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ON THE REVERSE WEAK TYPE INEQUALITY
FOR THE HARDY MAXIMAL FUNCTION
AND THE WEIGHTED CLASSES L(log L)*

KENNETH F. ANDERSEN AND WO0O-SANG YOUNG

Muckenhoupt has given a necessary and sufficient condition to be
satisfied by the weight functions U and V in order that the Hardy-
Littlewood maximal function Mf should satisfy a weighted weak type
(1,1) inequality. In this note, conditions on the weight functions U and
V are given in order that the sense of this inequality may be reversed.
This is then applied to give conditions which ensure that the integrability
of Mf with respect to a weight implies that f belongs to a weighted
Zygmund class Llog L, thus extending a result of Stein. Analogous re-
sults related to the strong maximal function and the classes L(log L)*
are also given. These extend certain results of Favo, Gatto and Gutiérrez.

If f is locally integrable on R”, the Hardy-Littlewood maximal func-
tion Mfis defined by

(Mf)(x) = sup|Q| " /Q 171

where the supremum is taken over all cubes Q containing x. Here and
henceforth, by “cube” we shall always mean “cube with sides parallel to
the co-ordinate axis”. As usual, | E| denotes the Lebesgue measure of the
measurable set E, and more generally if U(x) =0 is defined on E we
write |E|, = [ U(x)dx. If Q is a given cube, RQ denotes the cube
concentric with Q but with side R times as long. Q, will denote a fixed but
arbitrary cube in R". Our first result is the following theorem.

THEOREM 1. Suppose the non-negative weight functions U and V are
defined on Q. If there is a constant C depending only on U and V such that

(1) 1Qly Cesssup V(x) for all cubes Q C Q,,
10| x€0
then
2) [{x € Qo: (Mf)(x) >A}|,=C27"A7! f(x)V(x) dx

{x: f(x)>A}

257



258 KENNETH F. ANDERSEN AND WO-SANG YOUNG

holds for all non-negative f supported on Q, with [, f< oo and all A =\,
=[Qol™ lfQo f. Conversely, if (2) holds for some constant C independent of all
f which are characteristic functions of measurable sets E C Q, with |E|> 0
and for all\ =\, =|Q,|"'| E|, then

(3) MZ C4~ " esssup V(x)
lQ' xEQ

for all cubes Q C Q.

COROLLARY 1. Let U(x) =0, V(x) = 0 be defined on R". If there is a
constant C depending only on U, V such that

(4) 12l = Cesssup V(x) for all cubes Q C R”
‘Q| XEQ
then
(5) [{x € R" (Mf)(x)>A}|,=C27"A\" fx)V(x) dx

{x: f(x)>A)}
holds for all non-negative f and all X > 0. Conversely, if (5) holds for all f

which are characteristic functions of measurable sets E C R" with 0 <|E|<
oo and all A > 0, then

2
(6) ,—|—g—:g = C4 "esssup V(x) forall cubes Q C R".
xEQ

If U satisfies the doubling condition
20|, = C|Q|y, for all cubes Q

then (6) shows that (4) is both necessary and sufficient for (5). Observe
that the example U(x) =1 on R" — Q,, U(x) = oo otherwise, satisfies
(4) with U = V" but does not satisfy the doubling condition. On the other
hand, if U is locally integrable and satisfies (4) with U = V' then U
necessarily satisfies the doubling condition. To see this, note that (4) is
equivalent to

for all measurable E C Q with |[E|> 0

so that with U=V it follows that U satisfies the A condition of
Muckenhoupt [2] and hence also the doubling condition.
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The inequality (5) may be viewed as a reverse of the weak type (1, 1)
inequality

|(x € R": (Mf)(x) > A} |, < CA~" f(x)V(x) dx
{x: f(x)>A/2)

which holds if and only if U, V satisfy the 4, condition of Muckenhoupt
[3], namely, |Q|,/| Q|= Cessinf, ., V(x) for all cubes Q. Restricting to
the case U = V, the 4, condition implies that U satisfies the doubling
condition, and hence the weak type inequality and its reverse both hold in
this case if and only if there are positive constants ¢, and ¢, such that
¢, = U(x) = c, for almost all x € R".

If U(x)™" satisfies the A, condition, Holder’s inequality shows that
(4) holds with U = V. The functions U(x) = V(x) =|x|*, a =0, provide
further examples that satisfy (4).

Theorem 1 may be used to prove the following result.

THEOREM 2. Suppose f(x) =0 is supported on Q,, and that there is a
constant C > 0 such that the weight functions U(x) = 0, V(x) = O satisfy

() 'ngli’ =C ess Sup V(x) for all cubes Q C Q,
Then

fQO(Mf)(x)U(x) dx < o0
implies

J, 7(x) tog" f)1V(x) dx < oo.

0

Corollary 1 and Theorem 2 generalize some results of Stein [4] who
considered the unweighted case, U(x) = V(x) = 1.

Let 1 <i=<n and let M, denote the Hardy-Littlewood maximal
function in the ith variable, that is

— b
(M, f)(x) = esssup (a+b) " [ [f(xrseresx1y X, 4 1,5y, )| de
a,b>0 —a

where x = (x,,...,x,). The following generalize certain results of Favo,
Gatto and Gutiérrez [1] who considered the unweighted case, U(x) = 1.



260 KENNETH F. ANDERSEN AND WO-SANG YOUNG

THEOREM 3. Let U(x) = 0 be defined on R" and let k be a fixed integer,
1 < k < n. If there is a constant C depending only on U and k such that for
eachi,1 =i =<k,

_ b
(8) (a+b) ‘/ UXpye s X,y X, F 1) Xy e s,)

= CoessSup U(Xy, oy X, 15 X; F 8, X gseeesXy)
—a<t<b

for all a, b > 0 and almost all x € R", then
(9) {x €R" (M, ---Mf)(x)>A}|,
2—kck [ f(x) ]k—l
= lo +(—) U(x) dx
(k - 1)9\ {x:f(x)>)\}f(x) & A ( )
holds for all A > 0 and all f = 0.

COROLLARY 2. With the same hypothesis as Theorem 3 and C >0, if
(M, -+ M f)(x) >0 as |x|> o0 and [s(M, - M,f)(x)U(x) dx < oo
for every bounded set E C R", then

S o) llog /() *Ux) dix < oo

Proof of Theorem 1. First we will prove that (1) implies (2). Since
A = A, and fis supported on Qg, A =| Q| "z~ f so the Calderon-Zygmund
decomposition [S, Theorem 4, p. 17] shows that there are pairwise disjoint
cubes {Q} satisfying

(10) U Qj C Q0>

11 A N EYD
(11) <lo| fij

and

(12) fx)=A ifxe U 0,

The definition of Mf and (11) shows that (Mf)(x) > Aif x € Q, and then
(10) yields U @, C {x € Q: (Mf)(x) > A} so that

(13) l{xEQO:(Mf)(x)>>\}|022|Q,—|U-
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Now from (11) and hypothesis (1) it follows that

Slof, =2 Sloj, lo," ) x|

=27"A\" ‘CZ(esssupV(x))(ffx)dx)

X€EQ,

> 2'”)\"C2 _[Qf(x)V(x) dx = 2""?\"’CfUQf(x)V(x) dx,

while from (12) U Q; D {x € R™: f(x) > A} so that

f f(x)V(x) dx >/ f(x)V(x) dx
v, {x: A(x)>A}
Thus (1) implies (2).
Conversely, let Q C Q, be given. Let € > 0 and select E, C Q with
0 <|E,|<27"|Q] so that V(x) > esssup,c, V(?) — ¢ for x € E,. Then
with f(x) =1 if x € E_, f(x) = 0 otherwise, and A = 2"|E_|/| Q], ele-
mentary geometry shows that (Mf)(x) = A if x & 2Q. Thus (2) yields

|(2Q) N QoluZHx € Qo (Mf)(x) >)\}!U

191 V(x)dx = C4_"|Q|( esssup V(t) — e).
|Ee| E, tegQ

Since ¢ is arbitrary we obtain (3). This proves Theorem 1.

=47

Proof of Corollary 1. The proof that (5) implies (6) is similar to that
used to prove that (2) implies (3) and is therefore omitted. Now if (4)
holds and f(x) = 0, let Q, be a fixed cube and let f,(x) = f(x) if f(x) <¢
and x € 1Qy, f(x) = 0 otherwise. For A > 0, Theorem 1 yields

(14)  [{x € RQy: (Mf,)(x) >A}|, = C27"A"! f(x)V(x) dx
: {x: fi(x)>A}

provided R satisfies | RQ,|™ 'fz- /, =\ and R =¢. Note that f(x) 1 f(x)

and (Mf,)(x) 1 (Mf)(x) as t - oo. Hence (5) follows from (14) by the

monotone convergence theorem, letting R — co first, then ¢ — co. This

proves the Corollary.

Proof of Theorem 2. Assume that V(x) >0 on a set of positive
measure in Q, for otherwise there is nothing to prove. Then (7) shows that
[Qoly, > 0. Hence, if f(x) Z0 ae. then (Mf)(x) Z[QO]_‘fQOf> 0 for
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x € Q, and the hypothesis [, (Mf)(x)U(x) dx < co implies that f and U
are integrable on Q,, and in view of (7), V' is also. Thus it suffices to show
that

(15)

f(x) log( flx) )V(x) dx < o

‘/{x:f(X)>>\o} Ao

where A, =|Q, |_1fQ0f.
Fubini’s Theorem shows that the left side of (15) is equal to

© dA
~ f(x)V(x) dx
/Ao A f{x:f(x)»}
and Theorem 1 shows that this is bounded above by
2 [ |{x € Qp: (M) (x) > A}y ).
This integral is bounded by
[ 10 € Qo (M) > N ludh = [ (M)(x)U(x) d
so we obtain (15) and the theorem is proved.
Proof of Theorem 3. Observe first that for any fixed i, 1 =i =<k,
Corollary 1 and (8) show that
—1
j U(x) dx, 2—2—}\5 F(x)U(x) dx,.
{x, ER": (M, f)(x)>]\} {x,: f(x)>N\)
Integrating this inequality over the remaining variables yields
27'C

(16) |{X € R": (M,f)(x) >>\}]U2T e f o)

f(x)U(x) dx.

Now the proof proceeds by induction. As we have just proved, (9)
holds with k = 1. Assume that (9) holds for some k, kK < n — 1. Then (16)
yields

HX ER": (M, - M[f)(x) >>\}IU
27Ic

= (M, - M, f)(x)U(x) dx
{x: (M-~ M f)(x)>A}

=2"IC (M, ---M,g)(x)U(x)dx
{x: (M- Mig)(x)>1)}
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where we have set g(x) = f(x)/A if f(x) > A and g(x) = 0 otherwise.
Now

'/;X1(Mk"'M18)(x)>l}
:f [{x: ( - M,g)(x) > max(1, a)}|, da

= [ x: (M- Mig)(x) > )| de

so that the inductive hypothesis shows this is bounded below by

e ey sl e

—2—kck .
=T o g 0B () U )
=Tk flx

(x: f(0>A) )IOg(f-({C—))]kU(x)dx.

Thus we have (9) for k + 1 and the proof is complete.

27kC*k

Proof of Corollary 2. Since (M, ---M,f)(x) —» 0 as | x|— co the set
E={x:(M,---M f)x)=1} is bounded. Thus, Theorem 3 shows

o> [ (M- Mf)(x)U(x)dx>f < M, f)(x) > A}y

==k T Lo [log(i&—’)] o) b

= kckf f(x)[log* f(x)]*U(x) dx

where we have used Fubini’s Theorem to obtain the last equality. This
proves the Corollary.
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