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BINOMIAL BEHAVIOR OF BETTI
NUMBERS FOR MODULES OF FINITE LENGTH

E. G. EVANS AND PHILLIP GRIFFITH

The problem which we address in this article is that of providing
bounds for the Betti numbers of modules M of finite length over a
regular local ring (R, m, k) of dimension n. The conjectured lower
bound is that the ith Betti number S;(M), or BR(M) if we wish to
call attention to the ring R, is at least (/). We establish this inequality
for finite length modules of monomial type (see definition below).

The above conjecture is implicit in a problem of Horrocks as re-
ported by Hartshorne [S, Problem 24]. The question has also been
studied by Herzog and Kuhl [6] in a slightly more general form. We
discuss it briefly in our monograph [4, pp. 59-61]. Recall that 8;(M) =
dim, Torf(l_c, M) is the rank of the ith syzygy module in a minimal
free resolution of M. A consequence of our syzygy theorem is that,
if R contains a field, then f;(M) > 2i+ 1 for i < n — 1, for any
module of projective dimension n. Moreover these lower bounds can
be achieved if one does not require M to be of finite length (see [4,
Corollary 3.12]). Nevertheless when M is of finite length one can use
the above inequality as well as the result that the dual of the resolution
of M is also a resolution to see that the conjectured bound is correct
for dimension of R at most 4.

Our paper is divided into two sections. In the first section we es-
tablish fairly general lower bounds on the §;(M) if R is isomorphic to
the power series ring k[[X],..., X,]]. We accomplish this by passing
to a subring S = k[[gi,..., &n]] where the g; form a system of pa-
rameters for R which annihilate M. In this case M is isomorphic to
[(M), the length of M, copies of the residue field k as an S-module.
One compares the R and S-free resolutions of A and concludes that
BR(M) is at least (//D)(}), where D is the rank of R as an S-module
and / = [(M). Simple examples show that //D can be quite small.

In the second section we generalize some results of Herzog and Kiihl
[6). Their results imply that, if R = k[[X},..., X»]] with R/I finite
length and if I is generated by monomials in the X; such that R/I has
a linear resolution, then B;(R/I) is at least (). We refer to a module
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of finite length as being of monomial type if it is a direct sum of
modules R/I where each [ is generated by monomials. In §2 we show
that if M is of monomial type, then 8;(M) > (7). A key observation
to the proof of this result is that if M is an R = k[[X},..., Xy}
module of monomial type then M is also of monomial type as an
S = k[[X1,..., X,_1]]-module.

We mention that Matsumura’s book [8] and our monograph [4] are
standard sources for unexplained terminology.

1. Comparison of finite free resolutions with Koszul Complexes. For
ease of exposition we will assume that (R, m, k) is a complete local
ring with coefficient field £ C R. Let I be an m-primary ideal and let
&1, - .., &n be a system of parameters which is contained in /. Then 4 =
k[[g1,---,gnl] is a regular local subring of R such that R is a finitely
generated A-module. Since the R and A-depth of R are necessarily
the same, one sees that R is a free 4-module whose rank we denote
by D = [R : A]. We now record our first result.

THEOREM 1.1. (Notation as above.) Let F. denote a free resolution
of the finite length module M. We assume that M can be minimally
generated by u elements and that gy, ..., g, is a system of parameters
for R which is in the annihilator of M. There is a homomorphism
of R/(&i, ..., &))" onto M which can be lifted to a map of complexes
¢.: K* — F. where K. is the Koszul complex on gi, ..., g,. Then, if ¢;
is the lifting at the ith stage, we have that rank ¢; > (I/D)(%), where |
is the length of M.

We remark that an immediate corollary of this statement is that

Bi(M) > (I/D)(3).

Proof . The key idea is to view the resolutions K* and F. along with
the map ¢. of complexes over the subring A4 as well as over R. Since
R is an A-free module both complexes also represent free resolutions
of modules when viewed over A. The module M viewed as an A-
module is isomorphic to k' since the maximal ideal of A4, (81,.--, 8n)A,
annihilates M. Hence over A, the resolution F. is a direct sum F. =
F' @ F” where F' is a minimal free 4-resolution of k’ and F' is a trivial
free A-complex. Now looking at the complex K we note that K. is
isomorphic to R ® 4 K! where K! is the Koszul complex for gi,..., g
over A. Thus when viewed over A we see that K. is isomorphic to
the direct sum (K’)P, where D = [R : A4]. Finally considering the
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map ¢.: K* — F. as an 4-map of complexes we get an induced map
p.: K — F' which induces a split surjection on the zeroth homology.
It follows that p;: K l" — F] is necessarily surjective for each /. Thus
rank 4 ¢; > rank, p; = I(}) for each i. To compute the rank of ¢; over
R we divide by [R: A] = D. This proves that rankg ¢; > (//D)(%).
As we remarked above the factor //D can be quite small. In a special
case we would like to pick the g; in such a way as to maximize //D.
In some cases we can relate [R: 4] more directly to the g;. This is the

result of the next lemma.

LEMMA 1.2. Let k be a field and let R be the ring of polynomials,
R = k[Ty,..., T,), which is graded by total degree. Let gi,..., g, be
a homogeneous system of parameters and let A = k[gi,..., g.] Let
the degree of g; be d; for each i. Then R = k[[T\,..., T,1] is a free
A=k[[g ..., gnll of rank d =11d;.

Proof. Since the residue field extension from A to R is trivial we
have that

rank; R = lengthR® ; k =lengthR®4 k
= lengthR/(gy, ..., &) = I1d;.

COROLLARY 1.3. Let k be a field, let R = k[T, ..., T,] and let 1
be a graded ideal such that R/I has finite length. Let g\, ..., g, be a
homogeneous system of parameters in I with deg g; = d; and let M be
a finitely generated graded R-module which is annihilated by I. Then
Bi(M) > (1/d)(7) where d =11d;.

Proof . Obvious.

Thus one maximizes the factor //d by judiciously choosing the g;
s0 as to minimize their degrees.

2. The case of modules of monomial type. We let k£ be a field, S =
k[Xi, ..., X ] the ring of polynomials over k and R = S[T], the ring of
polynomials in one variable 7" over S. We let n = (X}, ..., X;) denote
the irrelevant maximal ideal of S and m = (X},..., X;, T) the same
for R. Three facts emerge as crucial ones in passing from R-modules
to S-modules, namely:

2. (a) An R-module M of finite length when viewed as an S-module
has the same finite length. (We remark that a finitely generated R-
module may fail to be finitely generated as an S-module and, even if
it is, the number of generators may increase.)
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2. (b) An R-module of monomial type when viewed as an S-module
is still of monomial type (see Lemma 2.2).
2. (c) Any R-module M fits into a functorial R-short exact sequence

0—-RRsMBRRsMHM—0
where &3,(r ® m) = rm and o), is defined by
Y Teom -3 T(1eT-Te )m;
i i

(see [1, p. 629] or [9, [p. 244] for details).
First we record three observations on upper bounds for Betti num-
bers.

ProPOSITION 2.1. (Notation as above.) If M is a graded R-module
of finite length |, then for each j > 1 we have
(i) BR(M) < B3 (M) + B5_ (M),
(i) BR(M) < 1(%mR),
(iii) BR(M) < BR(M'), where M is the R-module M first regarded
as an S-module and then made into a (different) R-module by having
T act as zero.

Proof . The short exact sequence in 2.(c) above yields a long exact
sequence in Tor

-+ — Tor®(k, R @5 M) — TorX(k, M) — Torf_(k, R®@s M) — ...

which gives the necessary inequality on vector space dimensions to
prove (i).

Part (ii) follows by induction on the dimension of R using part (i)
and the equality

(#5) = (55)+(573):

Part (iii) follows from part (i) and the fact [4; Theorem 6.21] that
the inequality is an equality if 7" acts as zero on the module in ques-
tion. Then ﬂf(M’) = ﬁf(M’) +,Bf_1(M’). But ﬁf(M) = B;?(M’) and

f_l(M) = ﬂf_l(Ml)~

We remark that forming the R-module M’ from M by having T act
as zero has a simplifying effect on the relations. Part (iii) implies that
this simplification of structure tends to enlarge the Betti numbers. The
following is a simple example of this phenomena. Let R = k[a, b, T']
and I = (a2, b2 T? ab — bT). If we look at the R-module R/I we
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see that the Betti numbers are R = 1, R = 4, pf = 5 and pf = 2.
After passing to the ring S = k[a, b] we observe that the module R/I
is generated by the images of 1 and 7'. Its Betti numbers are 5 = 2,
ﬂf =35, B5 = 3. Having T now act as zero and using the mapping
cone to resolve the new R-module (R/I) (see [4, Theorem 6.21]) we
get that the new Betti numbers are Sf = 2, B = 7, BR = 8 and
AR = 3 which are larger as the result predicts. We remark that these
calculations were done using the Bayer/Stillman program Macaulay.
We have already referred to the fact that the number of generators, S,
can increase in going from S (M) to 85 (M). The latter is SR (M"). If
R has dimension 7, then BR(M) is the dimension of the socle of M.
When we pass from R to S, the dimension of the socle can increase
since we no longer require that 7m = 0 for m to be in the socle.
However, the socle of M as an S-module is the socle of M’. Thus
we see why S,(M) < B,(M') when n = dim R. Our result above then
establishes that the intermediate Betti numbers also do not decrease.

The previous results of this section provide crude upper bounds
for the Betti numbers of finite length modules. One could ask for
better bounds. However, the more delicate and significant question
seems to be that of lower bounds with the Horrocks’ question being a
fundamental test. We will establish that bound if M is a module of
monomial type. First we need a lemma on the behavior of modules of
monomial type. Since the question in which we are interested respects
the additivity in direct sums we can pass to the cyclic case.

LEMMA 2.2. Let I be an m-primary ideal of R which is generated by
monomials.

@Iff= Z;;l k;fj is a homogeneous form in R with the f; linearly
independent monomials in X,,..., X3, T, kj €k, and if f is in I, then
each fj isinI.

b) Let p be the smallest integer with TP*! jn I. Then R/I as an
S-module is the direct sum @"_, ST/, where each ST/ is a cyclic
S-module of finite length whose annihilator is an ideal generated by
monomials. Thus, if M is an R-module of monomial type, it is also an
S-module of monomial type.

(c) The S-summand STP, hereafter, denoted by C, of R/I is an
R-cyclic submodule of monomial type.

Proof. (a) We note that I remains a graded ideal of R regardless
of how we assign the degrees to the variables Xi,..., X;, T. Conse-
quently, by picking the degrees properly we can arrange so that each
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fj is homogeneous of a different degree. Since I is still graded that
forces each f to be in 1.

(b) We note that 1,7,..., T? generate R/I as an S-module. It suf-
fices to show that 1,7,..., T? are S-linearly independent in R/I. If
>_%_05;T/ = 0 modulo I with each of the coefficients s; in S, we have
that f = Y"s;T/ is in 1. Each homogeneous component of f is in I
since I is graded. Thus each s;7/ is in I as desired. To see that each
cyclic S-module of the form ST/ is of monomial type we observe that
the S-annihilator of ST/ is generated by all monomials g in S such
that g7/ is in 1.

(c) The S-module C is clearly an R-module since C has the property
that 7C = 0. Thus C is a cyclic R-module whose annihilator is gen-
erated by the monomials of the form m/T? where m is a monomial
in I which is divisible by 77.

Our next lemma concerns the functorial exact sequence

0—-R®sM—RRsM — M —0

defined at the beginning of this section.

LEMMA 2.3. For an R-module M the map o, in the R-exact se-
quence

0-RIsMHBRRIsM A M -0
is equivalent to multiplication by T if and only if TM = 0.
Proof . The necessity is obvious. To see that o,, is equivalent to

multiplication by T it suffices to consider the generators 1 ® m where
meM.

oy(lem)= -(10T-T®1)m
=-1®Tm+T®m=0+T(1@m)=T(1®m).

If C is the S-module of R/I generated by 77, then we have an
R-exact sequence

0—C—R/I—>R/K—0

which is split exact as a sequence of S-modules. Both C and R/K are
of monomial type over each of the rings R and S. This short exact
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sequence yields the following R-commutative diagram:
0 0 0

!

0 — R®C —I» R®C —%5 C —s0

l ~+ N

0 — RQ®g(R/I) 2 R®g(R/I) 25 RII —— 0

|

0 — R®g (R/K) 2%, R®s (R/K) 22X, R/K — 0

0 0 0
where the rows are R-exact, the two left hand columns are R-split exact
and the far right hand column is S-split exact. Applying the functor

Tor®(, k) to the above commutative diagram we obtain a commutative
diagram (see Diagram A) with R-exact rows and columns.

THEOREM 2.4. If M is an R-module of monomial type and if 0 <
j < dimR, then

dimy Image(e), : Torf (R®s M k) — Torj—z (M k))

(dlm S)

is at least and

dim, Image(d: TorX(M k) — Tork_|(R ®5 M, k))

is at least (d““S)

COROLLARY 2.5. If M is an R-module of finite length and of mono-
mial type, then R (M) > (‘“‘}‘R) for each j.

The proof of the corollary is immediate from the statement of the
theorem since there is a short exact sequence
0 — Image &}, — Tor¥ (M, k) — Imaged — 0

(dimR) _ <dimS) (dims)
. = . + . .
J J Jj—1

and since
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Proof of 2.4. Since the functor Tor is additive on direct sums we
may pass to the case M = R/I with I primary to the maximal ideal
and generated by monomials.

We proceed by induction on the dimension of R, first noting that
the case dim R = 1 is obvious. After fixing the dimension of R we
secondly argue by induction on the smallest nonnegative integer p such
that 77t € 1. If p =0, then T € I and R/I is a cyclic S-module. By
Lemma 2.3 og,; is multiplication by 7" and thus the functorial short
exact sequence

0— R®sR/I 5 R®sR/I - R/I -0
yields a short exact sequence, for j > 1,
0 — Torf (R ®s R/L k) ™ TorR(R/Lk) > Tor® (R ®s R/L k) — 0.

Since TorX (R ®g R/I, k) is isomorphic to Tor$ (R/1, k), it follows by
induction on the dimension of R that dim Torj(R/Lk) > (di’}‘s).
Hence the images of ¢;,, and J have dimension at least (4m5) and
(d}TIS ), respectively.

In order to argue the induction step on p for p > 1, we use the
short exact sequence

0—-C—R/I -R/K—0.

Now C is a cyclic S-module of monomial type while R/K is a cyclic
R-module of monomial type with p one lower.

Since the map TorR (R®s R/I k) — TorX(R®s R/K k) is surjective
the dimension of the image of &}, /1 is at least as large as the dimension

of the image of &}, which is at least (7°) by induction,

Turning our attention to the connecting homomorphism J, we note
that the map Torf_,(R®s C k) — TorX_|(R®s R/I, k) is a monomor-
phism. The dimension of the image of J is at least as large as that of

&' which is at least (™) by induction.

This completes the proof of the theorem and its corollary.
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