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ON M-STRUCTURES AND STRONGLY REGULARLY
STRATIFIABLE SPACES

TAKEMI MIZOKAMI

It is shown that every (strongly) regularly stratifiable space has an
Λf-structure, and it is also shown that a stratifiable space has an
M-structure if and only if every closed subset has an open neighborhood
base which is interior-preserving on a network.

1. Introduction. We assume the reader is familiar with Ceder's

MΓspaces (/ = 1,2,3) [2] and Borges's stratifiable spaces [1]. Ceder pro-

posed in [2] the problem whether the reverse implications of Mx -> M2 -»

M3 ( = stratifiable) are true or not. That M2-spaces coincide with stratifia-

ble spaces was proved independently by Gruenhage [3] and by Junnila [7].

Thus the problem (PI) remains open.

(PI) Is every stratifiable space an Mx-space!

Some of the equivalent and related problems to (PI) are given.

(P2) Is every closed subspace of an Mλ-space M{!

(P3) Is every image of an Mx-space under a closed mapping M{t

(P4) Does every closed subset of an Mx-space have a closure-preserving

open neighborhood base in XΊ

(P4) is true if (PI) is so, [8].

(P5) Is every Mλ-space the image of an M0-space (—a space which has

a σ-closure-preserving base consisting of closed and open sets) under a perfect

mapping! (Heath and Junnila)

(P6) Is every stratifiable space the image of a stratifiable space with

dim = 0 under a perfect mapping! (Nagami [10])

As for the dimension of an Λ^-space, Nagata proposed the following

problem:

(P7) Let X be an MΓspace. Is it true that dim X < n (Ind X < n) if

and only if there exists a σ-closure-preserving base Ψ* for X such that

dim B(W) < n - 1 (resp. Ind B{W) < n - 1) for every W G #*, where

B(W) denotes the boundary of Win X.

In a quite recent paper [9], the author defined a class Jί of stratifiable

spaces with M-structures and studied the properties of Jί, some of which

are as follows:

(Ml) Jί c {MΓspaces}.
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(M2) A space X is an M0-space if and only if X e Jί and dim X = 0.

(M3) ̂ #is hereditary with respect to subspaces.

(M4) cJfhas the countably productive property.

(M5) If X e Jί, then there exists a perfect mapping / of an M0-space

onto X. Moreover, if dim X < n, then / can be chosen so that o r d / <

n + 1.

(M6) Every stratifiable μ-space belongs to Jί'.

From these results it follows that all statements of (PI) to (P7) hold for

the class Jί. This implies that all the problems are solved positively if it

can be shown that (P8) is true.

(P8) Does every stratifiable space have an M-structureΊ

By [5] and (M3), (P8) is equivalent to (P9).

(P9) Does every MΓspace have an M-structureΊ

On the other hand, recently Tamano defined in [12] strongly regularly

stratifiable spaces and showed that the statements of (Ml), (M3), (M5),

(M6) and the if part of (M2) are true for these spaces.

Now, the purpose of this paper is to show two theorems. In Theorem

1 we show that every strongly regularly stratifiable space belongs to Jί.

But we do not know the converse. In Theorem 2 we give a characterization

of Jί m terms of "an interior-preserving family" and " a network". From

this result we recognize that the notion of "an interior-preserving family"

plays some role in order to establish the class Jί.

In this paper, all spaces are assumed to be regular Hausdorff and N

always denotes the set of all positive integers. If ^ is a family of subsets of

a space X, then °U is called simply a family of X. If each U e <% is open

(closed) in X, then ^ is called an open (resp. closed) family of X. ^ #

denotes the union of all members of W. If °ίl consists of neighborhoods of

a subset M in X such that if V is an open set of X with M c V, then

M e U c V for some U c °U, then we call °U a neighborhood base of M in

X. Moreover, if every U e °U is open in X, then °U is called an open

neighborhood base of M in X. Let Jf], / = 1,..., k, be families of X. Then

we denote by # ( Jf1?... ,Jfk) the family of all members of Uf=1 ^ and all

finite intersections of members of U f = 1 ^ . It is easy to see that

^(Jf^,... ,Jfk) is a σ-discrete closed family of X if each Jf] is so. For a

subset A of X, A denotes the closure of A in X. Finally, we give the

definition of pair collections (see [12, Definition 2.1]). Let ^ be a collection

of pairs (F,U) such that F is a closed set and U is an open set of X with

F c U. In the discussion below, & denotes a pair collection. Let M be a

subset of X and define
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9 &>) = {U: (F, U) e ^for some closed set

FofXsuchthatF Γ)(X- M)Φ 0}

and

2. Theorems. To begin with, we state the definitions of the class Jί
and strongly regularly stratifiable spaces.

DEFINITION 1 [9, Definition 1.1]. Let <̂ , *Pf be families of a space X.
We say that °ll'is ̂ preserving in both sides at a point p if the following two
conditions are satisfied: Let °U§ be an arbitrary subfamily of °U.

(1) If p e 0%, then/? E f f c Π^o

 f o r s o m e H (ΞJίT.
(2) If /> e X - <%*, then/? G / / C I - ^ 0

# for some H e J>T.

DEFINITION 2 [9, Definition 1.2]. Let ^ = ( { ψ j F E f } , ^ ) be
a collection of families of a space X. Then ̂  is called an M-structure of Jf
if the following three conditions are satisfied:

(1) J^9 Jtf* are σ-discrete closed families of X.
(2) Each °U(F) is a family of open neighborhoods of F in X and is

^preserving in both sides at each point of X - F.
(3) If p e G for a point /7 and an open set G of X, then there exist

F e J^and f/ e ^ ( F ) such that/7 G F C [ / C G ,

Let ̂ # be the class of all stratifiable spaces with M-structures.

DEFINITION 3 (Tamano [12]). A space X is called a strongly regularly
stratifiable space if there exists a base U^=1 SSn for X such that each # n has
a σ-locally finite, point-finite and finitely approaching stratifier. (As for
the terminology used here, see [12, Definition 2.1, 3.1, 4.1 and 4.2]. But
the meaning is given in the proof below.)

LEMMA 1. Let M be a closed subset of a stratifiable space and °ll =
{ ί / λ : λ e Λ } be a family of open neighborhoods of M in X, which has a
σ-locally finite, point-finite and finitely approaching pair cover &such that

= 0



134 TAKEMIMIZOKAMI

for each λ e Λ . Then there exists a collection

of families of X satisfying the following two conditions:

(1) J f (M) is a σ-discrete closed family of X.

(2) Each Vλ is an open neighborhood of M in X such that M c Vλ c Uλ

and i^(M) is Jt{Mypreserυing in both sides at each point of X — M.

Before the proof, we recall the method of Siwiec and Nagata. They

showed in [11] that a space X is a σ-space if and only if X has a

σ-closure-preserving closed network. If we read their proof, then we easily

understand the fact that if 38 is a closure-preserving closed family of a

σ-space X, then there exists a σ-discrete closed network #Όf X such that SS

is ^preserving in both sides at each point of X. In the proof below, we say

that by the method of Siwiec and Nagata we obtain Ĵ " with this property.

Proof. For each pair (F, U) e &, choose an open set V(F, U) of X

such that F c V(F, U) c V(F,U) c ί/. Note that {V(F,U): (F, U) e

^ } is σ-locally finite and point-finite in X because ^ is so. Since X is a

σ-space, by the method of Siwiec and Nagata there exists a σ-discrete

closed family Jfx such that each K(F, U) is the union of members of Jfv

For eachλ e Λ, let

- ί/λ) Φ 0} and

Then each Vλ is an open neighborhood of M in X such that M c Vλc Uλ

because

A(Uλ90>) ΠM= 0

and { F(i% I/) : (7% £/) e ^} is locally finite at each point of Uλ. Since 9

is point-finite,

τT= { X - U: (F, [/) e ^for some closed set Foΐ X)

is a closure-preserving closed family of X. By the method fo Siwiec and

Nagata, we can get a σ-discrete closed network X2 of X such that

^-preserving in both sides at each point of X — M. Let

( { F λ : λ e Λ } and

We shall show that i^(M) is Jf(M)-preserving in both sides at each point

of X - M. Let yς = {Vλ: λ e Λo} be an arbitrary subfamily of
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Assume p e Π ^ . Since Ψ* is ̂ -preserving in both sides at/?, there exists

Kλ e jf2 such that/? e Kλ and

Kx nU{U:(F,U) €Ξ < f̂or some closed set F of X and/? ί I/} = 0 .

Since ̂  is point-finite, there exists K2 e JΓ2 such that

p eK2an{U- V(F,U):(F,U) tΞ0>andp e £7 - K(F,£/)}.

Then easily we have /? e Kx n K2 = K e Jf (Λf) and # c Π^o Assume

/? e A'- ^ 0

# . Since {V(F, U): (i7, (7) e ^} is point-finite at /?, we

easily have an intersection JRT of finitely many members of Jtx (and hence

K e JT) such that/? e .RΓ and

KcΠ{V(F,U):pe V(F,U),(F,U) e&}.

This implies that

For brevity, we say that M has α frame of s.r. stratifier (<W90*) when

^ and & satisfy the condition stated in the assumption of Lemma 1.

LEMMA 2. Let IF be a σ-discrete closed family of a stratifiable space X

such that each F e J^ has a frame of s.r. stratifier

37ie/f there exists a collection ({^(F): F ^ ^},Jf) of families of X

satisfying the following three conditions:

(1) Jf is a o-discrete closed family of X.

(2) For each F e J^, ^ ( i 7 ) = { Vλ: λ e A(F)} is ̂ preserving in both

sides at each point of X — JF.

(3) Fί?r eαcΛ i 7 e ^ , f{F) is a family of open neighborhoods of F in X

such that F c F λ c [/λ/or eαcA λ e A(F).

Proof. Let^"= U^=1 J^, where each J^ is a discrete closed family of

X Let { F F : i 7 e J^} be an open family of X such that i7 c FF for each

F e ^ and {ϊ^.: F e J^} is discrete in X By Lemma 1, for each F G J ^

there exists a collection (i^'(F), Jf{F)) satisfying the conditions (1)

and (2) of Lemma 1 with F = M and A = A(F). Let

for each F e ^ . Let Jfx be a σ-discrete closed network of X. Set

and
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Then it is easy to see that ({i^(F): F e &}, Jf ) is the required one.

THEOREM l.Ifa space X is strongly regularly stratifiable, then X G Jί.

Proof. X is stratifiable by [12, Theorem 3.3]. It remains to prove that
X has an M-structure. By the assumption, there exists a base U*=18ϊn for
X such that each £§n has a σ-locally finite, point-finite and finitely
approaching stratifier (&nk)k€ΞN and Z h a s a σ-discrete closed n e t w o r k s .
For each n, k G JV let J ^ = J*\ For each n.k^N and each F G J^^, let

*»Λ(^)= ( ^ ί B : F c UandA(U,0>nk)nF= 0}

and write

These imply that jFhas a frame of s.r. stratifier (^nk(F)9^nk). Therefore

by Lemma 2, there exists a collection

({rnk(F) = ( F λ : λ E Ank(F)} :F^^nk},Jfnk)

of families of X satisfying the following three conditions:
(1) Jfnk is a σ-discrete closed family of X
(2) For each F G J ^ , i^^F) is .^-preserving in both sides at each

point of X — F.

(3) For each F e J ^ ? i^nk{F) is a family of open neighborhoods of F
in X such that F c Vλ c t/λ for each λ G Ank(F).

Let

and for each F G ̂ , let ̂ r ( F ) = i^nk{F). Then it is easily seen that X
is a σ-discrete closed family and iΓ(F) is ̂ preserving in both sides at
each point of X — F. Let p e G for a point /? and an open set G of X.

Take t/ G ^ M and k G Λ̂  such that/? G [ / c G and/? £ Λ(ί/, ^ Λ J . Since
^ ^ is a network of X, there exists F E ^ such that p ^ F <z X

- A(U, &>nk). Then U = Uλ<Ξ Wnfc(F) for some λ G Anfc(F). Hence we
have

/? G F c F λ c ί/λc t/c G.

This proves that ( { f ^ j f e U f ^ : π, A: G Nj}, Jf) is an M-struc-
ture of X.

A family ^ o f a space Xis said to be interior-preserving at a point p in

X when p G (Ί{int [/: ί7 G ^ O } if and only if /? G I n t ( Ί ^ 0

 f o r e a c h

subfamily ^ 0 of ^ and is said to be interior-preserving in X if °U is so at
each point of X in X.
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DEFINITION 4. Let °U be a family of a space X. We say that °U is

interior-preserving on a network if there exists a σ-discrete closed network

^ oί X such that for each F G ^ , <8/JF is interior-preserving in the

subspace F.

LEMMA 3 [9, Lemma 3.5]. For a stratifiable space X the following

statements are equivalent.

(1) X e Jl.

(2) Every closed subset M of X has a collection (<%(M), J^) of families

of X such that W(M) is an open neighborhood base of M in X and is

^-preserving in both sides at each point of X — M.

LEMMA 4. Let °U be an open family of a stratifiable space X such that °U

is interior-preserving on a network. Then there exists a σ-discrete closed

family Xof X such that <% is ̂ preserving in both sides at each point of X.

Proof. Suppose that we are given such a family tfl stated in the lemma.

Let J^be a σ-discrete closed network of X such that °U/F is interior-pre-

serving in the subspace F for each F e !F. Since {F — U: U ^ <%} is a.

closure-preserving closed family of F, by the method of Siwiec and

Nagata there exists a σ-discrete closed family Jf(F) of F such that

{F - U: U e <%} is J f (F)-preserving in both sides at each point of F.

Set

Then Jf is a σ-discrete closed family of X. It is easy to see that °U is
^preserving in both sides at each point of X.

LEMMA 5 [4, Lemma 4.4]. Let °llbe on open cover of α stratifiable space

X, and let Ψ* be a locally finite family such that every union of members of Ψ*

is regular open. Then there exists a locally finite open refinement Ψ of °ll

such that every union of members ofi^Ό H^is regular open.

LEMMA 6. Let^n, n e N,be a closed family and {UF: F e 3^n},n e N,

a discrete open family of a stratifiable space X such that F c UF for each

F €Ξ U^ = 1 &n. Then there exists families Ψ*n = {VF: F e J^}, n e JV, of X

such that F c F F c UF for each F G U ^ ! ^ and for each n ^ N every

union of members of U" = 1 Ψ* is regular open.
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Proof. We easily obtain Ψ*v Assume that ^ , . . . , ^ have been con-
structed. Let ^ b e an open cover of X such that ^is a star-refinement of

and let y = U " ^ ^ . By the preceding lemma, there exists a locally finite
open refinement iΓoί <% such that every union of members of y^U^is
regular open. For each F e &n+l9 let VF = S(Fy W). Then it is easy to see
that ^ + 1 = {VF: F E , f n + 1 } satisfies the required conditions. This com-
pletes the proof.

THEOREM 2. For a stratifiable space X the following statements are

equivalent:
(1) X e Jt.

(2) Every closed subset of X has a closure-preserving open neighborhood

base which is interior-preserving on a network.

(3) Every closed subset of X has an open neighborhood base which is

interior-preserving on a network.

Proof. (1) -> (2): Let M be a closed subset of I e Jί. By Lemma 3,
M has a collection («r(Af) = { ί / f f : α E ^ } / ) of families stated in (2)
of the lemma, where we assume that every finite intersection of members
of J^ belongs to 3?. We recall that X has a monotonically normal operator
D{M, N)9 [6]. Let J*"= U^ = 1 ^;, where each J^ is a discrete closed family
of X. For each n e TV, let {JJF: F e J^} be a discrete open family of X
such that F a U'F for each F G i ^ . W e assume that i 7 Π IF = 0 for every
F G J ^ . For each « E J V and each F G J^, we choose an open set L^ of X
such that

(1) Fa UFaWFa U^Π DIF9MUVUIF'e \J&nF CλF= 0I .

Note that each £/α = X - J^#, where

j r = { F G J ^ : FΠ l/β= 0 } .

We apply Lemma 6 to J^, {ί/F: F G J ^ } , « e TV, to get ^ = {KF: i7 e
J^}, « e iV, satisfying the following conditions:

00

(2) FaVFaUF foreveryFe (J jF .

(3) For every « e ΛΓ, every union of members of U " = 1 ^ is regular
open in X
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For each a G A, let

Ha = X-\J{VF:Fe&a} and Va = IntHa.

Claim 1. Every Va is an open neighborhood of M in X.
Since by (1) and (2)

D(X- Ua,M)nM= 0 and VFa D(X- Ua9 M)

for each F G J^, we have M c Fα. This proves Claim 1.

Claim 2. Va = Hafor each a ̂  A.
To see this, it suffices to show that Ό{VF: F G J^} is regular open.

Assume that

Since p G C/α — M and ̂ ( M ) is ̂ preserving in both sides at /?, there
exists F(p) ̂  J^9 λ2 G TV, such that

By (1) and (2) we observe that

F(p)ΠD(X- Ua,MΌF(p))= 0

and

VFaD{X- Ua,MUF(p))

for each F e J^ Π (U£n ̂ ) . Therefore we have

Thus p belongs to the interior of the closure of

n-\

This contradicts (3).

Claim 3. y = { Va : a ̂  A} is closure-preserving in X.
By virtue of Claim 2, it suffices to show that {Ha: a G A} is

closure-preserving in X. Let A 0 be an arbitrary subset of A and suppose
that
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and

Since <%(M) is ^preserving in both sides at p, there exist Fx

F i ^ ^ n e N> s u c h t h a t

and

Observe by (1) that for each F e (U α e / ί 2 ^ ) Π (U£.n ̂ ) it is true that
F F Π F2 = 0 . Since {FF: F e U ^ 1 J^} is locally finite at /?, there exists
an open neighborhood Ooΐp such that

O Π[J{Ha: a ΪΞA2} = 0 .

It is easy to see that N = O Π FFi is an open neighborhood of /? such that
N Π Ha= 0 for every α G yί0, proving that/? { }

Claim 4. ^/s interior-preserving on a network.

For each/? ^ X — M, choose F(p) ^ J^such that

Set

Obviously :̂ /Λf is interior-preserving in the subspace M. Let i 7 = F(p) e
J^' be an arbitrary member. We shall show that yyFis interior-preserving
in the subspace JF. Let rΓ0 = {Fα: a e ^t0} be an arbitrary subfamily of V
and suppose that JC e (Π ̂ 0 ) n F L e t

where i 7

fact that

FΠ

iV. By Claim 2 and the proof of Claim 3, and by the

= 0,

we have
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This shows that Ψ*/F is interior-preserving in the subspace F. From this it
is easily seen that there exists a σ-discrete closed network on which i^is
interior-preserving. Hence we complete the proof of (1) -> (2). (2) -> (3) is
trivial. (3) -» (1) follows from Lemmas 3 and 4.
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larly stratifiable spaces belong to J(.
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