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TOPOLOGICAL METHODS FOR C*-ALGEBRAS III:
AXIOMATIC HOMOLOGY

CLAUDE SCHOCHET

A homology theory consists of a sequence {#,} of covariant func-
tors from a suitable category of C*-algebras to abelian groups which
satisfies homotopy and exactness axioms. We show that such theories
have Mayer-Vietoris sequences and (if additive) commute with inductive
limits. There are analogous definitions and theorems in cohomology with
one important difference: an additive cohomology theory associates a
Milnor lim' sequence to an inductive limit of C*-algebras. As prere-
quisite to these results we develop the necessary homotopy theory,
including cofibrations and cofibre theories.

0. Introduction.

The construction of a homology theory is exceedingly complicated.
It is true that the definitions and necessary lemmas can be compressed
within ten pages, and the main properties established within a hundred.
But this is achieved by disregarding numerous problems raised by the
construction, and ignoring the problem of computing illustrative exam-
ples. ...

In spite of this confusion, a picture has gradually evolved of what
is and should be a homology theory. Heretofore this has been an
imprecise picture which the expert could use in his thinking but not in
his exposition.. A precise picture is needed. It is at just this stage in the
development of other fields of mathematics that an axiomatic treatment
appeared and cleared the air.

S. Eilenberg and N. Steenrod
Foundations of Algebraic Topology
(1952).

There are several homology theories and cohomology theories defined
on suitable categories of C*-algebras. Here are some examples in rough
historical order:

(a) The K-theory groups K ,(A) of Karoubi [7], [8], defined abstractly
in terms of modules or concretely via projections and unitaries in matrix
algebras over 4.

(b) The Ext groups Ext*(A) of Brown-Douglas-Fillmore [3], [4] which
arise from the classification of extensions of C*-algebras of the form

0-H->E-4-0
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400 CLAUDE SCHOCHET

where J denotes the C*-algebra of compact operators on a separable
Hilbert space.

(¢) The groups Ext*(X; A) of Pimsner-Popa-Voiculescu [7] which
arise from the classification of homogeneous extensions of C*-algebras of
the form

0-C(X,X)>E—->A4-0.

Holding the space X fixed yields a cohomology theory.
(d) The groups Ext*( 4, B) of Kasparov [11], [12] which arise from the
classification of extensions of C*-algebras of the form

0-BO®H—-E—->A-0.

Holding B fixed yields a cohomology theory; holding 4 fixed yields a
homology theory.

There are other less well-behaved possibilities. Fix a C*-algebra D.
The functors [C(R") ® D, A] and [ D, C,(R") ® A] have properties analo-
gous to a homology theory in some respect. (Here [ A, B] denotes homo-
topy classes of C*-algebra maps from A to B.) Similarly, the functors
[4, C(R") ® D] and [C(R") ® 4, D] have properties analogous to a
cohomology theory in some respect. Upon suspension stabilization these
yield “cofibre” homology and cohomology theories. (See Example 8.5.)

In this paper we offer a simple system of axioms for homology
theories on C*-algebras and an analogous system of axioms for cohomol-
ogy theories on C*-algebras. Theories (a)—(d) satisfy these axioms. The
homotopy theories do not, but they satisfy cofibre axioms which carry
much the same structure.

The axioms are strong enough to enable one to effectively compute
homology in diverse situations. As evidence we offer theorems on

(a) the homology of a triple

(b) the homology of a pullback (i.e., a Mayer-Vietoris theorem)

(c) the homology of an inductive limit
and analogous results in cohomology. The main theorems of [22] are also
available.

Here are the axioms for a homology theory.

DEFINITION. A homology theory is a sequence {h,} of covariant
functors from an admissible category C of C*-algebras to abelian groups
which satisfies the following axioms:
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Homotopy axiom. Let h: A — C([0, 1], B) be a homotopy from f, = p,h
to f; = p,h in C, where p,(£) = &(¢). Then

fo, =fi, i h,(4) > h,(B) foralln.

Exactness axiom. Let
07545850

be a short exact sequence in C. Then there is a map 0: A, (B) = h,_(J)
and a long exact sequence

= b (J) Bk, (A) S h(B) Shy_(J) = -

The map 9 is natural with respect to morphisms of short exact sequences.
A further axiom is sometimes assumed. If so then the homology
theory is said to be additive.

Additivity Axiom. Let A = @2 A4, in C. Then the natural maps
h,(A;) = h,(A) induce an isomorphism

D 1,(4,) - h,(4).

The axioms for cohomology are quite similar.

DEFINITION. A cohomology theory is a sequence { h"} of contravariant
functors from an admissible category C of C*-algebras to abelian groups
which satisfies the following axioms:

Homotopy axiom. Let h: A - C([0, 1], B) be a homotopy from f, = p,h
to f; = p,h. Then f§ = ff: h"(B) — h"(A) for all n.

Exactness axiom. Let
0-J545B50

be a short exact sequence in C. Then there is a map &: #"(J) - h"*(B)
and a long exact sequence

o (B LR (4) Shr(r) ShN(BY > -

The map 6 is natural with respect to morphisms of short exact sequences.
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The following axiom is sometimes assumed. If so then the cohomol-
ogy theory is said to be additive.

Additivity axiom. Let A = @2, A,. Then the natural maps
h"(4) - h"(4;)
induce an isomorphism
h"(A) ->1;Ih”(A,.).

We have not yet formally defined “admissible category of C*-alge-
bras”. Roughly, a category of C*-algebras is admissible if it is closed
under the various homotopy constructions required to develop elementary
homotopy theory. Here are some admissible categories:

(1) all C*-algebras

(2) separable C*-algebras

(3) separable nuclear C*-algebras
In each case we allow all C*-maps as morphisms. This is a provisional
definition. It should be replaced by the closed model categories of Quillen
[18]. However, there is as yet no good notion of loop space or fibration
(the definitions by Karoubi [9] are not helpful here). Thus we proceed in
an ad hoc manner and return to this question at (2.12).

As indicated previously, there is another possible axiom framework. It
revolves about the notion of cofibration.

DEFINITION. A map of C*-algebras p: A — B is a cofibration if it
satisfies the homotopy lifting property: any homotopy #: D — C({0, 1], B)
of a composite fp, f: D — A, can be extended to a homotopy
H: D - C([0, 1], A) of f. That is, the diagram

D ——*»/c([oﬁ(]),,q)
\ L

c([o,1], B)

commutes.

A map X - Y of compact topological spaces is a cofibration in the
classical sense [25, p. 7] if and only if the map C(Y) - C(X) is a
cofibration in the sense above. A cofibration p: 4 — B must be surjective.
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DEFINITION. A cofibre homology theory {h,} is a sequence of covariant
functors from an admissible category of C*-algebras to abelian groups
which satisfies the homotopy axiom and the following axioms:

Cofibre axiom. Let p: A - B be a cofibration, and let
Cp = {(¢,a) € C([0,1], B) ® 4] £(1) = 0,£(0) = p(a)}

be the mapping cone, with #(p): Cp - A by #(p)(&, a) = a. Then the
sequence

h,(Cp) =23 h,(4) 25 h,(B)

is exact for each n.

Suspension axiom. There is a natural isomorphism
041 h,(A) Sh,_,(S4)
where S4 = Cy((0, 1), A) is the suspension of A.

These axioms imply the existence of a long exact sequence in homol-
ogy for the sequence

0-J->4-B-0

provided that A — B is a cofibration.
There is an analogous definition in cohomology.

DEFINITION. A cofibre cohomology theory is a sequence {h"} of con-
travariant functors from an admissible category of C*-algebras to abelian
groups which satisfies the homotopy axiom and the following axioms:

Cofibre axiom. If p: A - B is a cofibration then the sequence
w(B) = (4) ok (Cp)
is exact for each n.

Suspension axiom. There is a natural isomorphism
o h"(SA4) S h"t1(4).

We shall demonstrate that a homology theory is a cofibre homology
theory and that a cohomology theory is a cofibre cohomology theory.
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The paper is organized as follows.

Section 1 is devoted to homotopy theory. In it we introduce the basic
equipment—mapping cylinders, mapping cones, cofibrations, pullbacks,
and we verify their elementary properties.

Section 2 concerns cofibration sequences. The climax perhaps is
Verdier’s axiom, which to a composite A - C — B associates a weave of
cofibre sequences.

Section 3 is devoted to demonstrating that the elementary properties
of homology theories are implied by our axioms. For example, we show
how to deduce the suspension axiom from the homotopy and exactness
axioms. Also included is the classical “homology of a triple” theorem and
analogous results for cofibre theories.

Section 4 is devoted to the Mayer-Vietoris theorem. Suppose given a
pullback diagram

P—2 4,

.| )

A,———B

with f, and f, surjective or f, a cofibration and f, arbitrary, and suppose
given a cofibre theory 4. Then there is a long exact sequence

(81, 82,) (—h, +f2,‘)
i hn(P)———)hn(Al) 69hn(AZ)_——')hn(B) - hn*](P) o
If A, 1s a homology theory then it suffices to assume that f, is surjective

and f, is arbitrary.
Section 5 concerns limits. If 4 = lim A, is the inductive limit of a

—)
sequence of C*-algebras and 4, is an additive homology theory then there
is a natural isomorphism

hmlhn(Az) - hn(A)
ﬁ

In §6 we turn to cohomology and establish results analogous to those
of §3 and the Mayer-Vietoris theérem of §4. Section 7 is devoted to limits
in cohomology. Here there is a real difference in the outcome (as is
predicted by the results in topology). If 4 = li_r_)n A, 1s an inductive limit of

a sequence of C*-algebras and A* is an additive cohomology theory then
the natural map A"(A4) - li(r_n h"(A,) is not an isomorphism. Rather, there

is a short exact Milnor lim' sequence

g H 1 pn—1 RN A N H n —
0 ~lim'h""'(4,) > h"(4) ~limh"(4,) - 0.
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Finally, in §8 we discuss the various examples mentioned above and
show that the appropriate axioms are satisfied.

There are several topics which are not covered here, and deliberately
s0: uniqueness, stability and periodicity.

Uniqueness. Eilenberg-Steenrod show that two ordinary homology
theories which satisfy the dimension axiom and which coincide on spheres
must coincide on finite CW-complexes. However, the analogous statement
for generalized homology theories (i.e., no dimension axiom) on spaces is
not true. To make it true one needs a natural transformation between the
theories. Given that additional hypothesis, the relevant uniqueness theo-
rem does hold for theories on C*-algebras as is shown in [22, Theorem
4.2]. The analogous result holds in cohomology.

Stability. One might require that 4,(4 ® M (C)) =h,(A) for k = 2,
for all k, or that h,(A ® K) = h,(A). We never use such assumptions. We
believe them to be independent of our other axioms. Of course the
limit theorems and the assumption “A, (A4 ® M,(C)) =h,(A)” imply
“h,(A®XK)=h,(A)” and thus the fact that &, is really defined on the
homotopy category of Morita equivalences of C*-algebras. We regard
this sort of stability as still rather mysterious. For example, what can
be said about the sequence

[4, B] ~[4 @ My(C), B ® M,(O)]
~[4® M,(C), B® M,(C)] » --- >[4 ® K, B®K].

Does it stabilize for k large, given some assumptions on 4 and B?

Periodicity. We have not assumed that &,(A4) = h,(S?4), as is the case
with K-theory and the other examples (a)-(d) considered. This also we
presume to be independent of exactness and homotopy. Periodicity is
quite rare in algebraic topology, and we believe it to be quite rare for
C*-algebras, though there is a counter-argument [19]. The homotopy
situation is not well-understood. Is there a Freudenthal suspension theo-
rem to tell us that for suitable B the sequence

[4, B] -[S4, SB] —»[S%4, $?B] - - --
eventually becomes a sequence of isomorphisms? Let {A4, B} =
lim[S"4, S"B). How are {4, B} and {4 ® X, B ® X} related? Rosenberg
[19] has some interesting observations and speculations on these matters.

Much of the material in §1 is scattered in the literature, particularly in
papers of Karoubi [7], [8], [9], P. Kohn [13], and L. G. Brown, cf. [2].
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Kohn’s (unpublished) thesis [13] contains the basic definitions, and it
contains the construction of the mapping cone. A preprint by J. Hilgert
(received as this paper was being typed) establishes Theorem 4.5 and a
variant of Theorem 3.8 for K-theory by somewhat different methods. Our
exposition in §§1 and 2 follows that of J. P. May [14].

Many ideas in this paper may be traced back to papers, correspon-
dence or discussions with L. G. Brown. He was the first functional analyst
to take seriously the notion that there should be a subject called “non-
commutative algebraic topology”, particularly in his influential “Rome
paper” [2]. J. Rosenberg’s paper [19] was also quite influential, particu-
larly in pointing out the problems which arise in the absence of cofibra-
tions. We are deeply grateful to L. G. Brown and to J. Rosenberg for their
assistance and stimulation.

This paper is philosophically related to its predecessors [22], [23] but
there is no serious mathematical link between them.

1. Homotopy. We begin the paper by presenting the basic working
tools of homotopy theory for C*-algebras. As indicated before, much of
this has been in the folklore for some time.

Fix an admissible category © of C*-algebras and C*-algebra maps.
For a C*-algebra A in ©, define the cylinder of A as 14 = C([0, 1], A) with
canonical maps p,: IA — A given by p,(§) = &(2).

DErFINITION 1.1. For 4 and B in C, define a homotopy h: f~g
between C*-algebra maps f, g: A — B to be a map h: A —» IB in € such
that p,h = f and p,h = g. Let [A4, B] denote the set of homotopy classes
of maps 4 — B in C and let £C denote the resulting homotopy category;
its objects are the objects of ¢ and its morphisms from 4 to B are the
elements of [A4, B]. A map in C is said to be an equivalence if it is an
isomorphism in 4C (i.e., homotopy equivalence of C*-algebras.)

The term isomorphism will mean isomorphism in € (i.e., isomorphism
of C*-algebras.)

DEerINITION 1.2. A map p: A - B is said to be a cofibration if it
satisfies the homotopy lifting property: any homotopy 4: D — IB of a
composite fp, f: D - A, can be extended to a homotopy H: D — IA4 of f.

A

f TPO
H

D=--—-- 1A

!
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Write h,(d) = h(d)(t). Then a map is a cofibration if whenever given
a homotopy #,: D —» B and a lift f of s, to 4, then the entire homotopy
lifts to H,: D — B with pH, = h,and H, = f.

H, . -A

t

//
s f lp
/
/ h’

D———B

The simplest examples of a cofibration are the maps p,: IB — B.
LEMMA 1.3. The map p,: IB — B is a cofibration for each r € [0, 1].

Proof. Suppose given maps h: D — IB and f: D — IB satisfying
p,f = poh. We must find some H: D — I(IB) with p,H = fand I(p,) e H
= h. Regard I(IB) as C([0, 1] X [0, 1], B); then H(d)(x, y) must satisfy

H(d)(0, y) = f(d)(»)
and
H(d)(x,r) = h(d)(x).
Thus H(d) is a priori determined on the subspace ({0} X [0,1]) U

([0, 1] X {r}). Let » be some retraction of [0, 1] X [0, 1] onto that sub-
space. Define H(d) by

_[Ad)(w(x,y)) ifr(x,y) € {0} x[0,1]
Hd)(x, y) = {h(d)(v(x, ) it e(x, y) €[0,1] X {r).

Then H(d) satisfies the conditions above pointwise, and hence as a
C*-map. O

In general the natural map A" - A" /4 = C is not a cofibration,
where A" denotes the unitalization of A. For instance, let X =
{x, xsin(1/x) ER*|0<x=<1}. Then C(X)" = C(X") where X~ =
X U {(0,0)}. The map C(X)* - C given by g — g(0,0) is not a cofibra-
tion. We suspect that the natural map £ — £/H is not a cofibration.

DEFINITION 1.4. Given a diagram

c

la

A B
p

the pullback is defined by
P ={(a,c) €4 ® Clpa = gc}
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as the evident C*-subalgebra of 4 ® C. There is a natural diagram

P~ .

al lq

Note that p is injective/surjective if and only if p is injective /surjective,
and that Ker p = Ker p. The pullback has the following universal prop-
erty. Given a C*-algebra D in C and maps f: D — 4, g: D - C in C with
pf = qg, then there is a unique map in C making the diagram

commute.

PROPOSITION 1.5. If p: A — B is a cofibration and q: C — B is a map
then the map p: P — C in the pullback diagram

p—" ¢

T

A——p—:»B

is a cofibration. Thus the pullback of a cofibration (by an arbitrary map) is a
cofibration.

Proof. Suppose given maps h: D — IC and f: D — P such that
poh = pf. Then gh: D - IB, gf: D —» A and pygh = pgf. Since p: A - B'is
a cofibration, there is a map k: D — IA4 such that p,k = gf and pk = gh.
The diagram

QI

14 1B
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commutes, since pk = gh. Since IP is a pullback, there is a (dotted) map
H: D — IP making the diagram commute. Then

poH = f since pyk = qf and pyh = pf
and pH = h as required. O

DEFINITION 1.7. The mapping cylinder Mf of a map f: A - B is
defined by the pullback diagram

Mf——— > 1IB
P Po

A _____f___> B
The map Mf — A is a cofibration since p, is a cofibration.

Let c: A — 1B be the map defined by setting ¢(a) to be the constant
path at f(a). Then p,c = f. As Mf is a pullback, there is a map r making
the diagram

¢

/\?fﬂf

A———>B

A

commute. Thus pr = 1. In fact p is an equivalence: rp =~ 1,,,. To see this,
write Mf = {(§&, a) € IB® A|p,§ = fa}. Then r(a) = (c(a), a). Define
h: Mf - IMf by h(&, a)(j) = (§;, a), where §; is the path § (¢) = £(jo).
Then

h(€, a)(0) = (poé, a) = (c(a), a) = 1p(§, a)
and

h(§,a)(1) = (¢, a)

so that & is a homotopy h: rp = 1,,,. Thus r and p are inverse equiva-
lences. In fact the map rp is a deformation retraction (see 1.12) of Mf onto
r4A C Mf, since the homotopy # fixes rA4 at each time s:

p;hr(a) = p;h(c(a), a) = h(c(a), a)(s)
= h(c(a),, a) but c(a), = c(a)

=r(a).
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PROPOSITION 1.8. Let f: A — B with mapping cylinder éllf. Define
Jj: Mf - B by j(& a) = &(1) (i.e., j is the composite Mf — IB —;B). Then
J is a cofibration.

Proof. Suppose given a homotopy 4: C — IB and a map k: C - Mf
with pyh = jk. Write k = (k', k") with respect to Mf C IB © A. Define
h: C - IMf as follows. Let #”: C — I(IB) by

k'(c)(zz_st) if2s<2—1t

h(c)2s+t—2) if2s=2—1¢

H(c)(s, 1) =

and let A”: C = I4 by h”(c)(t) = k”(c). Let
h=(K,h"):C—-I(IB® A).

Then in fact A: C - I( Mf). The verifications which remain are routine:

h(c)(s,0) = (k'(c)(s), k"(c)) = k(c)
and

Ja(e)(s, 1) = K(c)(1, 1) = h(c)(7). O
COROLLARY 1.9. Any map f: A — B in Cfactors canonically in C as

A ———»B

N,/

where j is a cofibration and r is the natural equivalence. Od

PROPOSITION 1.10. A map p: A — B is a cofibration if and only if the
natural map v: IA — Mf determined by p, and f splits.

Proof. The map v: 1A —» Mfis determined by the pullback diagram
14
\ Do
Mf—— A4

Po
N
Po

IB—>B
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Suppose that f is a cofibration. Then p,: Mf— A, f: Mf - IB, and
Do f=fp,. By the cofibration property, there is some w: Mf — I4 with
fw = fand p,w = p,. But this says that ow = 1 My

Conversely, suppose that v is split by some map w: Mf — IA4. Suppose
given h: C - IB, g: C —» A, and fg Doh. By the pullback _property the
maps 4 and g determine a map h: C - Mf with fi = h, p,h = g. Define
k = wh: C - IA. Then

fe=fwh=fh=h and pok =powh=ph=g

as required. Thus fis a cofibration. O
Note that if f: A - B is a cofibration then the proposition implies
that v is surjective.

PROPOSITION 1.11. For fixed nuclear F € C, the functor A - A ® ;, F
preserves pullbacks and cofibrations ( provided that C is closed under

®min F)

Proof. The first preservation property is formal, since ( ) @y, F
preserves direct sums and kernels. In particular, if f: A - B and f® 1:
A ®pin F > B @y, Fthen M(f® 1) = Mf ®, F. Thus the natural map

0= 04ep: [(A @pin F) » M(f® 1)
is simply the map
0, ® 1;: (I4) Oy F > Mf ®py, F.
If f: A - B is a cofibration with splitting map w,: Mf — IA then v g r 15

split viaw, ® 1, sof® 1, 1is a cofibration. O

DEFINITION 1.12. A surjection f: A — B is a deformation retraction if
there is some F: A — IA such that

(1) poF =1

2 pI)F=f

(3) pF(Kerf) =

If f: A - B is a deformation retraction then p, F factors as

nF
A—————;A

with
f=pF=1,
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It is easy to see that
fr=1g
and thus f is an equivalence with homotopy inverse r. We cite the

following facts and refer the reader to G. W. Whitehead [25, 1. 5] for
detailed proofs.

PROPOSITION 1.13.
(a) Let f: A — B be a cofibration. Then f is an equivalence if and only if
[ is a deformation retraction.
(b) The pullback of a deformation retraction is a deformation retraction.
(c) Suppose given a pullback diagram
81
P————4,
|

gzj o

such that f, is a cofibration and f, is an equivalence. Then g, is an
equivalence.

Proof. Part (a) follows as in Whitehead [25, 1., 5.9], and part (b)
follows as in [25, 1., 5.4.]. For part (c) suppose first that f, and hence g, are
cofibrations. Note that f, is a deformation retraction, by (a), hence g, is a
deformation retraction, by (b), and hence g, is an equivalence, by (a)
again. This proves (c¢) in the special case where f, is a cofibration. In
general, factor f, as

A, 5MLB

where j is a cofibration and r is an equivalence. Consider the expanded
commutative diagram with f, = jr:

P >M >A,
lgz 1/ \l/f]
r J
A2 >M >B

Since f, is an equivalence (by assumption) and r is an equivalence, the
map j is an equivalence and a cofibration. Apply the special case already
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proved to conclude that J is an equivalence. Finally, g, = J7 is the
composite of equivalences and hence an equivalence. O

We close this section with two more basic definitions.
DEFINITION 1.14. Define the cone CA and the suspension SA by
CA = {¢£ € IBJ¢(1) = 0}
S4 = {¢ € IB|¢(0) = £(1) = 0}.
There are evident natural exact sequences

0> CA—>IASA >0

and

0-SA—CA%A 0.

2. Cofibre sequences. In this section the analogue of the Barratt-
Puppe cofibration sequences are developed and Verdier’s axiom is estab-
lished.

DEerFINITION 2.1. Define the cofibre or mapping cone Cf of the map
f: A — B via the pullback diagram

cf 7(f) 4

| b

CB———B.

For example, CB is the cofibre of the identity map B — B. The map
Do: CB — B is a cofibration and thus the natural map 7(f): Cf> A isa
cofibration. Note that if f =0 then Cf=A4 © SB. In general there are
natural sequences

0-Cf>Mf—2 5B >0

and

7(A)
0-S8B-CF

A - 0.
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PROPOSITION 2.2. If f: A — B is the inclusion of an ideal, then there is a

natural diagram
(‘J)f
CA
| ™
0 >SB > Cf—F2 -4 ——0

Proof. Regard Cf as
Cf = {(£, a) € CB ® 4[£(0) = fa}.

Define q: Cf - S(B/A) by q(§, a) = n§, where 7: B — B/A is the
projection. The map q is well-defined since 7§(1) = wf(a) = 0. The map ¢

is surjective since S7: SB —» S(B/A) is surjective, and
Kerq = {(£,a) € C/| =€ = 0)
={£ € CB |7t =0} sincefis injective.
={¢ € CB|¢&(t) e Aforallt} = CA. a
PROPOSITION 2.3. If f: A — B is surjective with J = Ker f then there is

a natural exact diagram

\A 0

0 —>SB—

N

©—Q<Q<—~<—0o

Proof. Let q: Cf - CB be defined by g(£, a) = £& The map ¢ is
surjective, for a path ¢ € CB is hit by (£, a) where a is any element of
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1 '(&(0)). Further,
Kerg = {(¢, a) € Cf| £ =0}
{(0,f)eCcB®A|fa=0}=]. O

PROPOSITION 2.4. Let f: A — B be a cofibration with kernel J. Then the
inclusion J — A is the composite of the inclusion . J — Cf and the natural
cofibration Cf — A. Moreover, « is an equivalence.

Proof. Let w: Mf — IA be a splitting of the natural map v: I4A — Mf,
which exists by Proposition 1.10. Then p,w: Mf — A. Let k denote the
restriction of pw to Cf C Mf. Then k: Cf — J, since w(&, a)(1) € J. This
map is the required homotopy inverse to ¢. The retraction w preceeded by
¢« induces a homotopy 1 = k¢, while w together with the map 4#: CA — I(CA)
specified by A(§)(s, t) = é(max(s, ¢)) induces a homotopy 1 =~ k. [l

PROPOSITION 2.5. let f: A — B with associated short exact sequences

0 Cf»Mf24-0

iW(f) 7(f)
0-5sB'L P40

If 4. Ca(f) - SB is the equivalence of Proposition 2.4 then the right
triangle commutes and the left triangle homotopy commutes in the diagram

SA —=Sf SB i(f) Cf

|

v
i(nf) l m(nf)

Cn(f)
where —g: SA — SB is defined by (—g)(s) = g(1 — s).

Proof. Consider the right triangle, and write C(7f) C CA © CB © A.
Then

w(7f )(¥€) = 7(7f)(0,£,0) = (£0) = i(f)(£)
so that w(wf )y = i( f) as required. For the left triangle we compute:

Y(=5f)(n) = ¢(= (fn)) = (0, fu(1 = 5),0)
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whereas
i(f)(n) = (n(s),0,0).

Define h: SA — I(C(7f)) by h,(n) = (n(s + ¢t — st), fn(¢t — st),0). This
is the required homotopy A: Y(—Sf) = i(7f). O

Recall that [A4, SB] is a group and [4, S?B] is an abelian group for
any C*-algebras 4, B.

PROPOSITION 2.6. Let f: A — B and let C be a fixed C*-algebra. Then
the sequence of maps

S =Sy =Sa(fy _ =Sf __uf)y _a(f)  f
L Usg Slser Dsa Ssp L o S a4l s

gives rise to a long exact sequence of pointed sets, or of groups from the
fourth term on, upon application of the functor [C, —].

Proof. By Proposition 2.5 it suffices to prove exactness at
[C,cf] »[cC, 4] -[C, B].
Suppose that g: C — 4 and that fg: C — B is null-homotopic. Then fg lifts
to h: C — CB and the diagram

c—" .cB

1.

A— B
/

commutes. Thus there is a map k: C — Cf making the diagram

C
\‘\A
k

Cf———>CB

f
7T(f) Po
s
A———>B

commute. In particular, 7( f )k = f, so that fis in the image of 7( f),. O
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ReMARK 2.7. The sequence resulting in Proposition 2.6 has the follow-
ing additional properties; we refer the reader to May [14] for proofs in the
commutative case.

(1) The group [C, SB] acts from the left on the set [C, Cf].

(2) i( f)«: [C, SB] = [C, Cf] is a map of left [C, SB]-sets.

3)i(f)x(x) =i(f)«(x") if and only if x = (Sf)«(y)x’ for some

y €[C, S4].
(4) m( f)«(2) = 7(f)(2’) if and only if z = xz’ for some x € [C, SB].
(5) The image of [C, S?B] in [C, SCf] is a central subgroup.

LEMMA 2.8. Suppose given maps f: A — IB, g: B — IC and for each
t € [0, 1], pullback diagrams

where f, = p,f, and g, = p,g. Then there is a natural equivalence ¢: P, - P,
such that the diagram

homotopy commutes (and in fact ¢ may be chosen so that the diagram
commutes.)

Proof. Let P be the pullback of the diagram

P——>4

PR

C——IB

The evaluation map p,: /B - B induces natural maps m,: P - P, for each
t. As p, and p, are deformation retractions, the resulting maps m and m,
are equivalences with canonical choices for homotopy inverses. Set ¢ =
mmg': Py - P,. O
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The following proposition explores the naturality of the cofibre
construction.

PROPOSITION 2.9. If Bf =~ f'a in the following diagram, then there exists
a map y which makes the middle square commute and the left square
homotopy commute.

SB i(f) cf 7(f) 4 f B
SB Y ai i B
SB’ i(f) cr 7(f') I f B

Moreover, the following statements hold.

(a) If a and B are equivalences, then vy is an equivalence.

(b) The cofibres of homotopic maps are equivalent.

() If f = = then SB - Cf — A is equivalent to SB - SB® 4 - A.

(d) If f is a cofibration and B is contractible then the inclusion Ker f = 4
is an equivalence.

(e) If Bf = f'a and the natural maps CB — CB’ and a are cofibrations
then the canonical choice of y, namely the map determined by A — A’ and
CB — CB’, is also a cofibration.

Proof. Let h: Bf =~ f’a and define y: Cf — Cf’ by
(g a) — {(hlv(a)’ aa)

IA

v
[STEER TP

(B¢(2s — 1), aa) s

Clearly an( f) = #(f")y and yi( f) = i( f')SB. Observe that y is obtained
by restriction from a map y: Mf - Mf’ specified by the same formulas,
and that jy = aj: Mf - A’. By 1.7, 2.4 and a diagram chase, it follows
that (a) will hold if it does so when 8f = f’a and v is the canonical choice.
Therefore (a) is a special case of the homotopy invariance of pullbacks,
proved in Lemma 2.8. Statement (b) is a special case of (a), and (c) follows
via (2.1) from (b). In (d), #(f): C(f) — A is an equivalence, by (c), and
thus ker f - 4 is an equivalence, by Proposition 2.4. In (e), y is the
composite

Cf - C(f'a) - Cf
and is thus a cofibration. O

The following proposition is known as Verdier’s axiom (c.f. Adams

().
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PROPOSITION 2.10. If ge = f in the following diagram, then there exist
maps o« and 3 which make the diagram homotopy commutative.

1(6)577(8) 7(e) /L\
B
/

A

Mg) / M
r(f)
\ /8)7

\/

i(g)

Moreover, there is a canonical equivalence y: Ca — Ce such that By ~ w(a)
and Yi(a) ~ i(e)S7(g). Thus, up to equivalence, the diagram is a braid of
cofibre sequences.

Proof. Let h: ge = f. Define a and 8 by

— (th(a)’a) s
A2, a) {(gé(zs—l),a) 5

(h_5(a),ea) s=3
o, )_{(n(ZS—I) a) s=1.

IA

1
2
1
2

Y

IA

(Actually @ and 8 are both special cases of the maps y of Proposition 2.9.)
It is immediate that #(f)B8 = #(e), Bi(e) = i(f)Sg, ai( f) =i(g), and
am(g) = ew(f). Thus the diagram homotopy commutes.

The natural map CC, ® Cf - CC ® 4 induces y: Ca — Ce and it is
easy to verify that 8y =~ 7(a) and that Yi(a) = i(e)S7(g). Observe that a
and B are obtained by restrictions to subalgebras from the maps S:
Ce — Cf and a: Cf — Cg defined by the same formulas. By 1.7, 2.4 and a
diagram chase, { will be an equivalence as desired if it is so when ge = f,
B(&, a) = (g§, a), and a(n, a) = (n, ea). Here it is easy to see that there
is a deformation. Define h,: Ca — Ca by h,(6, &, a) = (0, &, a), where
0.(s) = 0(s — ts). Then

h(0,& a) = (c(& ea), &, a)
and
ho(0, &, a) = identity.



420 CLAUDE SCHOCHET

Let D = Im(h,). Then &, fixes D for each ¢, so that 4, is a deforma-
tion retract of Ca to D (fixing D). But the natural map ¢: Ca — Ce given
by (0, &, a) = (g, a) induces a C*-isomorphism ¢,;: D — Ce. Let
¢~ !: Ce > Ca be the composition of y; ' with the inclusion D — Ca.
Then ¢! is a homotopy inverse to . |

COROLLARY 2.11. Suppose given a C*-algebra A and ideals ] C H C A.
Then there is a cofibre weave

SCg\A / Ce /7/1 /1/11
S(A/K >Cf >/J
S(A/H) \Cg

If the projection maps e, g, and (hence) f are cofibrations then the weave
becomes up to equivalence a cofibre weave of the form

REMARK 2.12. What is an admissible category? There are essentially
two requirements. First, if 4 € Cthen I4 € C. Second, € should be closed
under taking some pullbacks. A minimalist view would suggest enumerat-
ing the necessary pullbacks. For instance, CB and SB are the kernels of
cofibrations and hence a very special sort of pullback. A maximalist
would require that © be closed under all pullbacks. This is sometimes easy
to check. For instance, separable C*-algebras are closed under arbitrary
pullbacks. A middle route would be to ask for closure for pullbacks when
at least one of the maps is a cofibration. In that case we have

41

0 K P A——>0

R

K——>A,———>B——>0
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If £, is a cofibration then so is g,. So this closure requirement is equivalent
to closure under kernels of cofibrations and closure under extensions by
cofibre maps. We prefer to leave the matter unsettled at this time.

3. Homology: first properties. In this section we derive the elemen-
tary properties of a homology theory from the axioms. Throughout this
section 4, is understood to be a homology theory on an admissible
category of C*-algebras. Thus the homotopy and exactness axioms are
satisfied. No assumption is made concerning additivity until §4.

PROPOSITION 3.1. Let

A, 2d, © 4,54,
Py P2

be the canonical maps. Then there is a natural isomorphism

(il, iz)*1 hn(Al) ® hn(AZ) :hn(Al 69Az)~

Proof. The split short exact sequence
i ) 2)
0-4,-4,94,-4,-0

induces a split short exact sequence
0-h,(4) > h,(4,®4,)->h,(4,) -0

and a similar sequence if 4, and 4, are reversed. This implies the result. (]

Let m: SB® SB —» SB by

(gh 52)(t) = {

IA
I\Jl— N}—

£(21) t
£EQt—1) =
This is the map which induces the group structure on [A4, SB]. The
following proposition shows that the group structure on 4,(SB) is de-
termined by (3.1) and the map m,.

PROPOSITION 3.2. The diagram

3y, 03),
h,(SB) @ h (SB)——'—Z——>h SB@SB

\h Tsp)

commutes.
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Proof. Let x|, x, € h,(SB). Then

m*(in*, iz*)(x,, X,) = m*(i,*x,, +i2*x2) = (mi))yx; + (miy)ex,
since m,, is a homomorphism. The maps mi, and mi, are homotopic to the
identity, so (mi,), = (mi,), = 1. Thus

my(iy, i5) (X1, X3) = %) + x5
as required. O

PROPOSITION 3.3. The natural map
[4, SB] - hom(h,(4), h,(SB))

is a homomorphism of groups.

Proof. Let f,, f,: A = SB. Then f, + f, is the homotopy class of the

composite
(fis 1) m
4" spo s% sB.

Thus
(fi +£)(x) :[m(fl! fz)]*(x) = my(fi, f)+(x)

= m,(i, fi(x) + iy f5(x)) = £i,(x) + £,(x) by (3.2).
O

COROLLARY 3.4. (a) If f: A - B is the constant map f(a) =0 then

f+=0.
(b) h(CA) = 0.

Proof. (a) Write f as 4 1>SB - B, the composite of constant maps.

We have f;, = 0 by Proposition 3.3 and thus f,, = 0.
(b) This is immediate from (a) and the homotopy axiom. O

THEOREM 3.5. (a) The natural suspension map o,: h,(A) = h,_(SA4)
from the sequence

0-S4-CA-A4~-0

is an isomorphism.
(b) If f: A - B is a map with cofibre sequence

0->SB—>Cf>A4-0
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then the diagram
3
hn(A) A hn—l(SB)

fe =/ 0p
h,(B)

commutes. Thus f, corresponds to d up to isomorphism.
(c) If f: A - B is a map then f,: h(A) = h,(B) is an isomorphism if
and only if h (Cf) = 0.

Proof. Part (a) is immediate from the exactness axiom and the fact
that A,(CA) = 0. Part (b) follows from exactness, and (c) is immediate
from (b) and exactness. O

PROPOSITION 3.6. (a) Let f: A — B be a surjection with J = Ker f.
Then the natural map J — Cf induces an h-isomorphism.

(b) Let f: A —» B be the inclusion of an ideal. Then the natural map
Cf - S(B/A) induces an h-isomorphism.

Proof. There are short exact sequences
0-J->Cf-CB-0
and
0->CA->Cf->S(B/4) -0

respectively. As h,(CB) = h,(CA) = 0, exactness implies the result. O

Note that if f is a cofibration then the natural map J —» Cf is an
equivalence, by Proposition 2.4. In general the maps J — Cf and
Cf - S(B/A) are not equivalences; counterexamples exist even for com-
mutative C*-algebras. (See Remark 8.6.)

As indicated in the introduction, there is another possible choice of
axioms. We have assumed homotopy and exactness. Instead, one could
assume that 4, satisfies homotopy and the following two axioms:

Suspension. The natural map o,: h,(A) - h,_,(SA) is an isomor-
phism.

Cofibre. If f: A - B is a cofibration then for each n the sequence
h,(Cf) > h,(4) - h,(B)

1s exact.
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These axioms are weaker than exactness. We have shown that suspen-
sion is implied by exactness and homotopy (3.5). The following proposi-
tion shows that the cofibre axiom is also implied by the exactness and
homotopy axioms. In fact a stronger result obtains; f is not required to be
a cofibration.

PROPOSITION 3.7. Let h, be a homology theory. Then for each n the
sequence

ha(CF) = h,(4) 5 1,(B)
is exact for any surjection f: A - B.
Proof. Let J = Ker f. Then the sequence
ha(T) = ho(4) S b, (B)
is exact. The natural map 4,(J) = h,(Cf) is an isomorphism by (3.6a). [J
We consider next a cofibre theory 4,.

PROPOSITION 3.8. Let h, be a cofibre theory and let
DAy A A,
be a cofibre sequence. Then for each n there is a long exact sequence
s h(Ay) o b (Ay) 2 h(Ay) -

In particular, for any cofibration f: A - B with J = Ker f there is a long
exact sequence

- hn(‘]) - hn(A) - hn(B) - hn—l(‘]) —
Proof. The first part of the proposition is immediate from the cofibre

axiom. Let f: A - B be a cofibration. Then there is a natural cofibre
sequence

- SA - SB->Cf—- A - B.

Apply the functor 4, and the suspension axiom to obtain the exact
sequence

hyii(4) = b,y (B) - h,(Cf) - h,(A) > h,(B).

Since fis a cofibration, the map J — Cf is an equivalence. Replace 4,(Cf)
by h,(J) and the proof is complete. [
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COROLLARY 3.9. Let h, be a cofibre theory. Then:

(a) h(CA) = 0.

() Iff: A > Bthen f,: hy(A) = hy(B) is an isomorphism if and only if
h.(Cf) = 0.

(¢) If f: A - B is a cofibration with J = Ker f then f, is an isomor-
phism if and only if h,(J) = 0. O

PROPOSITION 3.10. If h, is a cofibre theory then
(a) the natural map

h*(Al) ® h*(Az) "(Al @Az)

is an isomorphism.
(b) The diagram

h,(SA) © hy(SA) —h.(SA © SA)

m*
' ha(S4)
commutes.
(c) The map
[4, SB] - hom(h,(A4), h,(SB))
is @ homomorphism. O

Finally we consider for homology theories the analogue of the “ho-
mology of a triple” sequence. That the sequence (3.12) below is exact is
almost immediate. The real point of the theorem is the identification of
the boundary homomorphism.

THEOREM 3.11. Homology of a triple. Let h, be a homology theory.
Suppose given (closed) ideals ] C H C A with maps

A—L sa/m

Ny

0-H/IJS4/054/H > 0.

and short exact sequence

Then the boundary homomorphism b in the resulting exact sequence

(312) -~k (H/T) = h,(A/T) > h(A/H) Sh,_(H/T) -
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arises as the composite
3 k
h(A/H) >h, \(H)=h, (H/J)

where 9 is the natural boundary map and k: H — H/J is the projection. If
h, is but a cofibre theory and e, g, and (hence) f are cofibrations then there
is still an exact sequence (3.12) and the boundary homomorphism b still
satisfies b = k0.

Proof. Refer to Corollary 2.11 where we see that the diagram

S(A/H)——>H/J
\H /

commutes. |

4. The Mayer-Vietoris Theorem. This section is devoted to the proof
of the following theorem.

THEOREM 4.1. (Mayer-Vietoris.) Let h, be a cofibre homology theory on
C. Suppose given a pullback diagram

P L>A1

gzlﬁi.

Az’%

in C. Suppose that f, and f, are surjective or that f, is a cofibration and f, is
arbitrary. Then there is a long exact sequence

(81,-8,) —f,th)
_—*hn(P)—g_—ihn(Al) @ hn(AZ)-——_—*hn(B)_).hn—l(P) >

which is natural with respect to maps of pullback diagrams in C.

Proof. Assume initially that f, and f, are surjective. We perform some
homotopy constructions in order to reduce to a situation covered by
Theorem 3.11. Note that for any map f: 4 — SB, the map f: 4 — SB
defined by f(a)(¢) = f(a)(1 — 1) satisfies (/) = —(f4) by (3.3). Thus it
is reasonable to write “ —f” for £, and then (—f), = —( f,).

Letg: P > A, © A4, be given by g(x) = (g,(x), g&,(x)). Then

Cg = {(gla §,,x) ECA, ®C4, 0 Plgl(o) = gi(x), &,(0) = gz(X)}.
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There is a natural diagram

Cg > (g, CA4,
l lwg,) lp

(4.3) Ce, 7(82) P b4 4,
l gzl lfl

cA , Po sy A2 f B

where each small square is a pullback. Hence the outer square of (4.3),
namely

Cg ——~CA,

b L

CA,——B
fipo

i§ a pullback, where #,(£,, &,, x) = §,. The maps f;: 4, — B induce maps
f,: CA, - CB, and

p()f](gl) :pO(flgl) :flgl(o) = fig:(x) :Pofz(gz) by symmetry.
Thus the diagram

Cg - CA,
o e
(4'4) hy i Po fipo
Po
CB————B
cA,” f
fapo

commutes, where Q is the pullback, and there is a natural map Cg — Q, as
indicated, making the diagram commute.

The C*-algebra Q is isomorphic to SB but we must be quite careful in
the identification. A priori,

0= {(m, 772) €(CBO CBI"I](O) = "72(0)}~
Define ¢: Q — SB by

n,(1 — 21)
(2t — 1)

IA

@(n,,m,)(7) :{

\Y
f—  N—
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The map ¢ is well-defined since 7,(0) = 1,(0), and ¢ is evidently an
isomorphism. Replacing Q by SB in the diagram (4.4) yields a diagram

Cg——sB—" B

I

CB——B

where r,(£)(1) = &1 — L1), r(£) = &(¢ + 1)/2), and

fi§(1=2¢) =
L&EQ2t—1) 1=

¥(é, &, x)(1) = {

It is easy to see that ¢ is surjective. (This is where the assumption that the
f; are surjective is used.)
Write J; = Ker f;: A4, - B. Note that

Cg = {(51, §,) ECA @ CAZlflpogl :fzpogz}
and Y(§,, &,) is as above. Then
Kery = {(‘51, £,)ECA® CAZlflgl =hH& = O} =C(J,) ® C(J,).
We have established the following proposition.

PROPOSITION 4.5. Let

P—2 4

gzl l/l
B2

A, ——B

be a pullback diagram, with all maps surjective and J, = Ker f.. Let g =
(81, 8): P = A, © A,. Then there is a natural short exact sequence

0 C(J,)® C(J,) » Cg 5> SB >0

where { is given by

Wt £)(1) = {“‘“ “ =

LEQ2—1) 1=
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The diagram
0 ——>S(4, ®A4,) co 5 o p 0
)
SA, @ SAZ\L;‘;E

commutes if k is chosen properly: take

L& —21) =<
LEQR2t—1) 1=

Note that # ~ f,£,(1 — 2¢) is homotopic to t ~ fi§(1 — 1) = —f,&,(1)
and that r ~ f,£,(2¢ — 1) is homotopic to ¢ ~ f,£,(¢). Thus the diagram

k(gl’ gz) = {

= N—

SA ——SA4, © SA,<—— 5S4,

k
_/]gl fzfz
SB

homotopy commutes. The long exact sequence associated to the cofibra-
tion

Cg—>P54, 04,
reads

3
hn+l(P)———%hn(SAl ® SAZ) 7hn(Cg) hn(P)——_%
= = \;/*

k
hn(SAl) ® hn(SAZ) ——“}h"(SB)

where k.(x, y) = —f, x + f, x. Applying the suspension isomorphism
leaves us with the long exact sequence

k
ﬁhnﬁ-l(P) - hn+l(Al) @ hn+1(A2) J;hr1+1(B) - hn(P)——+

The map h,,(P) = h, (A4) ®h, (A4;) is simply (g, &,,). since
of« = 0. This proves the theorem in the case that the f, are surjective.
Finally, suppose given a pullback diagram in C of the form

P ———A4,

L)

A2—2>B
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such that f, is a cofibration but f, is arbitrary. Factor f, as
t
4, - Mf, > B

by Corollary 1.8, where ¢ is a cofibration and s is an equivalence. Consider
the resulting expanded pullback diagram

f 1f’ lfl
s t
A, Mf, B

Since f; is a cofibration, so are f’ and f” by Proposition 1.5. Proposition
1.6 implies that s’ is an equivalence. Thus it suffices to prove the
Mayer-Vietoris theorem for the pullback square

P, —A4,

l,lf'

Mf,—B.

Since f, and ¢ are surjective, the theorem has previously been established
for this square. This completes the argument. (]

Note that some assumption is necessary on the pullback squares in
order for Mayer-Vietoris to hold. For example, if

P——A4,

lfz lf.

1s a pullback square for which the Mayer-Vietoris theorem holds and if
h(B) & h(B) ® h,(B) (which is generally the case) then the Mayer-
Vietoris theorem will not hold for the pullback square

P— >4,

l lf; @/
f2@f2

A,—— >B®B

(Note that it is a pullback!)
On the other hand, if 4, is a homology theory then a better result
obtains.
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THEOREM 4.5. If h, is a homology theory, f, is surjective and f, is
arbitrary then Mayer-Vietoris holds.

The proof is an elaborate diagram chase as in Eilenberg-Steenrod [S,
Chapter 1.]

5. Limits in homology. This section centers about the following
theorem.

THEOREM 5.1. Let h, be an additive homology theory. Let A = lii)n A,
be the inductive limit of a sequence

/i f
A SA, 54, -
of C*-algebra maps in C. Then the natural maps h,(A,) - h,(A) induce an

isomorphism
limh,(4,) - h,(A4).

Note that the f; are not assumed to be inclusions. The case
AIC—)AZQA?,:") D

is somewhat simpler; we remark on this case later.

The proof proceeds via a mapping telescope construction as follows.
Fix a sequence ¢, of real numbers of the form

O=t,<t,<t,<---<1
which converges to 1. If § is some function defined on some interval
including ¢; then we let p,§ = £(t;) generically. Let

iAi+l = C([ti’ ti+l]’A1+l)'
Letf,;: A, > A;and f,,,;: A, > A be the natural maps.

Let
T(A,-) = {f = (51)}§1 € iAH—l’ g1 =pé,s
and ||| is bounded independent of i }.

(The more precise noEation 1( {A,}) adds more clutter than clarity and is
thus avoided.) Then 7(A4,) is a C*-algebra with ||£|| = sup,(||,])). We may
regard £ as a function on [0, 1): if 7, <7 =<7, then set n(z) =i + 1 and

§&(t) =&, €A,y This is not continuous. However the function
£7:[0,1) — A given by £°(1) = f,).wén(n(1) is obviously continuous.
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DerINITION 5.2. (L. G. Brown.) The mapping telescope T(A,) is
defined by

T(4,) = {(5, a) € T(A4;) ® A| condition (x) holds}.

Define £(1) = a. Condition (*) then reads as follows. Given ¢ > 0, then
there is some 6 > 0 such that

(*) 16(2) = fumf(s)] <

provided that ] — 0 <=s=<r=<1.
Here is an alternate description of 7(A,) which is probably more
intuitive. Define

T (A4, = {(g, a) € T(A4,) ® A|ift = 1, then &(¢) = £, ., &(1,,)
and £(1) = f,, &(1,,)}.

That is, T,,(A,) consists of sequences which are “constant” in the only
sense possible beyond ¢,,. Then it is clear that 7,(4;) C 7T,,,,(4;) and
that

(5.3) U T,(4,)= T(4,).

LEMMA 5.4. T(A,) is a contractible C*-algebra.

Proof. Define h: T(A,) ~ I(T(A,) ® A) by
hi(&, a)(t) = (&(j1), €°()))-

Then hy =0, A, = id, and continuity is clear. It remains to show that
h,(T(A,)) C T(A,). It is easy to see that h (T,,(4,)) C T,(A4,) for all j and
m; this implies the result. O

Definee: T(A,) - A bye(&, a) = a. This is a surjection; let J = Kere.
Define M, by

M, = {(’g’, a) € iAi+l EBA:‘IPig :fi(a)}-

This is of course a simple variant of the mapping cylinder construction. In
particular, the map M, — 4, given by (£, a) — a is an equivalence.
Define r,;: T(A;) = M, by restriction:

r(§, a) = (&, piéivl)'
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AsJ C T(A,) the maps p, combine to induce a natural map
Hpi: J - HAz
given by (I p,)(§); = p;€,—.

LEMMA 5.5. The image of 11 p, lies in © A,, so that evaluation yields a
natural map J - @ A,.

Proof. Let (£,0) €J. We must show that ||§,_(z)| =|Ip,&, -\l ap-
proaches zero as i — oo. In fact we show that {(¢) — 0 as ¢ — 1, which
suffices. Fix ¢ > 0 and choose § = 1 — ¢, = 1 — s > 0 such that (%) holds
for £. Then

[66) = frmné i) < e

for all ¢+ = ¢,. In particular, this holds if # = 1. However, §(1) = 0 since
(£,0) € J. Thus

fn(to),oog(tO)“ <€

for t =¢,. By the definition of the norm in A, there is some integer
k > n(t,) such that

it <.
Choose u € [t,_,, t,]. Then (*) implies that

|6(u) = frib(10)] < €
and hence ||§(u)|| < 2e. Returning to (*) again we see that

I6(2) = frnnb(u)]| <&
for all # = u. Thus

[€(2)]|<3e forallt=u
which implies that §(¢) — 0 as ¢ — 1, completing the proof. O

By virtue of the previous lemma there is a natural commuting

diagram

@rZI
J——————0M,,

(5'6) @’mﬂ l@Pm

OM,, ,— D4,
P2+
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LEMMA 5.7. Diagram 5.6 is a pullback diagram with surjective maps.

Proof. It is easy to see that the maps are surjective. Let P be the
pullback. There is an obvious map J — P; we construct its inverse. A
typical element of P is of the form (»', »?), where

v'= (), v =(03)
with »¢ € Mf and
£ — +1
PV = PiVis-

Further, ||»¢|| < max()|»'|},||»*|}). Thus the elements yield » = (»,) € T(A,-).
Since »,(t,) = 0 as i » oo, the element (»,0) € J. This defines a map
P — J which is visibly an isomorphism. |

The short exact sequence

0-J - T(4,)54 >0

yields a long exact sequence in homology. However T(4,) is contractible,
by Lemma 5.3, and so 4,(7(4,)) = 0. Thus the boundary homomorphism

9t h,(A) = h, (V)

is an isomorphism for each n. The Mayer-Vietoris sequence associated to
(5.6) yields a diagram with exact row

(5.7)

-8
—> hn(") —_—> hn(®M21) @ hn(®M21+l) ——‘—>h"(®A,)—_‘—>hn,|(.}) ——

s a

hyii(A) h,(A)
where ¢ = —(®Dp,,;)« + (Dp,,, )4 There are natural isomorphisms

D h,(4,)-n(DA4,)

and
@ hn(Ax) - hn( @ le) ® hn( @ M2i+l)

where h,(A;) = h,(M,) is the isomorphism ( p,), . Thus there is a natural
long exact sequence

(58) e —hy (A) = D h(4) 5 Dh(4) > h(4) >
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with

(5.9) @(x,) = ((fi)axioy = x,).

Unsplicing yields short exact sequences of the form

(5.10) 0-Cok®,—>h,(A4) > Ker®,  , 0.

Since Cok @, = lii)n h,(A,) and Ker®, , =0, the theorem is estab-
lished. O

REMARK 5.11. If each f: A, = A, , is an inclusion then we may regard
each A4, as a subalgebra of 4. The telescope may be defined in a simpler
way:

T(4,) = {£:[0,1] > 4|&(1) e 4,ift < ¢}

The entire argument goes through with much less fuss. Our original proof
of Theorem 5.1 in this case went via this route and we had a convoluted
argument to derive the general case. L. G. Brown suggested the definition
of T(A,) given in (5.2) with this use in mind.

6. Cohomology theories. In this section and the next we enter the
results in cohomology analogous to those previously established in homol-
ogy. For the most part this is an exercise in translation and we omit
proofs. Where there is a significant difference we explore it. This occurs
primarily as a result of the different additivity axioms. The relevant
homology theorems are listed for comparison. Thus “(= H4.3)” refers to
the homology Proposition 4.3.

Fix an admissible category C of C*-algebras and C*-algebra maps.
Let 4* be a cohomology theory on €.

PROPOSITION 6.1. (= H3.1.) The evident map induces a natural isomor-
phism

(i, 12)*
h'(A4, @ 4,)—>h"(4,) ® h"(4,).

PROPOSITION 6.2. (> H3.2.)
(a) The diagram

*

h"(SB) ———>h"(SB ® SB)
\ L(fwz)*
h"(SB) ® h"(SB)

commutes, where d(x) = (x, x).
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(b) The diagram

h'(A ® A) Y > h"(4)

(plvPZ)*
n(A4) @ h"(A4)

commutes, where A(a) = (a, a).

Proof. Part (a) is immediate from the fact that i ;m is homotopic to the
identity. Part (b) follows from the fact that p;A is homotopic to the
identity. a

PROPOSITION 6.3. (= H3.3.) The natural map

[4, SB] - hom(h"(SB), h"(A))
is a homomorphism of groups.

Proof. Let f,, f,: A —» SB. Then f, + f, is the homotopy class of the
composite

A (fi, )
13404 spo s sB.

Thus
(fi +H)*(x) = A*(fy, f)*m*(x)
= A*(py, p2)* (15 £2)* (i, i5)*m*(x)
= A*(py, p2)*(f1s £)*(x, x) by (6.2a)
= A*(py, p)*(fifx, fix) = fix + ffx. by (6.2b). O

COROLLARY 6.4. (= H3.4.)
(a) If f: A = B is the constant map f(a) = 0 then f* = 0.
(b) h*(CA) = 0. a

THEOREM 6.5. (= H3.5.) (a) The natural suspension map
o h"(S4) - h""'(A)

from the sequence
0-8S4-CA-A4-0

is an isomorphism.
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(b) If f: A — B is a map with cofibre sequence
0-SB->Cf-A4-0

then the diagram

n SB) s hn+l(A

\ hrt 1 /
commutes.

(c) If f: A - B then f*: h*( B) — h*( A) is an isomorphism if and only if
h*(Cf) = 0. O

PROPOSITION 6.6. (= H3.6.)

(a) Let f: A — B be a surjection with J = Ker f. Then the natural map
J — Cfinduces an h*-isomorphism.

(b) Let f: A — B be the inclusion of an ideal. Then the natural map
Cf - S(B/A) induces an h*-isomorphism.

Just as in homology, there is another possible choice of axioms. One
could replace the exactness axiom by suspension and cofibre axioms. (As
in homology, exactness plus homotopy imply suspension and cofibre.)

PROPOSITION 6.7. (= H3.8.) Let h* be a cofibre theory. If
oAy A Ay
is a cofibre sequence then there is a long exact sequence
R(A%2) 5 h(AFY) = h(AF) - -
In particular, for any cofibration f: A — B with J = Ker f there is a long

exact sequence

o> h"(B) - h"(A) = h"(J) > h""(B) -

COROLLARY 6.8 (= H3.9.) If h* is a cofibre theory then

(a) if f+ A = B then f* is an isomorphism if and only if h*(Cf) = 0;

(b) h*(CA) = 0;

(c) if f: A - B is a cofibration with J = Ker f then f* is an isomorphism
if and only if h*(J) = 0. a



438 CLAUDE SCHOCHET

PROPOSITION 6.9 (= H3.10.) If h* is a cofibre theory, then
(a) the natural maps

h'(4, ® 4,) > h"(4,) © h"(4,)

are isomorphisms for each n;
(b) the diagrams

h"(SB) —~—>h"(SB ® SB)

d i ig)*
\h”(Slk ® h"(SB)

WA ® A) —— > h"(A)

l( , P2)* /
h"(A) ® h"(A)
commute;

(c) the natural map
[4, SB] - hom(h"(SB), h"(A))

is a homomorphism. O

and

THEOREM 6.10. (Cohomology of a triple (= H3.11).) Suppose given
ideals J C H contained in A. Then there is a natural long exact sequence

(+) W(A/H) SR (A/T) S W (H/T) S (4 /H)
where i and j are the natural maps
0-H/JS4/054/H -0

and k is the connecting homomorphism for (x) which coincides with the
composite

W(H/J) — > m"*Y(A/H)

N e -



TOPOLOGICAL METHODS FOR C*-ALGEBRAS. III 439

Mayer-Vietoris Theorem 6.11. (= H4.1.) Suppose given a pullback
diagram

P—= 4

J

Az———z——>B

with f, and f, surjective or f, a cofibration and f, arbitrary. Suppose given a
cofibre cohomology theory h*. Then there is a natural long exact sequence
S s
= h(B) =TR(A) @ B (4y) =T h(P) = hTN(B) = -

Proof. We use the notation of the homology Mayer-Vietoris theorem.
After identifying Cg via Proposition 4.5, the long exact sequence associ-
ated to Cg - P - 4, © A, takes the form

&
—h"(P) 3 h"(Cg) ———=h"(S4, ® SA,) ——> "+ (P) —>
= \l/* =

k*
h"(SB) ——> h"(SA,) ® h"(SA,)

where k*(x) = (—f*(x), f(x)). Apply the suspension isomorphism and
the fact that f*¢ = 6 to identify the map gf + g7. g

As in Theorem 4.5, we note that if 2* is a cohomology theory then it
suffices to assume that f, is surjective and f, is arbitrary.

7. Limits in cohomology. In this section we prove that an additive
cohomology theory has a Milnor lim'-sequence for limits.

THEOREM 7.1. (= HS5.1.) Let h* be an additive cohomology theory. Let
A - A, > - > A, --- be a sequence of C*-algebras and let
A= li_Ln A,. Then the natural maps h"(A) — h"(A,) induce a map

h"'(A) - li({_n h"( A,) which fits into a natural long exact sequence

N H Ly n—1 ) o pn ST n N
0 lglh (A4,) = h"(A4) ly_nh (4,) - 0.

(Recall that if G, l G, 2 G, < --- 1s an inverse sequence of abelian
groups and ¥: [1 G, = [1 G, by Y(g,) = (g, — «,g,.,) then Ker ¢ = li(r_n G,
and Coky = li(in 1 G,. For further information on lim' the reader is
referred to [15], [16], [6]).
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Proof. We adopt the notation of the homology Theorem (5.1). Recall
that we had defined the mapping telescope 7( A4,) and had observed that it
was contractible. There were restriction maps r,;: T(A4;) - M,, evaluation
maps p,, an exact sequence

(7.2) 0->J->T(4)54-0

and a pullback diagram

J S M,
0

69r21+] l
x @Pll+l 5%
®M21+] @ A’
0 0

The exact sequence (7.2) implies that
8:h" Y J) - h"(A)

1s an isomorphism. The Mayer-Vietoris Theorem produces a long exact
sequence

- h" Y (J) - h"(DA,) ﬂhn(@le) Dh(®M,,,,) —h'(J) -~

and thus an exact sequence
0->Cok®" ' > h"(A) > Ker " - 0.

So we must examine the maps ®”. By additivity and the fact that M, is
equivalent to A,, the map ®” is up to isomorphism a map

o T4 (4,) =TT, "(4,).
The Mayer-Vietoris map
h"(EBA,.) - hn(EBle) S (DM,,,,)

is given by (— @Dp¥, ®p3 . ). Identifying M, with A4, via the equivalence
p,: M, —> A, we see that

(D(xl) = (_'xl +/;*xr—l)'
Thus Ker ®" = lim £"(4,) and Cok @' = lim "h"=Y(A,). The map
h"(A) - Ker ®" > limh"(4,)

1s easily seen to be the obvious map, and the theorem is established. O
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8. Some examples. In this section we briefly discuss some exam-
ples of homology and cohomology theories.

ExAMPLE 8.1. K-Theory. The group K, (A) may be defined for any
ring. Karoubi (cf. [7], [8]) was apparently the first to set up the correct
definition for K,(A4) to obtain K, as a homology theory on Banach
algebras (though Wood [26] proved, at Atiyah’s instigation, the critical
extension of the Bott periodicity theorem to the setting of Banach alge-
bras.) The homotopy axiom appears in Karoubi’s thesis [7, 1.2.21] as does
the exactness axiom [7, 2.3.1 and 2.3.3]. Additivity does not seem to
appear explicitly anywhere in the literature, though it is a well-established
folklore theorem used extensively. The theory K, has all C*-algebras as
an admissible category.

ExAMPLE 8.2. BDF-theory. Brown-Douglas-Fillmore establish the ho-
motopy, exactness, and additivity axioms in their seminal paper [4; 2.14,
2.19 + 6.8, 7.3], for the category of separable nuclear C*-algebras. Thus
Ext*(A4) is an additive cohomology theory on that category.

EXAMPLE 8.3. PPV-theory. Fix some finite-dimensional compact met-
ric space X and regard the Pimsner-Popa-Voiculescu functors Ext,( X; 4)
as functors in the A-variable on separable nuclear C*-algebras. PPV
establish the homotopy [17, 5.12] and exactness [17, 8.4] axioms. They do
not show additivity, but it follows from [20] provided that X is a finite
complex or, more generally, provided that K*( X) is finitely generated, by
[20], [21]. In their treatment they insist that A be generalized quasi-diago-
nal. This is no longer a necessary restriction, as Rosenberg and Schochet
[21] show that the PPV groups correspond to certain Kasparov groups (see
below) which are known to be homotopy-invariant.

ExAMPLE 8.4. The Kasparov groups. Let A be a separable nuclear
C*-algebra and let B have a countable approximate unit. G. G. Kasparov
[11] has defined groups KK,.(A, B) = Ext,(A, B) which seem to be
crucial in many areas of C*-algebras. (The previous examples are all
essentially special cases of the Kasparov groups.) Fixing 4, one obtains
covariant functors hi(B) = KK,.(A, B). Fixing B, one obtains con-
travariant functors h%(A4) = KK,(A, B). The homotopy axiom and the
exactness axiom are satisfied by A and by A% ([11], §4, Theorem 3 and §7,
Theorems 2 and 3). The theory 4% is additive on the (large) category R
(which includes the direct limit of type I algebras) by [20]. The theory A
is additive provided that A € N and K ,(A) is finitely generated, by [20].
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EXAMPLE 8.5. Stable homotopy. Fix some C*-algebra D. Define func-
tors D (A) and D(A) for ¢ € Z by
D(4) = Jlim [s*~9D, S*4]
—> o0
D A) = lim [$**94, S*D].
k— o0
These are obvious candidates for homology and cohomology theories
respectively. The homotopy axiom is satisfied trivially. The theories are
defined so as to make the suspension axiom hold. Exactness does not hold
in general, but it is easy to see that the cofibre axiom holds. Thus D, and
D* are cofibre homology and cohomology theories respectively.
The natural map

[D,®4) -Il[D, 4]

does not have @[ D, 4,] as its image in general. Rosenberg [19, 3.6] points
out that an example is obtained by taking D = @A, with each 4,
non-contractible. Then 1, is not null-homotopic, and its image in [I[ D, A4,]
is non-zero in every coordinate. Thus D, does not in general satisfy the
additivity axiom.

If D =D ® K (i.e. D is stable) then Rosenberg shows [19, 3.4] that

[@Ai’ D] ;H[Ai’ D].
Thus D* is an additive cofibre theory when D is stable.

REMARK 8.6. The theories D, and D* are cofibre homology (cohomol-
ogy) theories but in general they are not homology (cohomology) theories.
Here is an example at the level of spaces. Let X be the following closure of
the sin(1/x) curve:

-

and let 4 be the left vertical side. The inclusion map ¢: 4 = X is not a
cofibration, even though ¢,: 7, (A4) » 7,(X) is an isomorphism. (If
t: A— X were a cofibration then it would be an equivalence. But H'(4)=0
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and H'(X) = Z, so A and X are not equivalent.) Let 7: X - X/A. The

space X/A is homeomorphic to a circle S' = R*. Thus there is a short
exact sequence

0 - GR) S c(x) 5 c(4) 0.

Since A4 is contractible, the map 7% must induce an isomorphism on any

cohomology theory. However #,( X) = 0 and thus exactness fails for the
cofibre theory C* which is the extension of 75(—) to C*-algebras.

S —

REMARK 8.7. Let 75 denote the stable homotopy ring. That is,
. = lim 7, (S%).
k— 00

Vij

If h, is a cofibre homology theory then 4,(A) is a graded module over 73
and if f: A > B then f,: h,(A) - hy(B) is a map of 73-modules. The
action

7TnS ® hm(A) - hn+m(A)

is given as follows. Let a €7’ be represented by a proper map
a: R*"% - R*. This induces a: S¥4 — S"**4. The composite

> n(A)
i;

By l(S*A) —22 5 b, (S7HEA)

gives a map in hom(,(A), h,, ,(A)) as required. There are various
elementary checks which use (3.3); these we delete. Similarly, if 2* is a
cofibre cohomology theory then there is a pairing

7S @ h™(A) > h™ "(A)

with the same properties. Here is an easy consequence. Let ¢: S* - S* be
a map of degree d, and let f: A — B be any C*-algebra map. Then

f®¢*: 4 ® Cy(R*) > 4 ® Cy(R¥)
and the diagram

dA
h,(4) L.

> h,(B)

® *
hy_(Sk) —L220 g (s*4)

—_—
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commutes, where the vertical maps are suspension isomorphisms and
(d - f)(x) = d(f«(x)). In particular, the map

(1, ® ¢*)4: hi( A4 ® Gy(RF)) > hu(A4 ® C(RY))

is simply multiplication by the integer d.
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