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A NEW PROOF OF REDEI'S THEOREM

KERESZTELY CORRADI AND SANDOR SZABO

If a finite abelian group is expressed as the product of subsets each
of which has a prime number of elements and contains the identity
element, then at least one of the factors is a subgroup. This theorem
was proved by L. Rédei in 1965. In this paper we will give a shorter
proof.

1. Introduction. Let G be a finite abelian group written multiplica-
tively, and let A;,..., 4, be subsets of G. If each g € G is uniquely
expressible in the form g = a,---a,, a; € Ay,...,a, € A,, then we
say that G = A, --- A, is a factorization of G. If each A; contains the
identity element, we speak of a normed factorization.

The subset {1, g, g2,...,279" '} will be denoted by [g, ¢] and called
the simplex generated by g with length ¢, provided that g is a positive
integer not greater than the order of g.

Let H be the p-Sylow subgroup of G and KX its direct factor comple-
ment. We denote the order of K by p’. Each g € G can be expressed
uniquely in the form g = hk, h € H, k € K. The element 4 will be
called the p-part of g and denoted by g|,, and the element k will be
denoted by g|,.

We will use these two known facts.

(1) The nth cyclotomic polynomial is irreducible over the mth cy-
clotomic field if m is prime to n.

(2) Let n > 1 be an integer and p its smallest prime factor. Then
any set of fewer than p nth roots of unity is linearly independent over
the field of rationals.

For a short proof see [5].

Proving a conjecture made by H. Minkowski in 1896, G. Hajés in
1941 showed that in a simplex factorization of a finite abelian group
at least one of the simplices must be a subgroup.

It may be assumed without loss of generality that in this theorem
the lengths of the simplices are primes. So the following result of L.
Rédei is a broad generalization of it.
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THEOREM 1 (L. Rédei). In any normed factorization of a finite
abelian group by subsets of prime cardinality, at least one of the factors
is a subgroup.

This theorem actually implies a stronger form of itself. Indeed, let
G = A, --- A, be such a factorization. Factoring the group modulo a
subgroup factor we obtain a normed factorization of the factor group.
Repeating this process, we conclude that after a suitable permutation
of the factors, the partial products 4, A; 4, AjAyA3,..., A1 Ay--- Ay
form an increasing chain of subgroups.

The purpose of this paper is to give a shorter proof for Rédei’s
theorem. Our proof follows Rédei’s proof which consists of five steps.
Although each of them is shortened and simplified, the simplifications
of the last two steps are the most significant.

2. Replaceable factors. If y is a character and A is a subset of G,
then x(A) denotes ) ., x(a). Let x; be the ith character of G and
g; the jth element of G. The standard orthogonality relations show
that the columns of the matrix x;(g;) are linearly independent. Using
this we see that if 4 and B are subsets of G and x(A) = x(B) for each
character of G, then 4 = B.

From the factorization G = AB it follows that x(G) = x(A4)x(B).
For the principal character this reduces to the equation |G| = |A4||B|.
For other characters we have 0 = y(A4)x(B).

The set of characters for which y(A) = 0 will be called the annihi-
lator of 4 and denoted by Ann(A4).

The previous consideration shows that if |G| = |4||B| and the non-
principal characters of G are in Ann(A4) U Ann(B), then G = 4B is
a factorization. Thus if G = AB is a factorization, |4| = |4'| and
Ann(A4) C Ann(A4'), then G = A'B is a factorization as well. In brief,
A can be replaced by 4'. :

The consequences of the next result play an important role in the
proof of Rédei’s theorem.

LEMMA 1. Let A be a subset of a finite abelian group G. If 1 € A
and |A| = p is the smallest prime divisor of |G|, then x(a|y) = 1 for
each y € Ann(A) and a € A.

Proof. Let x € Ann(4) and 4 = {1 = ap, a,,...,a,_}. There exists
a minimal nonnegative integer n such that all x(a;|,) are p"th roots
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of unity. If n = 0, then

p—1 p—1

p—1
0=x(4)=>_ x(a)=>_ x@ilp)x(@ily) =D x(aily).

Since the least prime factor of p’ is greater than p, this violates (2).
Thus n > 1. We may suppose that x(a;|,) is a primitive p"th root
of unity, p, and that x(a;|,) = p'i, where

tO=0s tl=19 OStZS"'Stp—-lSpn—l'

Consider the polynomials
p—1 p—1 . |
A(x) =) _x'ix(aily),  F(x)=)_ x"
i=1 i=0

and let ry,...,r;—; be all the different numbers among f,...,7,_;.
Now

s—1
A(x) = Zx’%i,
i=0

where 4; is a sum of at most p p’th roots of unity. So according to
(2), A; # 0; hence A(x) is not the zero polynomial.

Since 0 = A(p) = F(p) and since F(x), the p"th cyclotomic poly-
nomial, is irreducible over the p’th cyclotomic field, F(x)|A(x), that
i1s, A(x) = F(x)B(x). We know that 0 < degA(x) < p" — 1 and
deg F(x) = (p — 1)p"~'. Hence 0 < degB(x) < p"! — 1. From
this it follows that non-zero terms of B(x) occur among terms of
A(x). If v denotes the number of non-zero terms of B(x), then
s = pv which together with p > s gives s = p and v = 1. Fur-
ther we have 1 = ¢, = p"~ 1, t, = 2p" 1, ..., t,_1 = (p— 1)p"! and
Ao = -+ = Ap—1. The first of these equations implies » = 1 and so
ti=ifor0<i<p-1. Then4; = x(ail,y) and x(ao|,’) = 1 imply that
x(ailp) =1for 0 <i < p—1, and this completes the proof.

COROLLARY 1. Let G = AB be a normed factorization of the finite
abelian group G such that |A| = p is the smallest prime factor of |G|.
Then A can be replaced by

(i) [ak, p] for each a € A\ {1} provided k is prime to p.

(il) A' = {a|,(a|,)*"@: a € A} for arbitrary exponents v(a).
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Proof. Adopting the notation of the previous proof,
p—1

p—1 p—1
= E x(a) =3 x(ail)x(aily) = D 2(aily)

1 p—1

p—1 p—1 _
ph= Z(p’ =Y " x@®p) = > x(@)x @)
i=0 =0

|

p

(=]

—

S~

x(ak) = x([d5, p})

o

i:
for each 1 < j < p — 1 provided k is prime to p. Therefore Ann(A) C
Ann([a%, p]), which proves (i). Similarly,

0=x(4)=)_ x(alp)x(aly) =) x(alp)x((al,)"?)

acA acA

=Y x(aly(al)"@) = x(4),
acA
i.e. Ann(A) C Ann(A’) which proves (ii).
The proof of the next lemma and its corollary is a routine consid-
eration after the previous two proofs.

LEMMA 2. Let A be a subset of a finite abelian group G. If 1 € A,
|A| = p is an odd prime and A\ {1} contains only elements of order p
and 2p then x(a|,) =1 for each a € A and x € Ann(4).

COROLLARY 2. Let G = AB be a normed factorization of the finite
abelian group G such that |A| = p is an odd prime and A\ {1} contains
only elements of order p and 2p. Then A can be replaced by

= {aly(a)*?@: a e 4}
for arbitrary exponents v(a).
3. Hajos’ theorem for p-groups. We need a lemma of L. Rédei.
Although its proof can be found in [3], pp. 372-373, for the sake

of completeness we include it. Here (4) denotes the group generated
by A.

LEMMA 3. Let A be a subset of an abelian p-group such that |(4)| =
pl and |(B)| > p'B! for all B C A. Then for each a € A there exists a
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power of p, say s(a), such that (A) = [],c[a*9,p] is a factorization
in which one of the factors is a subgroup.

Proof. There is nothing to prove when |4| = 1. We denote the order
of a by |a|, and call [],., |a| the height of 4. We will use induction
on the height of A.

When |(B)| > p!B! for each B # A, replace an element of A by its
pth power. The conditions of the lemma are satisfied and the height
of A is decreased.

In the remaining case there are proper subsets B in 4 with |(B)| =
p'Bl. Since both (B) and (4)/(B) satisfy the inductive assumption,
they have desired factorizations from which it is possible to construct
a desired factorization for (4). This completes the proof.

Now we are ready to prove Hajos’ theorem for finite p-groups.

THEOREM 2. If G is a finite abelian p-group and

(3.1) G =[&1,p]--[&n,p]
is a factorization, then at least one of the factors is a subgroup.

Proof. Note that the lemma is applicable to 4 = {g,...,8}. SO
there is a factorization

G=1[g",p] &, p]

in which one of the factors is a subgroup of G. If 5y = --- =5, =1,
then we are done. Otherwise for some m > 1 s; # 1,...,8, # 1,
Smy1 =+ =8, = 1. The element g, g, --- g can be expressed in the
form

it

818 &m =g - gipimg it ... gln,
where 0<t; <p-1. So

—_ oS1ti—1 Smtm—1 gtm+1 t
l—gl 8m " gy;,n.:l"'gn"'

This violates the factorization
G=1[g""",pl-- (g™ ", pll&m+1,P] - [&n, P]
Siti—

which arises from (3.1) by replacing the simplex [g;, p] by [g; ! p]
for 1 < i < m. This replacement is possible because p|s; and therefore
s;t; — 1 is prime to p. The proof is complete.

4. Rédei’s theorem for elementary groups of order p2. The proof of
this special case of Rédei’s theorem was simplified in [4], on which our
proof is based. In this section let G be an elementary abelian group
of order p2.
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THEOREM 3. If G = AB is a normed factorization and |A| = |B| = p,
then A or B is a subgroup of G.

Proof. The theorem is clearly true for p = 2, so we can suppose that
p > 2. The subset 4 has a nonidentity element ». The subset B must
have an element v which is not in (u). The elements u and v form a
basis for G. In this basis

A = {uPv*o ytry . u-1y®-1}

B = {ubovho ybrvhr . ubr-1yPr-1},
Here a9 = ag = bg = fp = a; = b =0,a;, = B =1and 0 <
ai,apbi, i <p-1 Ifa, =--- = ap_1 = OQorby=---= p—1 = 0,

then we are done.

Let p be a pth primitive root of unity and consider characters y,
defined by xy(u'v’/) = pP*/ for0 <y < p—1. Since 0 = x,(G) =
Xy(A)xy(B), according to the pigeonhole principle, one of x,(A4) and
Xy(B) must be zero for at least (p +1)/2 values of y. We may suppose
for definiteness that 0 = x,(A4) = Zf.’;ol ptiy+ei for at least (p + 1)/2
values of y. Thus the exponents a;y + «; form a complete set of
representatives modulo p for at least (p + 1)/2 values of y. Let S be
the set of these values of y.

Let oy, ..., o}, be the different values occurring among ao, . .., a1,
and consider the following polynomials over GF(p):

p—1
D(x,y)=Z(x—a,~y—a,-), E(x)=D(x,0),
i=0

and m
F(x)=]](x—a}).
i=0
We will study the coefficients e; in E(x) = )% _, e;ix’.

Here e, = 1, g = ¢; = 0 since oy = a; = 0 are roots of E(x) and
ep—i = (_ l)iSi(aOa vees ap—l)s
where S;i(ag,...,ap_1) denotes the ith symmetric polynomial in
ags...,Qp_1.
For a fixed y € S we have D(x,y) = x? — x. Thus
dp—i(y) = (=1)'Si(aoy + 0, ..., ap_1y + ap_1) =0

foreach 1 < i < p-2,y € S. Since the degree of d,_;(y) is < i
and it has at least (p + 1)/2 roots, it is the zero polynomial for each
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0 <i < (p-1)/2. In particular e,_; = dp_;(0) = 0. Thus E(x) =
(Zf.’;gl)/z eix')+x?. Let G(x) = E(x) — (x? — x). From F(x)|(x? —x)
and F(x)|E(x) we have F(x)|G(x) and E(x)/F(x)|E'(x). G'(x) =
E'(x) + 1 gives E(x)|G(x)(G'(x) — 1). Comparing degrees in the last
relation we see that G(x)(G'(x) — 1) must be the zero polynomial.
G(x) cannot be the zero polynomial since x is one of its terms. Hence
1 =G'(x)=E'(x)+1,ie. E'(x) is the zero polynomial, from which it
follows that E(x) = x” +c. Here c mustbe 0,s0 a9 =--- =a,_; =0
and the proof is complete.

5. Rédei’s theorem for p-groups. In this section let p be a prime and
let G be a finite abelian p-group.

THEOREM 4. If G = A, --- A, is a normed factorization of G such
that all factors have p elements, then one of the factors is a subgroup.

Proof. We use induction on n. The case n = 1 is trivial so let n > 2.
By Corollary 1(i) every factor can be replaced by a simplex.

If each factor contains element of order at least p? then using them
we can construct a simplex factorization without subgroup factor.
Thus there exists a factor, say 4;, whose nonindentity elements have
order p. Consequently, 4; can be replaced by a subgroup H. Since
the partial products are subgroup, K = HA4,--- A,_; is a subgroup of
G.If Ay C K, then K = A;A,--- A,_, is a factorization of K. By the
inductive assumption we are done.

Thus A4; is not in K. So A; can be replaced by a subgroup L such
that LN K = {1}. From the factorization G = LA, --- A, we deduce
that there is an index j such that LA; is a subgroup. If j # n, then
KNLA; = Aj is the desired subgroup. Therefore LA, is a subgroup. If
LA, is cyclic then L C ®(LA4,) C ®(G) C K is a contradiction. (Here
®(G) denotes the Frattini subgroup of G.) Thus LA, is noncyclic. So
the nonidentity elements of 4, have order p. Consequently A, can be
replaced by a subgroup M. Note that G = KM is a factorization and
so M N K = {1}. From the factorization G = M A, --- 4,_; it follows
that there exists an index j such that M 4; is a subgroup. If j # 1,
then KN MA; = A; is the desired subgroup. Thus N = M4, is a
subgroup. If 4, is not in N then A4, can be replaced by a subgroup T
such that TN N = {1}. As before T A, is a subgroup so NNT A, = A,
is a subgroup. Thus 4, ¢ N. Hence T = 4 A, is a factorization and
this reduces the problem to the case of elementary p-groups of order

p>.



60 KERESZTELY CORRADI AND SANDOR SZABO

6. Rédei’s theorem for non p-groups. In this section G is a finite
abelian non p-group. The product of the heights of factors of a fac-
torization will be called the height of the factorization.

THEOREM 5. If G = A, - - - A, is a normed factorization of G such that
all factors have prime cardinality, then one of the factors is a subgroup.

Proof. Assume the contrary and choose a counterexample such that
|G| is minimal and the height of the factorization is minimal for this G.
Let p be the smallest prime divisor of |G|. If each factor of cardinality
p has only p-elements, then these factors form a factorization for the
p-Sylow subgroup of G. Thus we may suppose that there exists a
factor of cardinality p having not only p-elements. Let it be 4;. By
the minimality of the height of the factorization and Corollary 1(ii)
we may suppose that there is only one non-p-element in A4, say a. It
means that there is a prime g with ¢ # p and a|, # 1. Again by (ii) we
may suppose that a|,, = a|, and moreover |a|,| = g. Elements of 4,
can be replaced by their p-parts. Now the height of the factorization
is decreased. Consequently this replaced factor B; is a subgroup of
G. Rearranging the factors of the new factorization, we have G =
B,---B,, where By, B|B>,...,B|B,--- B, are subgroups of G. Let H =
B,---B,_. If Ay C H, then H = A,B,--- B,_; is a factorization and
we are done. Thus a ¢ H.

Since a|; # 1, |G : H| = q. The factorization G = HB, concludes
that B, is a complete set of representatives for the cosets of H in G.
Thus there exists an x~! € B, with ax~! € H.

Let C = (B;\{a|,})uU{ax~!}. Note that H = CB,--- B,_; is a fac-
torization. We should observe that products from CB, --- B,_; occur
among the product of the factorization 4, --- 4,. By the minimality
of |G| there is a subgroup among the factors. This must be C. If
|C| > 3 then al, = ax~!, that is, x = al,. Since a|, can be replaced by
its powers, B, = (a|,) is a subgroup of G. If |C| = 2 then |ax~!| =2
and so a? = x2. Now p = 2 and ¢ # 2; hence x|, = al,. Since a|, can
be replaced by its powers, B, \ {1} contains only elements of order g
and 2q. By Corollary 2 we may repeat the whole consideration by B,
in place of B, and in addition now |B,| = ¢ > 3. This completes the
proof.
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