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STABILITY OF UNFOLDINGS IN THE CONTEXT
OF EQUIVARIANT CONTACT-EQUIVALENCE

JEAN-JACQUES GERVAIS

M. Golubitsky and D. Schaeffer introduced the notion of equivari-
ant contact-equivalence between germs of C*° equivariant mappings,
in order to study perturbed bifurcation problems having a certain sym-
metry property. The main tool used is the so-called “Unfolding The-
orem” for the qualitative description of the symmetry-preserving per-
turbations of these problems. From the point of view of applications,
a relevant notion is that of stability of unfoldings. In this paper we
prove the equivalence of the universality and the stability of unfoldings
in the context of equivariant contact-equivalence.

1. Universal I'-unfolding. Let I" be a compact Lie group acting
orthogonally on R” and R?. We write é”,{p for the space of C*®
germs f: (R”,0) — R? of I"-equivariant mappings (i.e. f(yx) = yf(x)
for all y € I'). The space of I'-invariant C*°-germs 4: (R”,0) — R
(i.e. h(yx) = h(x) for all y € T) is denoted by &!. In what follows we
shall consider germs G: (R"xR,0) — R? and F: (R"xRxR?,0) — R?
and we shall assume that I" acts trivially on R and RY.

The notion of equivariant contact-equivalence introduced by
Golubitsky and Schaeffer [3] is the following:

DEFINITION 1.1. We say that G; and G, € gnl‘ are I'-equivalent

+Lp

if

Gi(x, 4) = T(x, A)G2(X (x, 1), A(2))
where
(1.1.1) T:(R"xR,0)—Gl,(R) isC™.
(1.1.2) (X,A): R"xR0)— (R"xR,0) is C*™,

det(dxX(0)) >0 and A’(0) > 0.
(1.1.3) X(yx,A) =yX(x,A) forallyeTl.
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(1.1.4) y 'T(yx,A)y=T(x,A) forallyeTl.

A g-parameter T-unfolding of G € &, isagerm F € & | »
such that F(x,4,0) = G(x, 4).

DEFINITION 1.2. A g-parameter I-unfolding F € &', .p oG €
gl"

n+1,p 18 said to be a universal I'-unfolding if every I'-unfolding H of G
is induced by F in the following way: assume that H € & |, : then
there exist C*® germs 7: (R" x Rx R?,0) — GI,(R) and (X, A, a):

(R" xR x RY,0) — (R" x R x RY,0) such that:

(1.2.1) H(x, A B)=T(x4B) - F(X(x, 4 B), A4 B), a(B)).

(1.2.2) X(yx, A B) =yX(x, A, B) forallyel.
(1.2.3) y I T(yx, A B)y=T(x,A B) forallyel.
(1.2.4) (X(x,4,0),A(4,0)) = (x, 4).

(1.2.5)  T(x,A,0)=1, where I, is the identity p X p-matrix.

Let.#),, ,={T: (R™!,0) — M,(R)|T is C* and satisfies (1.2.3)}
where M,(R) is the space of real p x p matrices. For G € é’;};l_ » We
define

. r T T
Mg ‘/é/n+1,p D épn+1,n - gn-{-l,p

(T.X)—~T-G+(d:G)- X

and
Ng: & — anH,p
A~ (d;,G) - A
Let

I'G =M (/%nlll,p @ gnyﬂ,n

) and TG =T1G + Ng(&).

Roughly speaking, I'G is the tangent space to the orbit O; = {G' €
&1, ,|G" is T-equivalent to G} at G.
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If Og has “finite codimension” that is dimg &, +1 »/TG < oo we have
the unfolding theorem:

THEOREM 1.3 (GOLUBITSKY-SCHAEFFER [3]). Let G € &, +1 » be of

finite codimension and let F € &}, +144p D€ an unfolding of G. Then F
is a universal I'-unfolding of G zf and only if

oF oF
8711()(' 4,0),..., Erm —(x,4,0)
(where (x, 2, o) € R" xR x RY) project onto a spanning set of €\, w1,/ TG

Le.
(1.3.1) EX1p =M (#4701, @1 n) + No(&)

+R{§5(x/1 0)}

REMARK 1.4. In fact, Golubitsky and Schaeffer [3] indicated how
to prove the sufficiency of the condition (1.3.1). The necessity of
(1.3.1) is proved in the following way (see [4] p. 259): Let h € & ,,H »
and consider the one-parameter I'-unfolding H € ?nl:rl +Lp defined by
H(x, A t)=G(x,A)+th(x,A). Since F is universal, there exist 7, X, A

and « as in 1.2 such that

H(x,At)=T(xAt) - F(X(xA1),A 1), at))

We obtain
oOH
h(x4) = S (64 )] =0
= gZT(X’ ALt) - F(X(x,4t),AAt),a(t))] =0

which is easily seen to belong to I'G + R{0F (x, 4,0)/d¢;}.

2. Stability of I'-unfoldings. Let U be a I'-invariant open subset of
R” x R x R?. We write C°(UR?) = {F € C*(URP?)|F(yx,4a) =
yF(x, 4, a) for each y € I'} endowed with the topology induced by the
Whitney C*-topology on C*(U, R?).

DEFINITION 2.1. Let U and V bez-invariant open subsets of R" x
R xRY. Let F € C(URP?) and let H € C°(V/R”). We say that F, at
(x0, A0, ag) € UT is T-equivalent to H at (x;, 4, o) € VT if there exist
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C® germs
T: (R" xR xR, (xg, A, ap)) Gl,(R)
X: (R" xR xRY, (xp, 40, ) (R", x1)
A: (Rx RY, (49, ap)) (R, 41)
¢: (R?, ap) -+ (R%, )
such that

(2.1.1) F(x,A,a)=T(x, 4 a) HX(x A4 a), A(4 a), d(a)),
(2.1.2) (X,A, @) isagerm of a difftfomorphism,

(2.1.3) X(yx,Aha)=7X(x,Aa) and 7y 'T(yx,4a)y =T(x, 4 q)

for all y € I" where UT and VT are the sets of fixed points of U and
V under the action of I'.

DEFINITION 2.2. Let G € &, , and let F € &, ,,, be a I
unfolding of G. We say that F is I'-stable if, for every represen-
tative F of F defined on an I'-invariant open neighbourhood U of
0 € R” x R x RY, there is a neighbourhood # of F in C(U R”) such
that, for every H € %, there is a point (xg, A9, o) € UT such that F at
(0,0, 0) is T'-equivalent to H at (xg, Ag, o).

The main result of this paper is:

THEOREM 2.3. Let G € &), , be such that the k-jet j*G is T-
sufficient. Then a T-unfolding F € &, of G is universal if and

n+l4+q,p
only if it is T'-stable.

Note. We say that the k-jet jXG of G at 0 is I"-sufficient if, for every
G, € &],, , such that j*G| = j*G, G and G, are I'-equivalent in the
sense of Definition 1.1.

Before proceeding to the proof of Theorem 2.3 we shall give some

transversality properties of universal I'-unfoldings.

3. Transversality. Let J{-‘ (n + 1, p) = {polynomial mappings on
R” x R into R? which are I'-equivariant and of degree < k}. This is

the space of k-jets of the elements of é’,};l o1

Jll"((n +1,p)= gnljl—l,p/ (mx.k 'gnﬂ,li) N&, n+1,p
where m, ; is the maximal ideal of &, = & ;. Let
gk = {j*(T,X,A)| T, X and A are as in Definition 1.1}.
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Then % is an analytic Lie group which acts analytically on
JE(n + 1, p) in the following way: for § € £* and z € J¥(n + 1, p),
put 8z = jK(T, X,A) - G) where 8§ = jK(T,X,A), z = j*G and
(T X, A) - G)(x,4) = T(x,A) - G(X(x,4), A(A)). We shall write OF
for the orbit of z in J¥(n + 1, p) under the action of £*. As in [7,
p. 41], we can prove

LEMMA 3.1. The tangent space to OF at z is
T.0% = m [Mg (45,1, + (M B p) NELL ) + Ne(2)]

where 1) £

wi1p — JE(n+1,p) is the natural projection.

An immediate consequence (see e.g. [1]) is

PROPOSITION 3.2. Let G € &L be such that j*G is T-sufficient.

n+1,p
Then
I'G> (_”lﬁl 'gn+l,p) mgH p:

3.3. For F € C®¥(URP?) and (x, 4, a) € U we define the germ
Fo,: (R"xR,0) — R
yu) = Fx+yi+ua)
and we define
J*F:U—->R"xRxJXn+1,p)
(x4, @) — (x, 4, J*F% )

where J¥(n + 1, p) is the space of k-jets of the elements of &, -

For G € &/, , we write S¥ for the submanifold of J*(n + 1, p)
equal to (R™1T' x O x (Jk(n + 1, p))*, where z = j*G, (R™ T is
the set of fixed points under the action of I" and (JI’S(n +1, p))* is the

orthogonal complement in J*(n + 1, p) of the subspace JI’f(n + 1, p).

LEMMA 3.3. Let F € &l . be a T-unfolding of G € &,

JXF is transverse to S* at (0,0,0) if and only if

OF
(3.3.1) I‘G+R{aa( ,10)} (m;jl-g,m,p)ng,{m, CAN
1

n+1 . Then

Proof . The range of d(jXF) ) is

R”xRxnk[R{gf( . A,0), al,;( ,4,0), g(f;( 10)}]
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Hence the above transversality condition is satisfied if and only if
Ranged (j¥F)(0,00) + Tj0,0)(R™™)T x {0} + {0} x T, 0%
+{0} x (J(n+ 1, p)*
=R"! x Jk(n + 1, p);

hence, by virtue of Lemma 3.1,

T [FG +R{%(x, A, 0)}] +(Jf(n+ 1, p)t =J*n+1,p).
But
OF .
7 TG+ R4 =—(x,2,0) ¢| CJE(n+1,p),
1

and the desired result follows.

4. Proof of Theorem 2.3. Let G € &/, , be such that z = j*G is
I'sufficient and let F € &, , be a [-unfolding of G.

4.1. Universality = stability. Suppose that F is universal and let
F € C®(U RP) be a representative of F on an open I'-invariant neigh-
bourhood of 0 € R” x R x R?. From the unfolding theorem and
Lemma 3.3, we conclude that jXF is transverse to S¥ at (0,0,0). The
Transversality Theorem (see [8, p. 321]) implies the existence of a
neighbourhood % of F in C* (U, R?) such that, for every H € #, j*H
intersects SX transversally at at least one point (xg, Ay, ag) € U. Put
% = % N CX(U RP). Then for each H € %, there exists (xo, A9, ag) €
U such that j¥H(xg, A, 9) € S¥ and jXH is transverse to S¥ at
(x0, 20, @g). We shall show that F, at (0,0,0), is [-equivalent to H
at (xp, Ag, @g). Let H be the germ at (0,0, 0) defined by H(x, 4, a) =
H (xo+ X, A9+ 4, ag+ a) and let 4 be the germ at (0,0) € R* x R given
by h(x, ) = H(xg+ X, A + 4, ag); since jKH (xo, Ao, ag) € S¥, we have

(xo0, 40) € (R**1)T and we deduce that 2 € &, | since

h(yx,A) = H(xg + yx, Ag + A, o)
= H(yxq+ %, Ag + A a) = YH (xg + X, Ag + 4, ) = yh(x, A)
because H € CX(URP). Therefore zo = jkh € OF; hence zq is I'-
sufficient since z is I"-sufficient. Proposition 3.2 implies that

(4.1.1) Th> ('_Vl_ﬁj{l ‘gn+l,p) N gnr:t-l,p‘

On the other hand 0% = Ok

Zy?

and so jKH is transverse at (0,0,0) to
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Sé‘o, and this is equivalent, by virtue of Lemma 3.3, to the equality

oH
Fh+R{aaj(x/10)} (’ial'gnﬂ,p)ﬂgﬂp Eretp

From this equality and (4.1.1) we deduce that

OH
I“h+R{aaj( x, A, 0)} CAN

and so, the unfolding theorem implies that H is a universal I"-unfolding
of h.

The germs 4 and G are '-equivalent (as in Definition 1.1) since the
jets z = jKG and zo = j*h are I'-sufficient and OF = OX . Thus, there
exist 7, X and A as in 1.1 such that

h(x,4) = T(x, A)G(X(x, 1), A(4))-
Put F(x, 4, a) = T(x, A)F(X(x,A), A(A), a); then
F(x,2,0)=T(x,2) - F(X(x,4),A(4),0)
=T(x4) - G(X(x,4),Ad) =h(x 1),

that is, F is a g-parameter I-unfolding of 4. But H is universal I'-
u~nfolding; we then easily deduce that H at (0,0, 0) is I'-equivalent to
F at (0,0,0). From there it is not difficult to see that H at (x, A, o)
is I"-equivalent to F at (0,0,0) (see e.g. [2, p. 173]). O

4.2. Stability = universality. Suppose that F is I"-stable but is not
universal which, by virtue of the unfolding theorem, is equivalent to

oF
(4.2.1) r6+R{S-(x 00} S 2k,

Since j*G is I-sufficient we have I'G D (mk%1&,,, ,) N &L, .
(4.2.1) is equivalent to

oF
FG+R{aa1( x, A, 0)} ( mk+! .gmp) Erp G 8L
hence Lemma 3.3 implies that jXF is not transverse to S¥ at (0,0,0).

We shall use the same method as S. Izumiya [5, p. 41]. By virtue
of the foregoing there exists w € J%(n + 1, p) such that

and so

w & Range d(j¥F)0,00) + T(0,0.2)S%-

We may assume that w € J¥(n + 1, p) and thus w ¢ T.0%. Let U
be a I'-invariant neighbourhood of (0,0,0) in R” x R x R? and let
F € C¥(URP) and w, defined on UNR" x R x {0}, be representatives
of Fand w. Fort € R,put H(x, A, o, 1) = F(x, A, @) +1W(x, A). Since F
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is I'-stable, there is ¢ > 0 such that, for every ty € [—¢, €], there exists
(X0, A0, p) € UT such that H 1;, at (xo, 4o, ) 18 I'-equivalent to F at
(0,0,0), where H,(x, 4, ) = H(x, 4, a, ty). In particular,

(4.2.2) dim Range d (j¥H ) (x; 10.00) = dim Range d (j¥ F)0,0,0)-
On the other hand,
(4.2.3) dim Range d(j¥H)0,0,00) > dim Range d(j¥ F)90,0)-

One easily sees (cf. [5, p. 41]) that there exists a submanifold £ of
JK(n+1, p) such that I contains a neighbourhood of z in 0¥, cod £ =
dim Range d(j¥H)(00,00), and jH is transverse to Z at each point of
U x [—¢, ¢]. But from Sard’s Theorem it follows (see e.g. [6, p. 134])
that there exists 7y € [—¢, €] such that jXH, is transverse to ¥ at every
point of U. But, if ¢ is small enough, there exists (xg, A9, ag) € UL
such that H, at (xg, Ag, o) is I-equivalent to F at (0,0,0). Thus
J¥H , (x0, A0, 2g) € {(x0, A)} x O% c Sk; we therefore have the equality
(4.2.2). On the other hand, since jXH,, intersects X transversally at
(X0, A0, ap) and cod X = dim Range d(jXH) 00,00y We have

dim Range d(j¥H) (0,0,0,0) = dimRanged (j “Hy) (Xo-40,0)
= dim Range d (j* F)0.00)

in contradiction with (4.2.3). m]

REMARK. As in the nonsymmetric context, one can consider the
bifurcation parameter 4 to be multi-dimensional and proves analogous
results (see [2]).
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