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FIXED POINT THEOREMS FOR SOME
DISCONTINUOUS OPERATORS

LuciMARr Nova G.

The purpose of this paper is to show the existence of fixed points
for operators 7 defined on a subset K of a Banach space X and
belonging to a class that the author calls D(a,b) with0 < a, b < 1.

1. Introduction. Let 7 be a mapping of a set K into itself. An
immediate question is whether some point is mapped onto itself; that is,
does the equation
(1) Tx = x
have a solution? If so, x is called a fixed point of T. This question
generates a theory which began in 1912 with the work of L. E. J. Brouwer,
who proved that any continuous mapping 7 of an n-ball into itself has a
fixed point, and was followed in 1922 by S. Banach’s Contraction Princi-
ple, which states that any mapping 7 of a complete metric space X into
itself that satisfies, for some 0 < k < 1, the inequality
(2) d(Tx,Ty) < kd(x, y)
for all x and y in X, has a unique fixed point. Here 4 denotes the metric
on X. J. Schauder [13], Tychonoff [16]. S. Lefschetz [10], F. Browder [2],
W. A. Kirk [7], and many others have added to and generalized these
basic results.

In 1969 and 1971, R. Kannan [S], [6], proved some fixed point
theorems for operators 7 mapping a Banach space X into itself which,
instead of the contraction property in (2), satisfy the condition:

(3) 17 = Tyl < aflx - Tx|+ 1y = il

for all x, y in X; where 0 < a <1/2. G. Hardy and T. Rogers [4]
generalized this result to continuous mappings 7 of a complete metric
space X into itself that satisfy:

(4) d(Tx,Ty) < ayd(x,y) + a,d(x,Tx) + asd(y, Ty)
+a4d(x,Ty) + an(y,Tx),

for all x and y in X, where a, >0 and a; + a, + a; +a, + a; < 1. K.
Goebel, W. A. Kirk, and T. N. Shimi [3], extended the last result to
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continuous mappings of a nonempty bounded, closed and convex subset
K of a uniformly convex Banach space into itself, where a, > 0 and
a, +ta,+a;+ta,+as <1

In this article we will prove some fixed point theorems for operators T’

defined on a subset K of a Banach space X that satisfy the inequality.

(5) I17x = Ty[ < allx = yll+ b[|x = Tx||+ ]|y — Ty|]

for all x and y in K, where 0 < a, b < 1. Any operator T satisfying
condition (5) will be said to belong to class D(a,b). A contraction
operator is in class D(k,0) with0 < k < 1.

Note that although condition (2) implies the continuity of the opera-
tor T, condition (3) to (5) may hold even if the operator is not continuous.
Indeed, any operator 7T is in D(1, 1), since by the triangle inequality:

1T = Tyl| <||Tx — x|l +|x =yl + ]y = Ty|.

Furthermore, inequality (5) is a direct consequence of (4) and the

triangle inequality, provided we forego the upper bounds required in [3].

2. Discussion. If we carefully examine the statement and proof of
Banach’s Contraction Principle (see for example Kreyszig [9, pp. 300-302])
we observe that the main conclusions are

(1) There exists a unique fixed point.
(i1)) A contraction mapping is an asymptotically regular operator for
any point, that is, ||7" " 'x — T"x|| » O as n — oo.
(ii1) The sequence x, = T"x,, of Picard iterates converges to the unique
fixed point.
Which of these conclusions hold for operators 7 in the class D(a, b) with
0<a b<1?

First, observe that these classes are not empty: consider the discon-

tinuous operator
{yx, 0<x<1/2,
Tx =
px, 1/2<x<1,
with 0 <y, p<1, y# p. Then T i1s in DO, p/(1 — p)) where p =
max{ vy, p} because

7 z Y(x,- - Tx,) = yx,, forx, € [0,1/2),

so that
y
|Tx, — Txy| < y(x; + x,) = ﬁ{lxl - Tx, | +|x, - szl}

I
Sl_

”{|x1 — Txy|+|x, — Tx2|}.
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The same inequality holds if x, € [1/2,1]. Now if x; < 1/2 < x,; then

Y

T (= Tx) = yxis

o
i—_‘;(xz — Tx,) = px,

and

|Tx, — Tx,| < yx; + px, < i—%—’;{lxl — Tx; | +|x, — Tx,]}.
Moreover, (i) as is obvious from its graph, 7" has a unique fixed point at
x =0,

(i1) ﬁ(T"x — T x) =yT"x < p"*'x
for n sufficiently large, arbitrary x in [0,1], and 0 < p < 1, so that T is
asymptotically regular at any point, and (iii) { x, — 7"x }, converges to 0.
How many fixed points can an operator in the class D(a, b), 0 < a,
b < 1, have? We shall show that the behaviour of the classes D(a, b) is
identical whether or not b = 0.

LeMMA 1. Let T be in the class D(a,b), a,b >0, a<1. If F, =
{x € K|Tx = x} is not empty, then F. consists of a single point.

Proof. Assume that x,, i = 1,2, are fixed point of T, and T satisfies
D(a, b). Then

%, = x| =1Tx; = Tx, | < allx; — x,||

which only holds if x; = x,. O

When does T have a fixed point? Before answering this question we
will need the following three interesting facts.

LemMA 2. If T € D(a, b), a + 2b < 1, then Inf, _ 4||x — Tx|| = 0.

Proof. Define x, = T"x,, with x, an arbitrary point. Then

I, = xprll =1Tx, -1 — Tx, |
<dllx,_y = x, |+ b[lx,_y = x, |+ Tx,_, — Tx,|]
so that
(1 =BT = T)x,[ < (a+b)|(I - T)x,_,].
Hence
2= 705,01 < ($55 ) 100 = T
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and as (a + b)/(1 — b) <1 it follows that ||x, — Tx,|| > 0 as n = co;
that is Inf __ ¢||x — Tx|| = 0. O

Let X be a Banach space, T' be a mapping of X into itself, and x be
a point in X. The mapping T is asymptotically regular in x if ||T"*'x
T"x|| > 0asn — oo.

Because of the definition of x, in the proof of Lemma 2 we observe
that T"x, — T"*'xy=x,— x,.;, = (I — T)x, = 0 as n = o, so that
we have

LEMMA 3. If T € D(a,b), a + 2b < 1, then T is asymptotically regu-
lar at any point.

From Banach’s Contraction Principle, we know that for T in D(a,0),
the Picard iterates converge to the unique fixed point. Although we have
not yet proved the existence of a fixed point, is there any property that a
sequence of points { x,,} in K could satisfy that would imply the existence
of a fixed point and the convergence of that sequence to that point? The
following result answers this question.

THEOREM 1. Let K be a closed subset of a Banach space X and let
T € D(a, b) with 0 < a,b < 1. Then the sequence { x,}, contained in the
set K, satisfies

(6) lim (x, — Tx,) =0,

n— o0

if and only if the sequence converges to the unique fixed point of T.

Proof. The condition is necessary because
I Tx, = Tx, | < allx, = x,,| + B{llx, = Tx, || +x, = Tx, I}

and applying the triangle 1nequality we have

ITx, - Tx,. < 7 {le = Tx, ||+ [lx, = T, |1}

1-
Thus, it follows, from the hypothesis that { Tx,}, is a Cauchy sequence.
Since X is complete and K is closed there exists z € K such that

lim Tx, =z

n— oo
and since x,, — Tx,, —» 0 as n - oo, then x, = z as n - oo. Using the
triangle inequality and the fact that 7 € D(a b) with b < 1, we have:

a
Iz = x| + ll = Tx,|

Iz - Te < 14
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and since x,, = z, and x, — Tx, = 0 as n — oo it follows that z is a
fixed point under 7. By Lemma 1 it is unique.

For the sufficiency part of the theorem we assume that there exists
z € K such that z = Tz and

lim x, = z.
n— oo

Since T € D(a, b) with b < 1, using the triangle inequality, we have:
1T, = x,ll =llx, — 2| < Tx, = z|| < allx, — z]| + bl x, — Tx,].
Thus,
1= d)ITx, — x, < (1 +a)lx, - z|,
by hypothesis, Tx, — x, > 0as n — o0. ]

We have already seen that the Picard iterates of any point x in K
satisfy equation (6). Hence we have proved

THEOREM 2. Let K be a closed subset of a Banach space X, let
T € D(a,b) witha + 2b < 1. Then T has a unique fixed point z in K.

Moreover, the Picard iterates of any point x in K converge to z.
When a + 2b <1 we can estimate the rate of convergence of the
Picard iterates:

[Tx — z||=|Tx — Tz| < a|x — z|| + b] x — Tx]||
<(a+b)|x—z||+ b||lz — Tx|

or

a+b
™) 175 - 2l < (55 )x =21
Hence

177 - 2l < ($5) 1=zl

anda+b<1-05>.
Here is an example of an operator 7 in D(0, 1) which does not have a
fixed point:
Consider the function
x/4+19/50, if0<x<1/2,
x/5+19/50, if1/2 <x<1.
It is enough to see the case x € [0,1/2), y € [1/2,1] and to compare
[5x — 4y|
20

T - |

|Tx — Ty|=
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with
16y — 15x

20 '

Analyzing the cases 5x — 4y < 0 or 5x — 4y > 0, we observe that
T € D(0,1) but T does not have a fixed point in [0, 1].

|x = Tx[+]y = Ty| =

The fixed point of the following operator T solves a differential
equation which is not covered by the usual Picard Theorem, although the
solution is found by the same iterative process.

Let

yx(t)+ftk(s,t,x(s)) ds, 0<ux(t)<4,
Tx(1) = 0
ox(t) +/0 k(s,t,x(s))ds, x(t)> 4,

where k(s,t,x(s))=ce "9 x(s), a,c>0, and 1>y >p>0. Let
0 <x(t) <A <y(t) such that 2x(s) < (1 + (1 —v)/(1 — p))y(s) for
all0 < s < ¢. Then

x(t) = Tx(t) = (1 = y)x(¢) —fo’ k(s,t,x(s)) ds

so that

et = (0)l=| 115 (<0 = ) + L [ k(5,1 x(00) ]

e GO R

1-p 0

t

K(s,t.5(5))

a~)

and

(9)  1Tx(r) — Ty(2)]|
Y
1-yv

+‘11jf0 k(s, 1, x(s)) ds — 1—1—;[0 k(s,t, y(s)) ds

<

P
x—Txl|\+ ——|ly— T
I = Txll+ 72 1y = 1o

Y _ —
< 7= llx - Tl +1y - D]

_1_ to—a(t=s) —
+1_yu;ce ds|||x — yl

T {l = xl+ly - ]

c
v
Sa(l Y)||x y||+1
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Inequality (9) also holds for any other positive choices of x(¢) and y(¢).
Thus

¢ Y
reslot 1)
(a(l—y) 1-v

and if 0 <y <min(1/2, 1/3(1 — c¢/a)), the operator T will have a
unique fixed point and any Picard iterates will converge to that fixed
point.
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