product of the row sums of A,.
Then

4.1) per(4) = 3, 3 (—1)"*S(4,) .

k=1 weQy, ,

Proof. Let A’ = (a,;x;) be the n X n matrix obtained from A by
multiplying its jth column by #z;, 7 =1, ---, n. From (2.5) it follows
that

S = I (3 it

4.2)

— afr . @
- %l per (Aw(;gly , Bn))ﬁ Bn! .
Note that if one of the 8;,, t =1, ---, n — k, is different from zero,
the matrix A,B, -+, B, Wwill have columns of zeros and
per (A,(By, **+, Bn) = 0. If the condition B; =:--- =85, _,=0
holds, then per (4,(8,, -+, B.) Will be independent of w.
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From (4.2) we have

>, 2 (—1)FS(AL)

k=1 weQp,n

—_ Z Zﬁl oo gﬁ“ 2 1 weEQp, (—l)k per (Aw(lel’ ) B"')) 4

where >\, 8; = n. In order to evaluate (4.3) we first prove that

4.3)

3.3 (CDrper (g, o, 6) =0
provided that 8,1 for some ¢. For this purpose let (8., -, Bu,):

= (Wy, +**, W) €EQ,,,, are the only nonzero elements in (g, - - -, B,).
It is clear that Bz, = -+ = B3, , =0 and per (4,8, -, B,) =0

unless WC @' < wDw'. Since there are (Z’ h) different sequences

w, w € Q,,,, such that w > w' for a fixed w’, we have

S5 (1) per (4.8, -+, 8)) = 3,5 (—DF per (A(g, -+, 8)

wDw’

4 = (-3 (—1)”(’; _ h) per (A(By ++, B.))
= (—1)'(L — 1" per (A(8y, -*+, Bx)
=0

if » = h. Consider now the case » = h, that is g, =--- =8,=1.
Clearly per (4,1, ---,1)) =0 unless w ={1, ---,n}. From (4.3) and
(4.4) it finally follows

4.5) Z Z (=1)*S(4,) = (—L)*per (A, -+~ 2, .

=1 we lc n
Since per (4) = (1/x, - - - x,) per (4’), (4.5) gives Ryser’s formula for
the evaluation of per (A).
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