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CHARACTERISATIONS OF AMENABLE
LOCALLY COMPACT SEMIGROUPS

JAMES C. S. WONG AND A. Ri1az1

Let G be a locally compact group, S = S(G) the space of all (real)
measurable simple functions on G and P = P(G) = {¢ € L(G): ¢ =0,
[lell; = 1}. W. R. Emerson recently proved that the following condi-
tions on G are equivalent: (2) G is amenable (i.e. L (G) or S has a left
invariant mean; (b) 9 ,(G) is closed under addition; (c)
d(@, * P,p, x P) =0 for ¢, ¢, € P. Here N ,(G) is the set of all
f €S such that inf{||p * f]l,: ¢ €P} =0 and d(¢, * P, p, * P) =
inf{|lo, * ¢ — @, * Y||;: @,¥ € P}. He also demonstrated that some
well-known results and characterisations of amenability follow this as
simple consequences. The main purpose of this paper is to show that
similar (and more) results hold true for locally compact semigroups S and
invariant means on subspaces of M(S)*, where M(S) is the Banach
algebra of all bounded regular Borel measures on S. We also provide an
answer to a problem raised by Emerson. However, Emerson’s arguments
do not carry over in the absence of a Haar integral.

1. Introduction. Let G be a locally compact group with group
algebra L (G),P = P(G) = {9 € L(G): ¢ =0,||¢||;, = 1} and & = S(G),
the space of all (real) measurable simple functions on G. In [5]
W. R. Emerson proved the following interesting results:

THEOREM ( Emerson). The following conditions are equivalent:
(a) G is amenable (i.e. L (G) has a left invariant mean);

(b) ONp(G) is closed under addition;

(c) d(@, * P, 9, * P) =0 for any ¢,, @, € P.

Here d(g, * P, @, * P) = inf{{l¢; x ¢ — @, * ¢||;, ¢,y € P} and
N p(G) is the set of all functions f € S such that inf{||p * f||.: ¢ € P} =0
or, equivalently, O is in the norm (or weak) closure of the convex set P * f.
Condition (a) is functional analytic in nature, (b) is algebraic and (c) is
geometric. Emerson’s arguments depend essentially on the Haar integral
and the following:

PROPOSITION ( Emerson). There is a left invariant mean on & iff &
contains a linear subspace 9 satisfying the following conditions:

W1, f—fENforallf €ESanda € G,

(i) f € S and f > 0 implies f & I, where I, f(x) = f(ax), x € G.
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This is basically the condition used by Banach [2] in 1923 to construct
a left invariant mean for the circle group. The purpose of this paper is to
obtain analogous results for a locally compact semigroup S and invariant
means on translation invariant linear subspaces of the dual M(S)* of the
measure algebra M(S). The absence of a Haar integral and the fact that
we are dealing with functionals lead us to an interesting, but different,
formulation and proof. Even in the special case of a group, our results are
more general since we consider invariant means on spaces other than
L. (G) or & as well. We also provide an answer to a problem raised by
Emerson [5, p. 187, after Proposition 1.8] (see §4 below).

For terminologies regarding invariant means on locally compact semi-
groups, the reader is referred to Wong [18). Also, the present paper can be
regarded as a sequel to that of Emerson [5], and we shall freely use their
terminologies as well.

Let S be a locally compact semigroup (in which multiplication is
separately continuous, see also [21]) with convolution measure algebra
M(S). For F € M(S)* with p € M(S), we define [, F=p O F by p O
F(v) = F(p*v), v € M(S). If p =¢,, the Dirac measure at a € S, we
sometimes write /, F for I, F. Let My(S) = {p € M(S): p =0 and ||u|| =
1}, and M(S) be the subset of M (S) consisting of all finite convex
combinations of Dirac measures. If X is a linear subspace of M(S)*
containing the constant functional 1, where 1(p) = [1dp = u(S), p €
M(S). We say that X is left invariant [topological left invariant] if
[(X) C X for any a € S [/,(X) C X for any p € My(S)]. An element
M &€ X* is called a mean if

inf(F(4): b € My(S)) = M(F) =< sup{F(u): u € M,(S))}

for any F € X. M is left invariant [topological left invariant] if M(/,F) =
M(F) for any FE X, a €S [M(I,F)= M(F) for any FE X, p €
My(S)]. Also, denote by 9y (X) the set of functionals F in X such
that inf{||jp © F|: p € My(S)} =0, and by 9, (X) those for which
inf{|jp © F||: p € M,(S)} = 0. We shall see in §2 that for certain sub-
spaces X (including X = M(S)*) if X has a topological left invariant
mean, then 9 ( X) coincides with the set of all functionals F in X which
are topological left almost congruent to zero. That is, M(F) = 0 for any
topological left invariant mean on X.

2. Basic results.

PROPOSITION 2.1. Let X be a topological left invariant [left invariant]
linear subspace of M(S)* containing the constant functional 1. Then X has a
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topological left invariant mean [left invariant mean) iff X contains a linear
subspace 9 with the following properties:

(1) [,F—F€Nforall FE€ X, p € My(S);

(11, F—F€e€9forall FE X,a € S;]

(2) F € X and inf{ F(p): p € My(S)} > 0 implies F & 9.

REMARKS. This is an analogue of Proposition 1.1 in Emerson [5] for
groups. However, this is a major difference in formulation here. Namely,
Emerson considered only the measurable simple functions & = §(G) on a
group G (which is amenable iff &, hence L_(G), has a left invariant mean)
because his proof depends on the fact that for a simple function f € 5,
f> 0 iffinf f> 0. This is not true for f € L (G). For such functions, the
condition f> 0 of Proposition 1.1 in Emerson [5] must be replaced by
essinf f > 0. This will be discussed in §4. For semigroups S and function-
als F in M(S)*, the correct replacement is, of course, inf{ F(p): p €
M(S)} > 0 as stated in Proposition 2.1.

Proof. The proof is similar to Emerson’s and is based on Dixmier’s
criterion for amenability. If X has a topological left invariant mean M,
then 9 = ker M has properties (1) and (2). Conversely, if 9 satisfies (1)
and (2), then by (1), 90 must contain JC,, the linear space generated by
functionals of the form [ ,F — F, FE X, p € My(S). By (2), HE X,
implies inf{ H(pn): p € M(S)} =<0. Hence X has a topological left in-
variant mean by Dixmier’s criterion (cf. Hewitt and Ross [8, Theorem
17.4)). For left invariance, the proof is the same.

THEOREM 2.2. N o( X) [OU,( X)] satisfies conditions (1) and (2) [(1") and
(2)] of Proposition 2.1 and is closed under scalar multiplication.

Proof. We shall prove only the assertion about 9 (X). Let F € X
and p. € My(S). Define a sequencep, = L 37_, u¥, wherep* = p* -+ s p
(k times), and let F, = p, O (p O F — F).

Then

F,=(p*p,)OF—p,OF

n n
=l{ 2O F- 3 u"OF} =l(u”+l OF—pOF).
k=1 k=1 n

Hence ||F,|| < (2/n)|F||>0asn —> oo and p © F — F € N ( X).
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Next, suppose F € X and inf{ F(p): p € My(S)} = &> 0. Then for
any » € My(S), we have

lv © F||= sup{|F(v  p)|: p € M(S), |ln| = 1}

= sup{|F(v * p)|: b € My(S)}

= inf{|F(v * p)|: p € M,y(S)}

= inf{|F()|: b € My(S))

=e>0,
which shows that inf{|j» © F|: » € M(S)} > 0or F & Ny X).

Clearly, 9y(X) is closed under scalar multiplication. The assertion

about 9 ,(X) can be similarly proved by using the facts that 9,(X) C
Mo(X) and that if p = ¢, is a Dirac measure, then

B, == 2 pk=
k=1

X |-

1 n
; kgl S(ak) (S5 M,(S)

REMARKS. Theorem 2.2 is a (topological) analogue of Proposition 1.3
in Emerson [5] for locally compact groups. His proof depends on the Haar
integral and therefore cannot be carried over to semigroups. In fact our
arguments above provide an alternative proof of Emerson’s result for
groups without invoking the Haar integral.

THEOREM 2.3. X has a topological left invariant mean [left invariant
mean] if M y(X) [I,(X)] is closed under addition.

Proof. By Proposition 2.

Next, we shall establish a condition for 9 (X) and 9 ,(X) to be
closed under addition and study its relationship with amenability of X.
Before doing so, we first consider a number of possible candidates for X,
introduce a semi-norm on M(S) and study its properties.

Let BM(S) be the Banach space of all bounded (real) Borel measura-
ble functions on S with supermum norm. As usual, we define the left and
right translations [, f, r,f, f € BM(S), a € S, by [, f(x) = f(ax), r,f(x)
= f(xa), x € S. Let CB(S) be the closed subspace of BM(S) consisting
of all bounded continuous functions,

UCB,(S) = LUC(S) = {f € CB(S): s - I, fis norm continuous}
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and
WLUC(S) = {f € CB(S): s - I, fis weakly continuous}.
Define UCB/(S) = RUC(S) and WRUC(S) similarly and put
UCB(S) = UCB/(S) N UCB.S).

(See Greenleaf [6], Namioka [14], Mitchell [13] and Wong [18] for more
details of these definitions and notations.) Finally, let 4(S) and W(S)
denote as usual the space of all strongly almost periodic and weakly
almost periodic functions in CB(S), respectively. For f € CB(S), p €
M(S), we define the left and right convolutions /, f = p O fand r, f=f O

p by
pOf(s) = [1(1s)du(r) and fOpu(s)=[f(sr)du(r), s€ESs.

(See Williamson [16] and Wong [18].) It is known that all these spaces are
left and right translation invariant and, with the exception of BM(S), they
are all topological left and topological right translation invariant. (If
f€ BM(S), p € M(S), p© f can be defined by the above formula as a
generalised function which might not be in BM(.S). See Wong [20].)

Now define a map 7: BM(S) —» M(S)* by

Tf(p) = [fdp,  f€BM(S),p € M(S).

It is easy to show that T is an order preserving linear isometry of BM(.S)
into M(S)* such that 7(1) = 1. Moreover, T commutes with left and right
translations: T(l,f) = I (Tf), T(r,f) = r(Tf), f € BM(S), a € S. Also
T commutes with left and right convolutions: T(/, f) = [ (Tf), T(r,f) =
r(Tf), f € BM(S), p € M(S), provided that /, f and r, f € BM(S) again.
(See Wong [18, §5] and [20, §3].) It follows that the concepts of left (and
also right) invariant means on any one of these spaces, whether as a space
of functions (as usually defined in Day [3] or Hewitt and Ross [8, §17]), or
as a space of functionals (in M(S)*, as defined in §1 here), coincide (via
the embedding 7). The same is true for topological left (and topological
right) invariant means except for BM(.S).

Returning to a general linear subspace X C M(S)*, we introduce the
following definition:

DEFINITION 2.4. For p € M(S), let
lInllx = sup{| F(p) | : F € X, ||F|| < 1}.
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LEmMMA 2.5.

(1) [lully is @ semi-norm on M(S), ||ullx < ||l and | F(p) |<||F |- |ullx
if FeX.

(2) If X contains T(Cy(S)) [e.g. when X = T(CB(S))], then ||u|| x = ||pl-

(3) If X contains {x g: E Borel}, where x  is the characteristic func-
tional of E defined by x (1) = p(E), p € M(S) [e.g. when X = T(BM(S))
or M(S)*), then ||u|| x is a norm equivalent to ||p||.

(4) If X is topological right invariant, then ||u © F|| <||pllx- |1 F]l
Fe X, pe M(S).

Proof.
(1) Straightforward.
(2) If X contains 7(Cy(S)), then

lullx = sup{|F(p)|: F € X, |F||< 1)
= sup| [ 7al: £ (). 171, = 1} =l
since 7 is an isometry.
(3) If X contains {x z: E Borel}, then

[ulx = sup{|F(p)|: F € X, ||F||< 1} = sup{|u(E)|: E Borel},

which is a norm on M(S) equivalent to ||| by [4, §1I1.7.4. p. 161].
(4) If X is topological right invariant, then

ln © Fl|= sup{|(s © F)(»)|: [#ll=< 1} = sup{|(F © »)(n)]: [lr = 1}
< sup{[|F O w|-[plx: vl =1} <[|F||-|ulx if FE€X.

We now present

THEOREM 2.6. Let X be a topological left invariant [left invariant)] linear
subspace of M(S)* containing the constant functional 1. Suppose, in addi-
tion, X is either topological right invariant or ||p||  is equivalent to ||p||. Then
No(X) [M(X)] is closed under addition if the following condition is
satisfied:

(Ag)  Foranyp,, pn, € My(S),

dX(“l *MO(S),Mz*Mo(S))
= inf{“u, xp—pyxvfyip, v € Mo(S)} = 0.
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(A,) [Foranyp,,p, € M(S),

dx(ﬂl * M\(S), p, * MI(S))
= inf{flp; *p = py xvlly p, v € MY(S)} =0]

Proof. Suppose (A,) is satisfied. Let F), F, € 9 (X). For each n,
there are pu,, u, € My(S) such that ||u, O F|| < 1/nfori = 1,2. By (A,),
there are u,» € My(S) such that |ju, *p —p, *»||y,=1/n. Put 9, =
By *p € My(S)and G, =, © (F, + F,). Then

n:an(Fl+F2):nn®Fl+nn®F2
=pO (M OF)+ (p*p—p,*r)OFKL+rO(p, OF).

As a result

”Gn”S“p‘l ©) Fl“ +“#z ) Fz” +”(P«1 *U Ty ¥ ”) ©) Fz”
=2/n+ C“M UM, % V”X HFz”

for some constant C by Lemma 2.5. Therefore ||G,|| = 2/n + (C/n)||F||
— 0 as n — oco. Thus F, + F, € 9( X). Similarly for 9,( X).

REMARKS.

(1) Theorem 2.6 is applicable to any of the spaces we considered
above since they are all topological left and right invariant except BM(.S),
which contains 7(Cy(S)).

(2) If the norms ||u|| , and ||u|| are equivalent, then (A ) is equivalent
to the requirement that for each u,, u, € M(S), 0 is in the weak closure
of the convex set p, * My(S) — p, * My(S).

(3) For the case of 9,(X) in Theorem 2.6, we are unable to relax the
condition of topological right invariant to right invariance only.

The converse of Theorem 2.3 for 9 (X) is valid if X is also topo-
logical left introverted: M,;(X) C X for any mean M on X where
M, (F)p)=M(pOF), ne M(S), FeE X. For such X, an Arens prod-
uct M © N can be defined in X* by putting

(MO N)(F)= M(N,(F)), Fe&X,M NEX*

Also topological left introvertedness implies topological right invariance.
(Take M = v € My(S).) If X has a topological left invariant mean and
F € X, we say F is X-topological left almost convergent ( X-tlac) to the
number B if M(F) = B for any topological left invariant mean M on X.
(See Wong [17, §7] for the case of groups.)
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THEOREM 2.7. Let X be a topological left introverted and topological left
invariant linear sublattice of M(S)* containing the constant functionals.
Then the following are equivalent:

(1) X has a topological left invariant mean.

(2) N X) is closed under addition.

In this case Iy X) = {F € X: Fis X-tlac to 0} = I(;, where J(, is
the linear space spanned by pO F— F, FE X, p € M(S) and the
closure is taken in the norm (or weak) topology of X.

Proof.

(2) implies (1). This is a special case of Theorem 2.3.

(1) implies (2). It is clear that each F € 9 ( X) is X-tlac to 0. On the
other hand, if F € X is X-tlac to 0, we claim that F € J(;. Otherwise, by
the Hahn-Banach Theorem, there is some M € X* such that M(F) # 0
but M(J(;) = 0. Hence M is topological left invariant. Now write M =
C,M, — C,M,, where M,, M, are means on X, and let N be a topological
left invariant mean on X (which exists by assumption). Then M = N O M
=CNOM, — CNOM, But NO M, and N © M, are topological left
invariant means on X (since N is). Hence M(F) = C(N © M\)(F) —
C,(N O M,)(F) = 0 since F is X-tlac to 0. This is a contradiction. Thus
F € ;. Finally, 3(; C 9,( X). To show this, consider functionals in JC;
of the form F,=p O F— F with FE X, p € My(S). Since X has a
topological left invariant mean, there is a net p, € My(S) such that
p*p, —p, = 0 in the weak topology o( X*, X). Since X is topological
left introverted, for each M € X*, M,(F) € X. Hence

M(p, O F)=M((p*p, — 1) OF) = My(F)(p*p, —p,) —0

for any M € X*. That is, 0 € o( X, X*), hence norm, closure in X of
My(S) O F,. Therefore F, € N (X). Since the net p, is independent of
F,, it follows that 3C; C 9y( X), which is obviously closed.

Thus 3(; = N(X) = {F € X: F is X-tlac to 0}. Consequently,
Mo X) is closed under addition.

REMARKS.

(1) If X = M(S)*, Theorem 2.7 is an analogue of a result in Emerson
[S, Theorem 1.7, (a) iff (b)] for groups. In fact, we have obtained more
here by identifying 9,( X), J; and the X-topological left almost conver-
gent to 0 functionals, thereby unifying the results.
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(2) For 9,( X), Theorem 2.7 is not generally available simply because
the “left introversion” M,(F) can only be defined as a function M,(F)(s)
= M(I/,F) and not a functional in M(S)*. When X contains only func-
tions, Theorem 2.7 can be formulated for 9,( X) using left introversion,
but then this is also covered under Theorem 2.7 by considering X C
M(S,)* where S, 1s S with the discrete topology.

(3) For locally compact groups G and functions in L_(G), we have a
collection of similar results. See §4 below.

The converse of Theorem 2.6 is not true even if X is topological left
introverted. Consider X = T(W(S)). If m € W(S)* and f € W(S), we
define the left introversion m,(f) by m,(f)(s) = m(l,f), s € S. It is well
known that W(S) is left introverted: m,(W(S)) C W(S), for any m €
W(S)*. Moreover m(p © f) = [m,(f)dp. (In fact, the same holds for
f € WLUC(S). See Kharaghani [11].) Therefore if M € X*, f € W(S),
n € M(S), we have

M (Tf)(p) = M(p © Tf) = MT(p O f) = m(p O f)

me,(f) dp=T(m,(f))(p) wherem = T*M.

Thus M, (Tf) = T(m, f)) and X is topological left introverted in M(.S)*.
If S = G is a locally compact group, then X or rather W(G) always has a
unique topological left invariant mean whether G is amenable or not.
Hence by Theorem 2.7, 9N (X) is closed under addition. If (A,) is
satisfied for X = T(W(G)) D T(Cy(G)), then (A,) is also satisfied for
X = M(G)* since ||u|| = ||u|lx- By Theorem 2.6, M(G)* must have a
topological left invariant mean, which is not true in general.

However, for topological right full subspaces X of M(S)*, the con-
verses of both Theorems 2.3 and 2.6 are true (Theorem 2.12).

DEFINITION 2.8. A subset X C M(S)* is called topological right full
in M(S)** if for each p,, p, € M (S), the following is true: there is a net
p, (depending on p,, p,) in My(S) such that (p, — p,) * p, — 0 in the
topology o(M(S), X) iff 0 € weak (or norm) closure of the convex set
(1) — py) * My(S) in M(S). (See Emerson [S] for the concept of full
subspaces in L_(G).) ‘

The next two lemmas have their counterparts in Emerson [5] for
groups. The proof, which we shall omit, are straightforward modifications
of those in [5, Proposition 2.1 and Corollary 2.2].
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LEMMA 2.9. If Y is a linear subpsace of M(S)*, then there is a mean M
on M(S)* such that M(Y) =0 iff inf{F(p): p € My(S)} =0 for all
Fey.

LemMMA 2.10. For each F € M(S)*, there is a mean M on M(S)* such
that

M(pOF)= M.(F) forallp € My(S)
iff
inf{(p, —p,) O F(v): v € My(S)} <0 forany p,, n, € My(S).

PROPOSITION 2.11. If X is a topological right full linear subspace of
M(S)*, then the following are equivalent:

(a) M(S)* has a topological left invariant mean.

(b) There is a mean M on M(S)* such that M(p. © F) = M(F) for all
pE My(S)and F € X.

(c) For each F € X, there is a mean M, on M(S)* such that
M (p © F) = M. (F) for all p € M(S).

Proof. We need only show (c) implies (a). Let p,, pu, € My(S) and
consider Y = (u, — p,) © X. By (c) and Lemma 2.10, for any F € X,
inf{(p, — p,) © F(»): v € My(S)} =<0. By Lemma 2.9, there is some
mean M on M(S)* such that M(Y) = 0. Let p, be a net in My(S) such
that u, — M in weak* topology of M(.S)**. Then for any F € X,

F((py = p2) * 1) = (1 — 1) © Fp,) » M((p, — p,) ©F) = 0.

Thus 0 € o(M(S), X) closure of (g, — p,) * My(S). Since X is topo-
logical right full, 0 € norm closure of (; — p,) * My(S) and a fortiori, of
By * My(S) — p, * My(S). That is, d(p, * M(S), p, * My(S)) =0. By
Theorem 2.6, applied to M(.S)*, this implies (a).

THEOREM 2.12. Let X be a topological left invariant linear subspace of
M(S)* containing 1. Consider the following conditions:

(a) X has a topological left invariant mean.

(b) Mo X) is closed under addition.

(©) dx(py * My(S), 1y * M(S)) = 0 for any p,,pu, in My(S).

If X is topological right full, then (a) and (b) are equivalent (thus
converse of Theorem 2.3 holds) and each implies (c).

If X is topological right full and either || || ~ || || x or X is topological right
invariant, then all three are equivalent. ( Hence the converse of Theorem 2.6
holds.)
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Proof. By Theorem 2.3, (b) always implies (a). Let X be topological
right full and assume (a). By Proposition 2.11, M(S)* has a topological
left invariant mean. Hence 90(S) = 9y ( M(S)*) is closed under addition
by Theorem 2.7 (applied to M(S)*). So is Iy (X) = Iy(S) N X and (a)
implies (b). On the other hand, (a) also implies there is a net p, € My(S)
such that ||p * p, — p, || = O for all p € M(S) (since M(S)* has a topo-
logical left invariant mean). Therefore

dx(l"l * My(S), py * MO(S)) = d(l"l * My(S), py * MO(S)) =0

for any p,, p, € My(S) or (a) implies (c). The last assertion of the
theorem follows from Theorem 2.6.

REMARKS. (1) If X = M(S)*, then (a), (b) and (c) are equivalent. This
is a semigroup analogue of a result in Emerson [S, Theorem 1.7] for
groups. Moreover, if any one of these holds, then 9 (S) = I (M(S)*)
consists of all F € M(S)* which are topological left almost convergent to
zero in M(S)*, which in turn coincides with the closure of the linear span
I, of (h O F — F, p € M(S), F € M(S)*} in M(S)* (Theorem 2.7).

(2) There are versions of Lemmas 2.9 and 2.10 for left invariant
means, and right full linear subpsace of M(S)* can be defined. However,
we are unable to obtain the corresponding versions of Proposition 2.11
and Theorem 2.12. The difficulty seems to lie in the fact that, in general,
M\ (S) might not be o(X*, X) dense in the set of means on X if X
contains functionals not coming from functions.

(3) Proposition 2.11 implies that if X is a topological right full linear
subspace of M(S)*, then X has a topological left invariant mean iff
M(S)* does. Moreover, if we put X = M(S)*, then Proposition 2.11
becomes the well-known Localisation Theorem (see also Emerson [5,
Theorem 2.3, p. 188)).

3. Some examples. It remains to find examples of topological left
introverted and topological right full subspaces of M(S)*. As mentioned
earlier, W(S) and M(S)* are always topological left introverted. So are
WLUC(S) and LUC(S), but CB(S) in general is not. (See Kharaghani
[11, Chapter 11, §2.2, p. 13] for more details.)

On the other hand W(S) in general is not topological right full. For
example, take S to be any locally compact group which is not amenable.
In what follows, we shall give a sufficient condition for a subspace X of
M(S)* to be topological right full and in particular show that CB(S) is
topological right full for “all” locally compact subsemigroups of any
locally compact group.
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THEOREM 3.1. X is a topological right full subspace of M(S)* if for each
F € M(S)* there is some p € My(S) ( possibly depending on F) such that
FOueX

Proof. Suppose u;, u, € My(S) and pu, is a net in My(S) such that
(#, — p,) *pu, = 0 in the topology o(M(S), X). Let F € M(S)*. By
assumption, there is some p € M (S) such that F O p € X. For each n,
there is some p, such that

|(FOu)(p = po) * )| < 1/n or |F((n, —py)*9,)|<1/n

where », = p, *p € M(S). Therefore for each F & M(S)*, there
is a sequence in My(S) (possibly depending on F, u,, p,) such that
F((p, — m,) *»,) > 0. By Emerson [S, Proposition 2.5 applied to the
convex set C = (p, — p,) * M(S)], this implies there is a net v, € My(S)
(depending on u,, p, but not F) such that (g, — p,) * 5 - 0 in weak
topology of M(S). Consequently, X is topological right full.

REMARK. In [5] Emerson also gives a sufficient condition for right
fullness of subspaces in L_(G) which involves an approximate identity of
the locally compact group G.

DEFINITION 3.2. A measure p in M(S) is said to be left absolutely
continuous if the map s — g, * u is norm continuous. The set of all left
absolutely continuous measures in M(S) is denoted by M/(S). (See Hart
[7] and Wong [19]. For groups M (G) = M (G) = L/(G), see Hewitt and
Ross [8].)

THEOREM 3.3. If M (S) N MS) # &, then T(RUC(S)) is a topo-
logical right full subspace of M(S)*.

Proof. Let p € M!(S) N My(S) be fixed. For any F € M(S)*, we set
f(s) = F(g, * p). Then

lrf = rfll <UFI-lleg » p— & *
and hence f € RUC(S). By Wong [20, Lemma 4.5, p. 92], F(r *p) =

[ F(e, * p)dv for any v € M(S). That is, F O p = Tf € T(RUC(S)). By
the preceding theorem, 7( RUC(S)) is topological right full.

Note. In Wong [20] the semigroups are assumed to be jointly continu-
ous. But the results there are also valid for the separately continuous case.
See Wong [21].
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If we define M! (S), the weakly left absolutely continuous measures,
as {p € M(S): s = ¢, * p is weakly continuous}, then we have

THEOREM 3.4. If M. (S) N M,(S) # @&, then T(CB(S)) is a topo-
logical right full subspace of M(S)*.

Proof. Similar to that of Theorem 3.3 with straightforward modifi-
cations.

THEOREM 3.5. Let S be a locally compact Borel subsemigroup of a
locally compact group G. If S contains a non-empty open subset of G, then
MI(S) N My(S) + @.

Proof. Let A # & be an open set in G such that 4 C §. Choose any
open neighbourhood U of the identity e in G with 0 < A(U) < oo, where A
is the left Haar measure, and fix y € A. Consider B=A4 N yU # @. B is
open and B C S. Moreover, 0 <A(B) = A(yU) = A(U) < c0. By Wong
[19, §4, p. 131], M(S) N M(S) # 2.

4. Locally compact groups. Let G be a locally compact group.
Consider the space L (G) = L (G)* with L (G) = M (G) C M(G), where
M (G) is the ideal in M(G) of all absolutely continuous measures (with
respect to a fixed left Haar measure A). If f € L_(G), p € M(G), we can
define the convolutions /, f = u O fand r, f = f © u by

pOf=p+f and fOu=fxv

where u(E) = p(E™"), E Borel, dv = Ady and A is the modular function.
(See Hewitt and Ross [8, Theorems 20.12 and 20.13].) Thus p © f and
f © p are defined in such a way that they coincide with those in §2 in the
case when f € CB(G). If p € M(G) = L(G), then p © f= A'¢ * fand
fOp=fxg, where ¢ € L(G) is such that dp = pd\ and ¢(x) =
@(x7"). (See Emerson [5] and Hewitt and Ross [8] where the notation ¢*
is used in place of ¢.) If X is any linear subspace of L_(G) containing 1, a
mean m on X is defined as usual as an element m € X* such that for each
f € X, essinf f < m(f) < esssup [, or, equivalently,

inf{(f,9): ¢ € P(G)} =m(f) =sup{(f,9): ¢ € P(G)},
where ( f, @) is the natural pairing of L_(G) and L,(G) and P = P(G) =
{p € L(G): ¢ =0, |l9||, = 1}. There are now two definitions of topo-
logical left invariance. Let X be a topological left invariant (i.e. /,( X) for
all p € M(G)) linear subspace of L _(G) containing the constants. A
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mean m on X is called topological left invariant if m(p © f) = m( f) for
any f € X and p € My(G). Similarly, we can define the topological left
P(G)-invariant mean on topological left P(G)-invariant subspaces X of
L_(X). However, topological left P(G)-invariance of X may not imply
topological left invariance of X. (The converse implication is of course
true.) It is well known that if X is topological left invariant, then two
definitions of topological left invariant and topological left P(G)-invariant
means coincide because L (G) is an ideal in M(G). (See A. Hulanicki [9].)
Thus, we lose very little by considering only topological left P(G)-in-
variant means. (See Wong [17] where they are simply called topological
left invariant.) Now define

N,(X) = {f€ X:0 € norm or weak closure
of the convex set P(G) = [},

lgpllx = sup{I(f. @)I: f € X, |f]l. =1}

and

dx((Pl*P"PZ*P):inf{“q)l*‘P“@z*’J/H){:(Pa\PEP}-

Also, we can define topological left introvertion (m(f)(¢) = m(l,f),
meEX* fe X, o € L(G)), and if X is topological left introverted in
L (G) (m,(X) C X for any m € X*), an Arens product on X* can be
defined by (m © n)(f) = m(n,(f)), m, n € X*, f € X. Finally, we can
define topological right fullness in the obvious way. Then all the results in
§2 can be carried over to the present context. In particular, if X = L_(G),
we recover most of the major results in Emerson [S], plus the fact that
N p( L, (G)) consists of all functions in L_(G) which are topological left
almost convergent to 0, which in turn coincide with the closure of the
linear span of {¢* f—f, ¢ € P(G), f€ L_(G)} provided that G is
amenable. We omit the details. (See also Wong [17].)

What we would like to do here, as mentioned in the abstract, is to
provide an answer to an open problem raised in Emerson [5, p. 187]. As
suggested there, we can also consider 9, (L _(G)) = {f€ L (G): 0 €
weak or norm closure of M,(G) © f} and show that if d(u, * M(G),
u, * M\(G)) =0 for any u,, u, € M\(G), then L_(G) must have a left
invariant mean. The converse is, however, false since the former condition
implies that G is amenable as a discrete group. The problem is to find a
suitable replacement equivalent to amenability of G as a locally compact
group. The answer is provided in the next theorem (Condition (d)).
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THEOREM 4.1. Let G be a locally compact group. Then the following are
equivalent:

(a) L_(G) has a (topological) left invariant mean.

(b) UCB(G) has a (topological) left invariant mean.

(c) N (UCB(G)) is closed under addition.

(d) For any p,, p, € M|(G), 0 € o(M(G), UCB(G)) closure of the
convex set p, * M\(G) — p, x M|(G).

Proof. 1t is well known that (a) and (b) are equivalent. (b) and (c) are
equivalent by Theorem 2.7 applied to X = UCB(G) or rather, T(UCB(G)),
considered as a topological left introverted and topological left invariant
linear subspace of M(G,)* = m(G), the bounded functions on G, where
G, is the group G with the discrete topology. To show that (b) implies (d),
suppose UCB(G) has a left invariant mean. Then thereis anet u, € M,(G)
such that p * u, — p, = 01in o(M(G), UCB(G)) for any p € M,(G). This
certainly implies (d). Conversely, assume (d). We want to prove (c). Take
fis , € N (UCB(G)). Then there are nets p%, ps € M(G), a € D, such
that uf © f; = 0, u5 © £, = 0 in the norm topology of UCB(G). (Notice
we can assume uf, p§ have the same directed set D; otherwise take the
product of their directed sets.) By assumption, for each « € D, there is a
directed set E, and nets pg, vy € M|(G), B € E,, such that uf * ug —
ps * vg = 0in o( M(G), UCB(G)) with respect to B. For each (a, g) in the
product directed set D X [[{ E,: « € D}, we define R(a, g) = (a, g(a)),
a €D,g €ll{E, a € D} and let

S(a, B) = (5§ » g — p$ * v5) © f, € UCB(G).
We claim that lim, S(a, B) = 0 in the weak topology of UCB(G) for each
a € D. Note that if m € UCB(G)*, f € UCB(G) and p € M,(G), the
discrete measures, then

m(pof) = [m(f)dp

where m,(f)(s) = m(l,f), s € G. (See also Kharaghani [11, Chapter II,
Lemma 2.2.2, p. 14].) Using this and the fact that UCB(G) is left
introverted, we have, for each m € UCB(G)*,

m(S(a, B) = [m(f)d(ps * u — p3 x 95),

which converges to 0 with respect to B, for fixed a. Therefore

lim 1im $( e g)=0
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in the weak topology of UCB(G). By the Iterated Limit Theorem (Kelley
[10, Theorem 4, p. 69)),

(lim)S oR(a,g)=0 or (lim) (5 % ploy — B3 *93,) O/, =0
a, g a, g

in the weak topology of UCB(G).
On the other hand, for any g,

1S © (85 © 1) + 120y @ (83 © )] <l @ £, + I3 @ £]] 0.
Hence,
(Engl) {I’L‘;(a) O(I"f Ofl) + ”;Za) Q(l‘g @fz)} =0

in the norm, hence weak, topology of UCB(G). This means there is a net
Plag) = BT * Ry 10 M(G) such that

Bag @ (i T 1) = By @ (85 O f)) + 15y © (07 O 1)
= .U";(a) ) (.U"lx Ofl) + V&a) © (I“; ofz)
+ (P‘? * I"‘;(a) — s V;’(a)) Ofh

converges to 0 with respect to (a, g) in the weak topology of UCB(G).
That is, 0 € weak (hence norm) closure of the convex set M\ (G) © (f; +
f) or f, + f, € N (UCB(G)). Thus N (UCB(G)) is closed under addition
and (d) implies (c). This completes the proof.

REMARKS.

(1) The space UCB(G) is chosen for convenience. All we need here is
some X C CB(G) which is left introverted and topological right full (in
M(G)*).

(2) In [5] Emerson considered the discrete measures D = M, (G) N
M,(G) of weights one and defined 9, accordingly. But M,(G) is norm
dense in D. Hence 9, = 9,.

(3) If 9 (L,(G)) is closed under addition, then so is I (UCB(G)).
The converse remains open ( L_(G) is not left introverted!).

Finally, in conclusion, we would like to point out that the space
L _(G) can also be embedded into M(G)* by a lifting (the map 7" does not
work since elements of L _(G) are equivalence classes). Recall that a lifting
p is amap p: BM(G) - BM(G) satisfying:

(1) p(f) ~ f;

(2) f ~ g implies p(f) = p(g);
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(3) f= 0 implies p( f) = 0;

@pe(H)=1;

(5) p is linear;

(6) p is multiplicative (pointwise).

Here f ~ g means f — g is a A-locally null function.

It is known that for any locally compact group G, there exists a lifting
which commutes with left translations p(/,f) = [,(p(f)), a € G. Such a
lifting is necessarily strong (i.e. p( f) = f for any f € CB(G)). See Tulcea
and Tulcea [15]. It follows that p commutes with left convolutions /,
¢ € L(G), since ¢ O f € CB(G), if f € BM(G). Define T: L (G) -
M(G)* by

T(7)="T(p(f)),

where f € L_(G) is the equivalence class determined by f € BM(G). It is
simple to show that T is an order preserving linear isometry of L_(G) into
M(G)* which commutes with left translations and left convolutions /,
¢ € L,(G), and which “agrees” with T on BM(G) such that 7(1) = 1.
However, we do not know if T also commutes with left convolutions L,
with p € M(G). Nevertheless, it follows that the concepts of left invariant
means (respectively topological left P(G)-invariant means) on L_(G) and
suitable subspaces of L _(G) agree whether as functions or functionals.
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