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ISOMORPHISMS AMONG MONODROMY GROUPS
AND APPLICATIONS TO LATTICES IN PU(1, 2)

JOHN KURT SAUTER, JR.

The discreteness of some monodromy groups in PU(1, 2) is proved.
G. D. Mostow’s conjecture on a necessary and sufficient condition for
the discreteness of monodromy subgroups of PU(1, 2) is established.
Some isomorphisms and inclusion relations among the monodromy
groups are given.

1. Introduction. In [DM], Deligne and Mostow define certain mo-
nodromy subgroups of PU(1, n) which are closely related to the
groups Mostow studied in his earlier work [M-1]. The connection be-
tween these two is made clear in [M-2] and [M-3]. Each of the papers
investigates the discreteness of the groups. Thereafter, in case n > 3,
Mostow gives a necessary and sufficient condition for the groups to be
discrete in PU(1, n) [M-4]. He conjectured that his condition would
also hold in dimensions two and three (apart from stated exceptions).
This paper considers the monodromy subgroups of PU(1, 2). The
discreteness of some monodromy groups is proved in §3. Mostow’s
conjecture is verified in §4. The volumes of the fundamental domains
for the groups are computed in §5 and are used to find the indices
for the inclusion relations among the monodromy groups given in §6.
The isomorphisms given throughout this paper were discovered using
computer investigations of the fundamental domains as a guide. The
proofs however are completely independent of the computer work.
The following brief summary of [DM], [M-1], [M-2], and [M-3] in-
troduces notation and results needed in the remaining sections.

2. Preliminaries. Mostow’s work on discrete groups generated by
complex reflections. The following results are contained in [M-1]
which arose out of Mostow’s exploration of the limits of the validity
in the case of R-rank 1 groups of Margulis’ Theorem, Irreducible lat-
tices in semisimple Lie groups of R-rank greater than 1 are arithmetic.
Motivated by Makarov’s (for n = 3) and Vinberg’s (for n < §) con-
struction of nonarithmetic lattices in SO(n, 1) using reflections in
faces of geodesic polyhedra in real hyperbolic n-space Rh”, Mostow
considered subgroups in the isometry group PU(n, 1) of complex
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hyperbolic space Ch” generated by complex reflections. He defined
a family of subgroups I, for p = 3,4,5 and |f| < 3(3 - 1) as
follows.

Let V be a complex 3-dimensional vector space with basis ¢, e,
e3. An hermitian form Hy on V corresponding to the Coxeter dia-
gram:

(2.1)

where p is a positive integer and ¢ = ™!
is given by

1

(22) (el s eZ) = <e2’ 6’3) = (e3 s el) = -ad) where a = 25111(%)
Set
(2.3) n=evr.
Then each R;, i=1, 2, 3 defined by
(2.4) Ri(x)=x+(n* - 1){(x,e)e; forxeV

is a C-reflection since it is a linear map of order p fixing each point
of e = {x € V; (x,e) =0}. Wecall ¢} the mirror of R; and
e; the mirror normal of R;. The group corresponding to the Coxeter
diagram is I, ; = ({R,-}?=1) , the group generated by the complex
reflections. The group I',; preserves the hermitian form H,. If we
restrict our attention to p > 2 and arg(¢3) =t < 3(3-%) it turns
out that the signature of H; is (two+, one—) and hence I, ; is
embedded in U(2, 1).

It is not at all clear which values of (p, ¢) resultina I', ; which
is discrete in U(2, 1) however. This was the main problem Mostow
faced. Computer exploration of the fundamental domains for these
groups was essential in deciding which I', ; are discrete. Using the
computer investigations to get a clearer picture of what was going on,
he formulated and proved theorems with some technical details that
can be found in [M-1, §6]. His strategy for proving discreteness of
I',,; is based on: if a smooth polyhedron F in a Riemannian manifold
and a finite subset A of the isometry group together satisfy certain
conditions on the codimension one and two faces of F and a related
family of polyhedra, then the group T" generated by A is a discrete
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subgroup of the isometry group and F is a fundamental domain for T’
modulo Autr F . Since A is only a finite subset it is possible to use
the computer to figure out candidates for A and F. Mostow used
these theorems to find a sufficient condition for I', ; to be discrete
by solving for the set of (p, ¢) which give a polyhedron satisfying the
codimension one and two conditions. He was able to prove that I', ;
is a lattice for 17 values of (p, t); seven of these are nonarithmetic
and are listed in §7. The codimension one and two conditions also
give relations among the generators that result in a presentation for
I'p,:, which was used later to show its relation with the monodromy
groups defined by Deligne and Mostow.

The work of Deligne and Mostow. Define a function of N — 3 vari-
ables Z1yeeey ZN=3 by

z, N-3
ﬁj(zl L) ZN—3) =/ (H (Z _ Zk)_'uk) z_”N—z(Z - 1)_/1N_| dz

! k=1
where {z,, ..., zy_3} and {y;, ..., uy—} are complex numbers and
the path of integration is selected in P — {z;, ..., zy_3,0, 1, oo},

P = CU {0}, the complex projective line. Let uy be the order of
the pole of the integrand at co. Then summing over all the u’s, one
has "N | ux = 2. For this reason we define a disc N-tuple to be an
N-tuple of real numbers u = {u;, ..., uy} satisfying 0 < g5 < 1 for
k=1,..., N and Z,’(V:l W, = 2 and restrict our attention to such x.

The f;; are multivalued hypergeometric functions of N — 3 vari-
ables studied by Schwarz in case N = 4 and Picard in case N = 5.
Deligne and Mostow studied the monodromy of these hypergeometric
functions via flat vector bundles and cohomology with local coeffi-
cients with the following results [DM].

Let S = {1,..., N} and PS be the set of functions from S
to P. Let M be the subset of injective maps from S to P, i.e.
M = {(z,...,2zy) € PN, z; # zjfori # j}. Then PGL, acts
on PS by Mobius transformations in each coordinate and we set
Q0 = PGL,\M. Note that Q = {(zy,...,2ny-3); 2z; € P z; #
0,1,00and z; # zj fori # j}. Remark: For the sake of simplic-
ity, we first defined the multivalued function f;; as a function of

the N — 3 variables z,, ..., zy_3. However in [DM] they are stud-
ied on the space Q, thereby permitting a symmetric role for each of
Zy, ..., zy. Since PGL, sends any three distinct points of P to any

other, we can choose (zy-2, zy-1, zn) =(0, 1, ).
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There are N —2 linearly independent integrals among the f;; and
by taking them as projective coordinates of a point in the projective
space PV—3, one gets a multivalued map

wy: Q — PN73,

From the map w, we obtain a well-defined map from the simply
connected cover of Q to P¥~3 which is n;(Q)-equivariant. The
action of 7;(Q) on PN~3 is called the monodromy action. We define
I', asthe image of m;(Q) in PGL(N —2). If u is adisc N-tuple, I',
preserves an hermitian form of signature (1, N — 3). A main result in
[DM] is:

THEOREM (Deligne-Mostow). If u = (uy, ..., uy) is a disc N-tuple
which satisfies the condition

(INT) Forall1<i#j<N, suchthat uj+pu; <1,
(1—pi—p)~' €Z
Then T, is a lattice in the projective unitary group PU(1, N —3).

In their proof they consider the following partial compactification
of Q. A point y € PS is called u-stable if and only if for all z € P,

Zus<1.

y(s)=z

The set of all u-stable points is denoted AM,. The partial compact-
ification, Q, is the quotient space PGL ,\M,,. Let Q — Q be the
cover corresponding to the kernel of the monodromy action and és,
the Fox completion of Q — Q over Qy;. Deligne and Mostow extend
the map w, to amap @, from Qy to B*,a complex ball in P¥~3,
They prove that @, : ést — B* is a topological covering map and as
the ball is simply connected, an isomorphism. The homeomorphism
@, transforms the fibers of the projection Qs, — Qy; into the orbits
of I', and so we have B¥/I'y ~ Q;,. Hence the task of computing
the volume of the fundamental domain for I', acting on the ball is
equivalent to computing the volume of Q,;. We make use of this fact
in §5.

Although the condition INT is sufficient to prove the discreteness of
the monodromy groups I',, one would like a necessary condition for
discreteness. Towards that end, Mostow [M-2] weakened the integral-
ity condition to a condition X INT: there is a subset S; C {1, ..., N}
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such that y; = pu; for all i, j € S| and for all i # j such that
ui + Ui <l s

1 e s s
Z otherwise.
He proved a theorem that he states in [M-2, §2] as follows. Let
S =8;US, with S; as above and S, = §\S;. Let ¥ denote the
permutation group of S;. Then X operates on PS by permutation
of factors and hence on the subset A and on Q.

Let Q' denote the subset of Q on which X operates freely; Q' isan
open dense submanifold of Q. Let 0 be a base pointin Q’,let 0 de-
note the orbit £0. The monodromy homomorphism can be extended
to m,(Q'/Z, 0) (the exact homotopy sequence of the fibration

— 0

Q'/x
gives the exact sequence
1 - m(Q) —m(Q'/2) —Z—1,

and we consider 7,(Q’) as a subgroup of 7n;(Q’/Z)) and for the image
of this monodromy homomorphism we write I';5 .

THEOREM (Mostow). Assume u = (Us)scs Satisfies condition TINT.
Then T',5 is a lattice in PU(I, N — 3).

In fact, T, is a lattice, since the exact sequence
1 —-T, —TI;;—X—1

implies I',5 is a lattice whenever I', is. The complete list of all u
satisfying the half integral condition XINT but not INT is given in
§7. This list includes some u# not found in [M-2].

Mostow was led to an investigation of I'ys by the similarities be-
tween I'y and I'y ; in the case N = 5. Although these lattices are
different, it turns out that the I', ; are conjugate in PU(1,2) to a sub-
group of I'ys of index at most three (the relation is made explicit
in the next section). For this reason, we can consider the I', ; as
included in the list of u satisfying X INT.

Next Mostow gives a necessary condition for discreteness when he
proves in [M-4] the converse to the previous theorem in case N > 6.
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THEOREM (Mostow). Assume N > 5 and p is a disc N-tuple. If T,
is discrete in PU(1, N — 3), then u satisfies condition LINT except
for

(1 3 5 5 5 5
H= (E’Tz”ﬁ’ﬁ’ﬁ’ﬁ)‘

In this paper we deal with the I', subgroups of PU(1, 2).

The relation between I', and I', ; via braid groups. In the case
N =5, Mostow shows in [M-3] how I', ; and I, are related via
the braid group. We use this connection extensively and therefore
reproduce part of that discussion here in the current notation. We
begin with the definition of a braid group.

Let L; and L, be two parallel lines in the plane y =0 of (x, y, 2)
space, L, at z=r, and L, at z=r,. Let P,=(i,0,r), Q; =

(i,0,rn), i=1,...,n.

A braided N-path is a set of N paths c;(f) inR3 (i=1,...,N)
satisfying

(1) c(t) = (xi(8), yi(®),8), i <t < r2, ci(r) = P, ci(r) €
{Qla"'sQN}'

(2) The paths do not intersect.
Two braided N-paths are regarded as equivalent if and only if it is
possible to deform the one configuration into the other respecting con-
ditions (1) and (2) throughout the deformation; note that one does
permit r;, r, to vary so long as r; < r, is respected. We define a
braid to be an equivalence class of braided N-paths. The fact that r,
and r, can vary allows one to define an associative multiplication of
braids. The braid in which no paths intertwine is the identity braid. It
is easy to see that an inverse of a braid is defined by its mirror image.
Thus the set of braids forms a group under multiplication. We call
this the braid group on N-strings in R3 and denote it by By(R?).

Each braid b in By(R?2) effects a permutation b of {1, ..., N}.
The map n: b — b is a homomorphism of By(R?2) onto Xy, the
permutation group on N letters. Let

Cy =Ker 7.

Cy is called the colored braid group or pure braid group.

A braided N-path can be regarded as a deformation of the N dis-
tinct points in R2 and it is a topological fact that this deformation
can be extended to an isotopy of R2. In fact, the N points can be
taken anywhere in R2. We can also consider N-string braids whose
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endpoints lie anywhere on the 2-sphere S = R%Uoo. In that case
the deformations can take place in SZx R rather than RZx R. We
distinguish this braid group from the previous one by denoting them
Bn(S?) and By(R?2) respectively.

Recall the M was defined as the set of all injective maps from S =
{1,..., N} to P. Fix a base pointof A as 0=(1,2,3,..., N).
Then n,;(M,0) consists of N paths ¢;(z) in P, 0 <t < 1 with
¢ci(0)=c;(1)=1i, 1 <i<n+3 and such that (¢;(z),¢) in PxR do
not intersect. That is, 7;(M, 0) is precisely the colored braid group
Cy(P) on N stringsin P.

In order to describe the relation between I', ; and I',s Mostow
chooses a set of generators for the pure braid group on 5 strings in
P that is stable under the permutation group of the subset S; of
punctures S ={z;, 22, 23, Z4, Z5} .

Assume S| = {zy, z;, z3} and assume u; = Uy = U3.

Identify the projective line P with S?, the 2-sphere with its stan-
dard metric. Choose z,, z», z3 equally spaced on the equator of S2
with z4 and zs at the North and South poles respectively. Denote
by @ forany i # j with i, je {1, 2, 3,4, 5} the pure braid that
moves z; along the shortest path to a point near z;, then makes a
small circuit in the positive sense around z;, and then returns to its
original position. For i, j € {1, 2, 3} let i/; denote the braid that
interchanges / and j via a half-turn isotopy in the positive sense that
leaves each point fixed outside of a small neighborhood of the shortest
arc joining [ to j.

Let J denote the cyclic permutation 1 -2 -3 —1 of {1, 2, 3,
4,5} . We denote also by J its realization as a rotation by angle 27/3
in the positive sense around the North pole of P, and its realization
as a braid in Bs(P). Let 6 denote the monodromy homomorphism

and set

(2.5) 4,=6(4)), 4 =6(6D),
B, =0((-1i+1), (cyclicly permuting i = 1, 2, 3)
Ri=0(i-Vit1),
Bj=0(@53,),

where the circuit , 1s chosen so as to cross the equator only on the
short arc (i — 1, i+ 1). We shall use the following identities coming
from the braid group:

(2.6) J'RiR; 1y = A", JRi\R; = A7

i+1°

JR, =R, .\J, (cyclicly permuting i = 1, 2, 3).



338 JOHN KURT SAUTER, JR.

The product of the pure braids @ .@.‘@ 1s in the center

of the colored braid group C4(R?2) on 4-strings in R2, and therefore
its image in I', is central in I'y, and therefore central in PU(1,2)
since I', is of finite covolume in PU(1, 2), by a well known result
of A. Selberg. Inasmuch as PU(1, 2) has only the identity element in
its center, we get

ByA3A4,B,A4,B; = 1.

The group I’ is generated by any five of {4;, 4>, A3, By, By, B3}.
Additional identities coming from the braid group are:

(2-7) AI—At 1A1+1Bl:
B} = 47"\ 47'4;),
B[—RIZ,
A;iB; = BjA;,

Aidy = A44; for j#1i,
BIBS = B;B, for ] 75 1.

For any i, j with i # j, set
(2.8) kij = (1 - i — u))

We assume that u satisfies condition ZINT for S,. Then k;; is an
integer except when i, j € {1,2,3}. Forany i,j € {1,2,3} we
set

-1

K = k,‘j ifk,'jEZ,
~ | 2kij  otherwise,
ks = ks, ks=ks; (i,j=1,2,3).

Then I', has the presentation

(2.9) Generators: A;, Ay, A3, By, B, B;
Relations: A;B; = B;A;, B A3A,B,A1B; =1,
A=1, BrF=1,

k
(A1 A1 B)Ss = A =

(A7 A5 A5 ks = Bl = 1.
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The group I';z has the additional generators R;, Ry, R3. Set I, =
(R1, Ry, Rz ), the subgroup of I'x generated by R;, R, R3. One
can derive a presentation for I';, which coincides with the presentation
for I', ; given in [M-1] if one takes (p, t) and u related by

(2.10) ﬂ1=ﬂ2=[l3=§—

that is,
1 -1
p=(§—u1> s = Us — Ug.

By the strong rigidity theorem for PU(1, n), n > 1 Mostow con-
cludes:

THEOREM (Mostow). The lattices T, ; are conjugate in PU(1, 2)
to the subgroup T}, of Ty with u and (p, t) related as above, and

r‘ﬂz =~ (J, l"p,,).

The specific relations between I'y, I'ys, and I', ; in all cases are
given in §7.

3. The discreteness of some monodromy groups. Mostow proved that
X INT is a necessary and sufficient condition for the discreteness of
Iy cPU(1, n)forall n>3 except for p= (%, 5> 3> 313> 13)
in dimension 3. He discovered that in dimension 2 the situation is
more complicated [M-4]. There are several disc 5-tuples u such that
I', could be proved discrete even though the u do not satisfy ZINT.
However, for three of the x4 he could not determine if the I, were
discrete. Here we give a list of the three u with the corresponding

(p,t):
(.88 1 1) (15.)
30”30”30’ 30’ 30 > 30
(L5 10 (2, )
24° 24° 24’ 24’ 24 > 24
(2.2,2,8.1) (. £)
42° 427 42’ 42° 42 >21)°
All previous methods for proving the discreteness of I', or I', ;

are insufficient. The theorem in this section settles the question of
whether or not these groups are discrete.
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We begin by computing the normal vectors to the mirrors of the
reflections {A4;};=; 3, their inner products, and the eigenvectors of
{B!}i=1.3. Using (2.4) and the fact that o = ﬁ , the matrices of the
R; can be written in the e-basis as follows:

Nt —nig —nig

(3.1) R,

Ry =

R;

0

0
1

—-ni¢ n* -nig |,

0
1

0

1

0
0

0
0

1

0 |,
1)
0
1)

%)
0

Using (2.6) we find that

(3.2) Ai'=1 o0

\ 0

(-

—nig —nip >/

¢ 7 —ni¢ \
0 1
g - —nid)

(15" — nig

0

A;!

A3

\
[ O

—n3

-ni¢
1

i¢

—-ni¢
0
1

-2 .
-n*¢ —ni¢p 0

—1n%i$)
772
0 )
0 )

\ 7’

-nig

—ni¢ )

The characteristic polynomial of 47! is:

det(A7! — AI) = —(A+ nig) (A + nid) (A + n*3").

So we take the third column of:

0 n* -nig
A7 = (—nig) = | 0 nig 1
0 —n3i -n?¢
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as the mirror normal for A4;. Similar computations show that the
mirror normals for the {4,},_; 3 are:

—nid _,7252 1
(3.3) a = 1 , a=\| -ni¢ |, az = —'12252
¢’ 1 -ni¢
From (2.1) and (2.2) the matrix of Hy in the ¢; base is:
1 —ap —agp
(3.4) Hy = —ap 1 —ad
—ap —adp 1

Note that since the {a;},—; 3 are related by a cyclic permutation of
entries we have

(a1, @) ={az, a3) = (a3, a;), and
(a1, a1) = (a2, @) = (a3, az).

We compute

(al ) a2) _
- L[ 1 —0p —ag) [T
=a§H¢>a_2-= (_nld)a la —rlzd) ) (_a¢ 1__ _a¢) ( ﬁl(b )
—ap —ap 1 1
= ad(F? — 3) + 2ani" + 2Fid — 176"
and ;
273 | =23
(ai, ay) = 1+’—1—l¢”f—gl¢.
Hence
(35) (al 5 a2>

(a1, ai){ar, @)
_ ag(’ —3) + 2ani§’ + 27ji¢ — *

e

From (2.7) we compute

(3.6) By = 4747147 =

[l
|
-~
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_,76 T 0 \
By=A7'4'as'=[ 0 1 o0 |,
= —n6}

-n® 0 E
By=A7'47'a7'= 0 % T |,
0o 0 1/

where
- . —2 —2 .
E=ni¢p-n'd -’ —nig,
Y =i — n'¢* — n*¢* — nig.
We shall see that for the cases we are interested.in, the £ and T

simplify, making the computations much cleaner. The characteristic
polynomial of Bj is:

det (B} — 1) = (1 - 2)(~1® = 2)(~n° ~ ).
The eigenvectors corresponding to the eigenvalues —n°, —n%, 1 are

0 0 1+7°
1], 0], and =
0 1 T

respectively. We raise B| to a power n by letting P be the matrix
of eigenvectors

and therefore

I+n
B = 0

1 0 )
0 = 1—(—'16)") (_”6)n

147°

)
)

(=n6)" T(l—(—n:)") 0
(
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(_n6)n 0 = (1”("'16)")

1+7°
m __ 2 V]
B3 = 0 (_n6)n T (1 1(+;;16) )
0 0 1

THEOREM 3.1. The groups Lis 20 Ty s and Ly s are lattices
in PU(1, 2). More precisely,

I ~ T
15, % 3,57
r ~ T
24,55; 3,5’
T ~ Iy s.
42,2“—l 3 745—2

)

Proof. The above isomorphisms that prove the discreteness of
I's -, Iy 5,and I'y, + are three in a more general class of iso-
l5’30 24’24 42’21

morphisms. Let I'; , with 1€ {3, 15, &5, 75, 3} denote the lattices

from [M-1]. Then we will prove
F3,t ~T

i
1—61 4

We consider the action of the groups on the image of V'~ = {v €
V; (v,v) <0} in the complex projective space. Since the signature
of the hermitian form is (1 negative, n positive), the image of V'~ is
a complex 2-dimensional ball. We find reflections {C;};-; 3 of order
3in rl”i—’ whose mirror normals {c;};= 3 satisfy

{c1, 2) = {c2, c3) = (c3, 1) = —ag,

where —a¢ is the inner product of the mirror normals, {¢;}, corre-
sponding to the generators of I'; ; and hence
~ 2sin} 37

Since the action of PU(1, 2) on the ball is transitive, the isometry
of the ball taking the system of mirror normals {e;};—; 3 for the gen-
erators {R;},—; 3 of I'; ; to the system of mirror normals {c¢;}; 3
induces a monomorphism of I'; ;, to ({C;},~; 3), the subgroup gen-
erated by the {C;},—; 3. Then we show that the {C;},-; 3 generate

T, ...

> 2

We motivate the choice of the {Ci}i=1,3. Each reflection on V' has
a fixed point set in the projective space consisting of a point (the image
of the mirror normal) and a line (the image of the mirror). Note that
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the line and not the point lies in the negative ball since the mirror
normals lie in the positive cone. Let ei, a7, a~, and b/ denote
the lines in the ball fixed by the B;, 4;, 4}, and Bj respectively. The
following diagram gives the configuration of these lines in the ball; all
intersections of the complex lines are orthogonal.

I
N1 7

These lines play an important role in the fundamental domain Q de-
fined in [M-1]. Since T ot does not satisfy the necessary condi-
tions for it to be a dlscrete group, the Q is not a fundamental domain
for I, Ty However, studying Q does give a clue to the choice of
the {C }, 1, 3 Label the points defined by the diagram as follows:
h=ainet, ty =af-neit, rn=0b'net, andr) = bt neft. In
the complex geodesic line ej, the points ry, r}, t;, and #; form a
geodesic quadrilateral.

The reflection B stabilizes e;- and affects a rotation in e;- around
ry through an angle 272 = 8 where g is defined by

L1 1
%

SR
Q| =

From (2.10) the u = (41, ..., us) corresponding to (p, § — %) is
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given by

1 1 1 1 1 1 1 1 1 1
(3.7) #—(5—5,5—5,5—5, -6-+b-,2<g+5)).
So k4 and kys, the orders of the 4; and B} respectively, are (refer
to (2.8) and (2.9))

ky=(—m—p)™ =3 and  ks=(1-ps—ps) ' =1.

Now, kys is the reason u does not satisfy ZINT. The Q is too large
to be a fundamental domain for T, ot and 92 | the angle of rotation
of B}, is too large. If one can choose n e Z such that 3n = 1modg,
then B} is a rotation through an angle 2 7 Hence Bj't; = u; and
By "u; = t;. Since A, is a rotation through an angle 35 at ¢,
C, = B"4,By"" is arotation through Z at u;. Let C; = B;Z AiBi”!
for i =1, 2, 3. Adding {C;};=; 3 to the set A that gave rise to Q
(see §2) should cut down the size of € and it turns out that these are
exactly the reflections needed.

Recall that we need order 3 reflections {C;};—; 3 whose mirror nor-

mals {c;};=1 3 satisfy

3
<C1 s CZ) = (Cz, C3) = <C3, C1> = ——3——e

Since we are choosing C; = B]" | A;B;" for i=1,2,3, the mirror
normals are precisely ¢; = B]" ;a; for i =1, 2, 3. We begin with a
lemma.

. defined previ-

LEMMA. Let {B}i—1 3 be the reflections in l“p’;_
ously. Define q by 1+ 4 =4. For t € {35, 15, 35> 35, 3} wecan
choose n €Z such that 3n = 1lmodq. Define C; = B" A;B;" for

i=1,2,3. Then the mirror normals for the {C;},—; 3 are

0 s
¢1 = Bi'a, = ( 712_2) , G=Bf'ay= ( 0 ) ;
-n*¢ n’
”2
= By'a3 = (—'7252) ;
0

where n = e and ¢ = e™ s,

[N}
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Proof of Lemma. We have computed B;" previously in this section.
For the specific n and g chosen above, the B}" can be simplified as
follows. ~

Since 3n = 1modg,

3n = —l-modZ and —3n_Z1 odZ.
q q q
But ‘71=11,—% so we have

which implies
e?.ni(%——é) — [e2m‘(§—%)]n.

We write this equation as

From this we get

[1—(—716)”}: 1 +e%n? | 1
1

1+ 76

Substituting for ¢ in Z gives
- . —2 -2 .
E=nig—n*d —n*¢ —nip
= nigeS (e Tt +e it +e7F +e%).
Combined with the above we get

= (1 — (=n%)"

o > =e5'nip = —e 3nig.

Similarly,
Y =-nigle 3t +e In? +1),

T () = nié

SO

Note also that ., _
¢ +e 3 nt =y,
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Together, these equations imply

1 0 0
(3.8) B'=| —e 3nip e 5n* 0
-nig 0 e 5n?

and hence

232
Blna _( ”(p)_
1 42 = 0 = 0.
2
n

From the symmetry in the {B]},—; 3 and the {a;};,—; 3,

22
02 1’ ’12—2
C = n ) ’ 6= O s C3 = -n2¢ .
_nz ’72 0

We now show that

{c1, ) _ —ﬁe"T"
({c1, ci)ez, €2))? 37
First
(c1, ) =—ap—6.
Next
(c1,c1) =2+ a4 +_¢—>3),
Hence
{c1, ©) _ —ap — 52
((ers a)(ea, ) 2+ a(@3+8)
gD )
2n-mM+i(d3+¢)
Now, since p = 114, notice that

—ﬁqﬁ — -—e%e%(%_é) = —enT”

Using simple facts about 6th roots of unity and the previous equations
involving ¢, one shows that

nitn’s -3 __ V3
Q- +i+) 3
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The final step is to show that the {C;},—; 3 generate the whole
group. Since I' . 1 _. is generated by the {R;};1,3, we show Ry =
JC,Ci_y for i = 1,2,3. By symmetry we need only exhibit the
case I = 1, and since we only need projective equality, we show

RiJC,C; = %721 . From (3.2) and (3.8) we have

C = BgnAlB;_n
nig 0 0
=| 0 eIMiG-ne 3G - etip
0 e esTigp
and hence
e3P - 5§ —e¥nip 0
C3 = e?ﬁz e?ﬁiq& 0_
0 0 7id
Finally from this and (3.1) we get
e 0 0
RJCCi=]| 0 %7 0

This completes the proof of Theorem 3.1. Notice that in addition to
the three isomorphisms stated in the theorem we have also included
in the proof

r ~T and T ~T, 5.
12 3,1 —30,4 =132

13
All five of these isomorphisms play an important role in the next sec-
tion.

4. Mostow’s conjecture on the discreteness of monodromy groups in
PU(1, 2).

Mostow’s Conjecture. Let u be a disc 5-tuple. Then T, is discrete
in PU(1, 2) ifand only if u satisfies ZINT or I', is commensurable
with T, where v is a disc 5-tuple satisfying ZINT .

Mostow found that any x not satisfying XINT with I', discrete
[M-4] is on the following list of nine (the corresponding (p, ¢) is given
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whenever u; = yy = u3):

1 3 5§ 5 10
(ﬁ’l_z’ﬁ’ﬁ’ﬁ)

1 1 4 7 7
(ﬁ’ﬁ’ﬁ’ﬁ’ﬁ)

3 3 4 9 9
(ﬁ’ﬁ’ﬁ’ﬁ’ﬁ)

4 5 5 11 11
<T§’T§’T§’ﬁ’1—8>
(5o bty 2)— (2. )
127127127127 12 712
(L5524 — (0. %)
157 15715715’ 15 7730
(B85 114 (15,2)
30”30”30 30 30 > 30
(40510 ()
24°24°24° 24’ 24 > 24
(2.20.20 8 19) (a2, }).
42° 427 427 42° 42 21

Theorem 3.1 proves that five of the nine have I', commensurable
with T, v satisfying £ INT. For the four remaining y in the list we
prove the following theorem.

THEOREM 4.1. There exist monomorphisms

F3OHF(5 L 10

122127 |2 12212

FS_LHF(|1477),

> 10 1071071010 10

and the following isomorphisms

r7_3_ *—*r(3 3 4 9 29

>4 142142 147 142 14

F9.+—+F(ss4..11.

> 18 182187187 18 18

Proof. The monomorphisms are explicitly constructed as before. In
this case we map the generators {R;};-; 3 of I'; o and I's 1 10 reflec-
tions in the corresponding I',. Hence we must find mirror normals
{c¢i}i=1 3 that satisfy

-1

-1
(e1, ) = ey e9) = o3, 1) = —ad = 5 = =
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in the case of I'; o, and

u

—@ 30
ci,C c,c3)=(c3,C)=—0p=5—F
(c1, c2) = {2, c3) = {c3, 1) = —ad TSnE
in the case of F5 . The computations are complicated by the fact
that no three of the u; are equal in either case. We begin by giving
generalized matrices and mirror normals in terms of the u parameters.

Given u = (u;, ..., Us), associate to each u; a complex number

Ml — ezn\/__l(l—ﬂ,)'
Recalling how the B;, 4;, A} and B] were defined in §2 we see that

the multipliers for them are M, M;., M;M,, M;Ms, and M4Ms;
respectively. By multiplier we mean, for example

Bi(x) =X+ (M;_ 1M — 1)(x, ee;.
Let

SINTTW; | SINTTU; )%
sin7(Q; + i—1) sin (i + fit1)

Then the matrix of Hy with respect to the e-base (the {e;},—; 3 are
the unit normals to the mirrors of {B;};~; 3) is:

Qjyl j—1 = &j—1 i+1 = (

L L ~1 —1
~1 -1 L 1
1 1 —1 -1
a31M22M43 a32M1 2M4 3 1

Now one can write down the matrices of the B; and the A4; in the
e-base. In this general setting the e-base comes from normalizing an
e'-base that satisfies
(€’~ €’~) - sin 71'(,111 1t ﬂ1+l) sin ﬂﬂ3
b SINTW; 1 SIN T,

Set B; = (e}, e!): and B;; = z+. A computation like the one in §3
I
with the more general matrices gives the mirror normals to the 4; as
L 2
—MiBis —‘1 —M; B
= 3 = —M 3 = —_
a = —-M43B23 , 4B2l , as 1

2 1
-1 —M; B3 -M; B3
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122122122 12° 12

We now show that I'; g —TI's 5 5 1 . Let

ni

- _sni
co=a, cy=escey, Cc3=e BA)-es.

The {C,'},‘=1,3 are given by

-1 e’ My M; B3
o= —M;Bn |, =101, =% Mszﬂn
-M; B3, 0 MyM, + 1

Since (e;, e;) = 1, ¢, and c; are clearly unit vectors and it is not
hard to see that c; is also. One computes that

M;%sinnuz N M3% sin7us
sinz(uy +p3)  sinzm(uy +43) |’

(c1,c) =—e % [1 +

1
w1 B MM sinmp,
cr,c3)=es M3 | M EL -
(€2 ¢3) 4 [ 2 B3 B1B3sinmuy

M (MM + 1) sin g
+ : s
B1 B3 sin iy

_Sm
—e 1B L .
(c3,¢1) = BB [MzMj (ﬂlz + ﬂ% + ﬂ% + 4sin nu4>

1Sin Uy

ot
2 sill 7t‘l2 (:]tlé']td:i '+' ]tla '+' 1‘424 :)

-2
M, M ? sinmug + B2 sinnu
sinzu; \© L 3 AN

After substituting u = (TSE’ T3§

that indeed

5 1 10 . .
SvERVE TZ) for the u;, one verifies

-

{c1, ) =(cr,c3) =(c3,¢1) = 1

V3

Now forthe I'y - . - s case we choose mirror normals {c;};-; 3
such that

10°210°10°10° 10

em
30
e, 0 =(cy, c3) = (c3, €) = ————.
(c1, c2) = {c2, €3) = {c3, c1) TsnE

Let

131

co=eYa;, co=(444) " 'a, c3=e Be.
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In this case

1
(A1 434;)
3m _m 2Ty T 2 _mi _dm
es +e’ s 2cos(L)es e5 +e s +e s +1
— Il — I
= —e > O e 5+1
200s—75” 2cosz?"
4mt _4dm 2m 21 .14 _u _3u
es 4e” s +es 2cosT es +e s +e s
Also

1 0 0
By =| (Mi\M3—1)H\, M\M; (M\M;-1)Hs
0 0 1
( 1 0 0
2ni _2mi .13
= es e s es
0 0 1
since
1 o B sin £ ;
ZSm% sin‘l‘_g
H _ e_ul'(z)u' 1 e 10
- Zsm§ Zsm%
i T — Uz
(Sf—ni_%)z e 1
sin 3% 2sin %
Thus we get
a1 8ar
—es —e 15
—eYa =et | = | = —e
Gr=esdr = ZeosZE | T | 2c0sE | o
-1 —e5
0
—1 _e_zgi
¢ =(didsd)" a1 = | 5= |
0

and
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1 e
c3=es B =es |es | =] -e% |,
0
which gives
—n lam — ni
( ) e s + el + e
C, )= T o T b 3
2 us 2 2n .4
4cossins  (2cosF)?  4cosEsin %

I

—e 1
"~ 2sin} (2cos Z)2°

(Cz 6'3) + - .
’ 4cosZsinZ  2cosZ  2sin} 2cosZE’

and
( \ ¥, ew e’ cos 2%
3, ¢p) = —e5 —
’ 4cosZsini  sink
— U 8zi L
e 3 e e

2sin % 2cos3§ 2sin%

Ini

_ —ew 1
2sin§ 2cos

Now since we find that

1
(Cl s cl) (2 COS )2 )
1
(€2, C2) = Goos 2 )2 , and (c3,c3)=1;

after normalizing the ¢; we are left with

Tnit
_eﬁ
(c1, ) ={c2, c3) = {c3,¢1) = TsnZ

as required.

Notice that since all four groups are arithmetic lattices, the I', ;
inject as subgroups of finite index. Hence the I'; are commensurable
with groups satisfying ZINT.
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The isomorphisms are proved in a similar way and are in fact part
of a more general statement given by Deligne and Mostow in a paper
to appear. From the viewpoint of Theorem 6.2 we can make the
following statement that includes these isomorphisms. For each p €
{5,6,7,8,9,10, 12, 18} the following groups are isomorphic:

T

F( >~ F( ,

:F(

ol

1
2

N
[

L 11 1_1 i)
s »°27 522 5%

Nl—
N -

+

s

21
p’2
1

P b

2
rE
L
»’

S~ NI

)
).

Ni— S —
" S

L
2

NDl—
N
-

Together Theorem 3.1 and Theorem 4.1 verify Mostow’s conjecture.

5. The volumes of fundamental domains for the I',. In general it is
difficult to compute the index of one infinite group inside another. In
86 we determine indices using ratios of the volumes of fundamental
domains computed here. Let Q be the region defined in [M-1]. Q is
a fundamental domain for I', ; modulo (J), the subgroup generated
by J, the cyclic automorphism of order 3 permuting the generators
of I'y,;. Some of the I', ; do not contain J in which case Q is a
fundamental domain. Carrying out for general (p, ¢ ) the computation
done in [MS] for (5, 2‘3) gives the following theorem of Mostow and
Siu.

THEOREM 5.1. Let T, ; be a lattice with p = 3,4,5 and |t| <
53—+ Then
vol(Q) = 27% |3 1.1 2—t2
= 575 .

In case |¢| > 5 — 7 we have the following,

THEOREM 5.2. Let Ty, be a lattice with p=3, 4,5 and § -1 <
1] < 3(4 = 1). Then

vol(Q) = n? [3 (% - %) ~ t]z.

Proof. The computation is the same as in [MS] except when % -
5 < |t| < 3(3 — ;) the combinatorial type of Q changes; that is,

the A3p;, Az13, Ajzn collapse to a point and hence drop out of the
computation. Also, the quadrilateral #,3p3;t3p02; in R, le‘l has
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angles

1 1
Ipntppsi=nlt+|=——=1),

Zporit =n|(t-— l—l
D21123D31 = 27 p

- fsan (7)) -2eo-1- (552

The angles in A3 are
5 . 74 1 1
113523821 = £113521823 = 7 (l‘ - (- — _)) ,

£533113821 = 4812131831 =

< |§

and so the area of A;,3 is

o Ben(-G-B)) B3

Carrying out the computation with these values and without the A3y
term yields the result.

Next, when p > 5, we have us4+us < 1 and the fixed point set of the
{B!}i=1,3 are lines not points, resulting in an increase in the number of
2-faces in the computation. There is still a great deal of cancellation,
but not quite enough. Integrals of the logarithm of the Jacobian of
the element J over surfaces that are not geodesics remain. Rather
than trying to evaluate these integrals, we use an alternate method to
compute the volumes.

We remarked in §2 that we could use the fact that B* /T, ~ Qy, in
case u satisfies INT (i.e. I', ; with p even), to compute the volume.

We begin by choosing a torsion free subgroup I'y «I', of index m
in I';,. If we define Y = B* /Iy then the projection

Y = B+/T,

|

Ot =~ B+/F,,
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isan m to 1 covering map off the branch locus. This implies that with
respect to the volume induced from the ball, vol (Y) = m - vol(Qy;) .
But vol (V) = 87”2 -x(Y). Hence we need only compute x(Y). But
x(Y) =m- x(Qs)—correction for ramification. We proceed with this
calculation.

We work under the assumption that u satisfies INT. Let L;; =
{z|zi = z;} whenever u; +uj < 1. The L;; are all exceptional lines
in Qg if u;+p; <1 forall i,j [DM] and 7 ramifies only over
the L;; ~ P!'. If four of the lines are blown down, Q; may be
P2 and then the lines L; j are not exceptional. However, under the
assumption that u;+u; < 1 forall i, j € S, there are ten exceptional
lines with the following configuration

/1 N\

(5.3)

I
A\ 7

Notice that the line L;; is the line fixed by @ . Thatis, L;_; ;4
comes from B;, i=1,2,3, Ly and L;5s come from 4; and 4}, i =
1, 2, 3 respectively, and L4s comes from the Bj. The ramification
over the lines comes from the orders of the corresponding element as
follows.

We want to determine the ramification of 7 : ¥ — Q, over a
point y € Q. Let V' be a suitably small neighborhood of y in Qy
(for precise details see [DM, §8.2]). Define the decomposition group
D, to be the image of n;(V'NQ,0) in n;(Q, 0). Then

n=!(y) = mo(x~ (V' N Q) = Dy\ni(Q, 0)/6"(Tp)

SO
[Tu/Tol __m
16(Dy)|  |0(Dy)|

If ye Q then (V' NQ, 0) is trivial and |z~!(y)| = m which we
know since 7 is an m to 1 covering map except over the L;;. Hence
we need only determine for each y € L;; the order of the image of
D, under the monodromy homomorphism 6.

[n~ ()] = 10(Dy)\I'u/To| =
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If y ison L;; but not on any of the other lines, then V' NQ is just
C?2 with a complex line removed and hence the decompostion group
is generated by a loop around the line. The image under 6 of this
loop has order equal to the order of the element associated to L;;.
Hence

|60(Dy)| = kij (recall that k;; = (1 — u; — ;)™ ).

Next consider y € L;jNL;,. Then ¥ NQ is C? with two lines
removed and the image of the decomposition group is the sum of two
cyclic groups, hence

160(Dy)| = kijkig-

We can now proceed with the following theorem.

THEOREM 5.3. Let u be a disc 5-tuple with u, = u, = us that
satisfies INT and such that p;+pu; <1 forall i+ j. Then

2
vol(B*/T,) = n? Il—t—@f—“@ - 412} .

Proof. From the above discussion we need only compute x(Y).
Choose a triangulation on Qs that includes the triangulation of each
L;j ~ P! which consists of vertices at 0, 1, co on the equator and at
i, —i, the North and South poles and includes the edges connecting
each of 0, 1, oo to the other four points. Also choose this triangula-
tion such that if two of the L;; intersect, then the intersection point
is a vertex of the triangulation of both lines. Take n~! of this tri-
angulation of Qs; as a triangulation of Y. Let v; = the number of
/-dimensional cells in the triangulation. Now we compute v;(Y) as
m - v;(Qs;) with corrections for /-dimensional cells in the L;;.

m
w(¥)=m- v(Qu)— Y, (m - ET)
LNL, 1j™q
i,j,l,q distinct
in{1,...,5}

m
-2 m-——J.
2 ( k,»j)
L,
1<i<j<5
Here the first sum is a correction term for the vertices that are inter-

section points in figure (5.3). The second sum is the correction term
for the remaining two vertices in each line L;;, 1 <i<j<5. Next
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note that there are 9 edges in the triangulation of each L;;. Hence

vi(Y)=m-v1(Qx) — Z (m—]%)

1<l<j<5
Similarly there are six 2-faces in each L;; so
m
n(Y)=m vy (Qs) — Z <m - k_>
ij
1$z<]§5
Off the lines L;; we have
v3(Y) =m-v3(Qs), va(Y) = m - v4(Qs).
Taking the alternating sum we get

1 =mxQ0)- 3 (m - W”,’;;) ; 1%55 (m _ kﬁ) |

i,j,l.q
distinct

Since u; = u, = u3 we have

_(r_ 1t r 11 1.1 .3 ¢ 1 3 ¢
P=\2"pr 27 pP 2 p> 3" 2p 223" 2p"2)

Under our assumption that u satisfies INT, the k;; are integers and
we compute for i =1, 2, 3 that

2\7! 1 1 t\!
ki—l,i+1=<1—)> > ki4=(z—5+§) )

1 1 \! 1 3\°!
o=(3-51) « ke=(373) -

In this case Qy; is complex projective 2-space P? with four points
blown up, so x(Qs;) = 3+4 = 7. From figure (5.3) note that there are
6 points where A4; meets A}, 3 points where B; meets A4;, 3 points
where B; meets A4}, and 3 points where B; meets B’;, hence

o= [ (1-[(a-3) 5]
E 2i503)

_ 3 2 60 _ 32
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From this we compute

2
Vol(Y) = - - 2 x(¥)

- 81 (m [—3—2(;)2 +12p — 60) — %RD
[p +12§n 60 4t2].
p

This completes the proof. Next we consider a set of x4 which satisfy
INT but now with u; + us >1 for i=1,2, 3.

VOl(Qst) =

§I~§I~

THEOREM 5.4. Set u = (3 _1_1)’% l,é },,-, 2+2) For p €
{8,10, 12,18}, u isa dzsc 5-tuple that satisfies INT and
vol(B*/T,) = [%} .

Proof Under these assumptions, the lines in Q;; coming from the
VR Lis, i =1,2,3 are blown down and the configuration of
hnes is

(5.4)

57 B N

The computation is the same as in Theorem 5.3 except we omit the
A’ lines and need to determine the ramification over the points where
three lines meet. From the proof of Lemma 10.3 in [DM] we have
that the order of the decomposition group is

11 1 -
—t—+——1
{2<k1+k2+k3 ) }
where the k, correspond to the three intersecting lines. Notice that

this point of intersection is A;,_;NA4;.,,NB; for i =1,2,3. Since
in this case k;_; 41 =% and k4 =2, i=1,2, 3, we have that the

2
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order of the decomposition group at 4;_; N A4;.1 N B; is

2
1 1 2 - 5
[2(-2-"'54';—1) :| =p-.

Using this information we can complete the calculation.

vo(Y)=m-u(Qs) = Y <m - k—m—>

ﬂL l—l,l+1k45
=1, 1+1
=23
-y <m__m_
ki1 iv1k;
Ll—l,H—ImLM ! l,l+l 14
i=1,2,3
- E (mz)2 ()
i=1,2,3 f
1<l<]<4
m
viiY)=m-v -
W =mn@)-9 ¥ ( k,,->
l<l<j<4
m
va(Y) = m-vy(Qu) - Z m
k]
l§z<J§4

v3(Y) = m - v3(Qs)
va(Y) = m - v4(Qs)

Taking the alternating sum and noting that since three lines have been
blown down, x(Qs) =4, we have

X(Y)=m[4—3(1 2(%—%))—3(1‘56))‘3(1_%)
SCHRICHEIEE))

e [e23)]
This gives
vol(B*+/T,) = 8_’3f [3(sz 5)] _ 2 [S(pp; 5)]

to complete the proof.
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We have only dealt with u satisfying INT. In the case of u satisfy-
ing ZINT we study the I',z of [M-2] mentioned in §1. The proofs
are much the same, with some modification that we give in the proof
of Theorem 5.1'. We use the notation 5.1’ since we are consider-
ing exactly the same class of groups as in Theorem 5.1. The formula
for the volume is divided by 3 since the formula in Theorem 5.1 is
for a fundamental domain of I'y ; modulo (J). If J € I, ; then
Iy, ~ I'ys and the formula in Theorem 5.1 is too large by a factor
of 3. If J ¢ T, ;, then (I, ;, J) I,z and Theorem 5.1’ gives the
volume of a fundamental domain of I'5.

THEOREM 5.1'. Let u be a disc 5-tuple that satisfies LINT and
such that pi+u; <1 forall i, j except ps+ps > 1 (this is equivalent
to p <5). Then the volume of the fundamental domain for T,z is

2 2
2 [3(1—1> —tz].
3 2 p
Proof. The role of Qs in the previous theorems is played by Qs;/Z
as follows. As in §2 let S =.S;US, be a decomposition of the set S
into disjoint subsets and assume that u; = u, for all s,¢€ S;. Let
T denote the permutation group of S;. Then T operates on PS by
permutation of factors and hence on the subset M. Let Q' denote

the subset of Q on which X acts freely, 0 a base point in @', and 0
denote the orbit X0, and let

s : n,(Q'/Z, 0) — AutB*
denote the monodromy homomorphism. Then we have
Ost/X ~ B+/r,u):

where
Iz =m(Q'/Z, 0)/Ker 5.

Now we choose I'g<I'y5 torsion free with |I',5z/Tg| = m as before.
Let Y = B*/Ty and n: ¥ — @,/ be the ramified cover. Let
y € Qs; and V be a suitably small neighborhood of y in Qy; so that
the image of #;(V NQ’, 0) in n;(Q’, 0) is the decomposition group
D, as before. Then the image of

i (1(V¥ nQ'),0) — m(Q'/Z, 0)

is the decomposition group, D) (t is the orbit map Q' — Q'/X).
We need to compute the order of 0x(Dy) for all y € Q5 such
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that |7~!(z(y))| # m. In addition to the points in the L;; we must
consider points where the action of X is not free. Next we determine
all such points, where in this case we have S; = {1, 2, 3}.

Let o denote the transposition (12). Then o acts on My, by

(21, 22, 23, Za, Z5) — (22, 21, 23, Z4, Z5).

The line Ly ={(z, z, z3, 24, z5)} is fixed by ¢. To find points in
O fixed by o we consider the PGL , action and solve for points that
satisfy

(219 225 23, Z4, 25)
=(gZz,g21,ng, 824, gZS) forsomegePGLZ'

If g fixes three points then g =identity, so assume z3 = z4. Then
by changing g we can assume z3 = z4 = oo and that the other fixed
point is zs = 0. This implies g(z) = az for some a €C, hence
z; = a*z; and we take a = —1 to get the point (z, —z, 00, 00, 0)
in Li4. Similarly we get (z, —z, c0, 0, 00) in L3s. Although in
cases later on we have (z, —z, 0, oo, 0c0) in Lys, this point does not
appear here since ug+ us > 1.

The permutations (13) and (23) fix the lines L;3 and L,3 respec-
tively, and contribute points in L,4, Lys and L;4, L;s exactly as
above. In the quotient Q;/X, the lines coming from the B;, i =
1,2,3 (i.e. L;_j;;;) are identified so there is only one resulting
line in the quotient denoted by b. Likewise the Ly, i = 1,2,3
are identified, as are the L;,5, i = 1, 2, 3 and we label the result-
ing lines a and &' according to the associated elements. The points
(z,-z,00,00,0), (2,00, -2z,00,0), and (00, z, —z, 00, 0) are
identified in Qy;/X and we call the resulting point a, € a. Simi-
larly the image of (z, —z, 00, 0, 00) in Qy/Z is called a, €a’.

Finally, we must check the 3-cycles. Let J denote the permutation
(123). Then

J
(Zl, 27, 23, Z4,Z5)—>(Z3, 21, 22, Z4,25)

clearly fixes the point r = (z, z, z, z4, z5) where the L;_y; 1, I =
1, 2, 3 intersect in Qs . Next we take the PGL, action into account
and solve

(Zl s 225, 23, Z4, 25)
= (823, 823, 8§22, 824, gzs5) for some g € PGL,.
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Since z4 # zs in this case, we assume z4 = 0 and z5 = co. Then
from z, = a3z, we take a = w = e% and denote the image of
(1, w, ®?*, 0, 00) in Qy;/T by gq;. Hence in this case the configura-
tion of lines in Qy,;,

/ \

becomes

(5.1)

/ \
in Qy/X.

Recall that when u satisfies XINT, S; = {1, 2, 3} is the set of
indices where k = k;j = (1 — u; — u;)', i, j € Sy is a half integer.
The permutation group X on S; was introduced so that the order of
the image under 0y of a loop around the image in Qy;/Z of the C-
line coming from when two coordinates z;, z; coincide is 2k;;. For
the precise details see §3 in [M-2], specifically Lemma 3.9. Thus the
decomposition group has order 2k;; at those points in L;; fixed only
by the transposition ( ij ).

There are two points r and ¢; remaining. The point g, is isolated
from the lines L,; and since the group fixing g; is ((123)), the
decompostion group has order 3. The point r = (z, z, z, z4, z5) 1S
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the intersection point of the lines L;_;;.;, i =1, 2, 3 coming from
the B;, i =1, 2, 3. The decomposition group has as generators, the
images of loops passing around each of the lines and, as a subgroup
of I',z acting on the ball and fixing a point in the ball, it is generated
by conjugate reflections of order p. By the classification of complex
reflection groups in C 2, the decomposition group has diagram

3

The order of this group is 24(17%)2 . We complete the proof as before.

Choose a triangulation of Qj;/Z that includes vertices in each of the
lines a, a’, b exactly as before. In each line choose the points labeled
in (5.1) as three of the vertices, i.e. in a choose the points s, ¢, and
as,in a' choose s, t and aj, and in b choose ¢, ¢, and r. From
the previous discussions we list the order of the decomposition group
at each point.

s kigks
t 2kk;q
¢ 2kk;s
r \?
r 24 (m)
ag 2k,‘4
a 2k;s.

The order for all other points in a, a’, and b is k4, k;5, and 2k
respectively. We also include a correction term in v4(Y) for the point

qj.
vo(Y) = m - vy(Qs:/X) — (correction terms for s, ¢, ¢, r, aq, a,, 4)
-2 (correction term for remaining vertex in a, a’, and b)
vi(Y)=m-v(Qs/%)
-9 (correction term for an edge in each of a, a’, and b)
(YY) =m vy(Qs/X)
— 6 (correction term for a 2-face in each of a, 4’, and b)
v3(Y) = m-v3(Qs/X)
va(Y) = m - v4(Qst /).

Now taking the alternating sum, writing out each term, and taking the
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value of x(Qs;/X) from [KLW] we have
e b
)-(-5)

+(l_(g-5g—-§))+(l—(%—z%+%>>]

16p2 4
Therefore
872 [3(p—2)2 2] 2x2 1 1\*
+ === I _
vol(B* /T ,z) = [ & 4] 3 3(2 p) 2.

We use this method to compute the volumes in the rest of the cases
where u satisfies X INT. The only differences are in the configuration
of lines and whether X = X3 or X;. We begin with the u satisfying
ZINT and such that u; +pu; <1 forall i #j.

- 1 1_1 1 2
THEOREM 5.5. Sef ,Lt-.(%—~1—,, -1, 7-.!‘—,, §+3,5+32). When
p=7o0r p=9, u is adisc 5-tuple that satisfies XINT and

72 [p? +12p — 60

< 3 — 472

vol(B* /T ys) =
Proof. In this case Sy isstill {1, 2, 3} so £ =X;. Since us+us <
1, there is a line L5 in Oy and the configuration of lines in Qy; is
as shown in (5.3). Hence in addition to the points that are fixed by
elements of X3 found in the proof of 5.1’, we must look for points
where z4 = z5.
In the case of transpositions o, we mentioned before that there is
a point b, € Qy;/Z3 which is the image of (z, —z, 0, 00, 00) € My;.
Now for the three cycle (123) which we denote by J, we solve

(219 22, 23, Z4, 25)
= (823,821,822, 82, gz) for some g € PGL,.
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Set z; = 0,2z, =1, z3 = co and note that g(z) = 1/1 — z maps
0 - 1 — co — 0 and has fixed points z = —w, —w?. Note that
(0,1,00, —w, —®) and (0,1, co, —w?, —w?) are identified in
Qs:/Z3 since (12) - (0, 1, 00, —w?, —w?) = (1,0, 00, —@?, —w?) =
(g0, g1, goo, g(—w), g(—w)) for g(z) = 1 — z. We denote the
image in Qy /X3 of (0,1, 00, —@, —w) by b/,.

Hence the configuration of lines and points where X3 does not act
freely is

(5.5)

4 A

18,

Choosing a triangulation as in the previous theorem and writing out
v;(Y) with correction terms for the points a,, ¢, s, a,,t,r, b, , b}
and g, as before we get (using x(Qs;/Z3) =5 from [KLW])

= [-3 (gD B -4 o3)
(G54 G

[iop -] -5 (5-5)

-[1-3G3))- (-5 6D
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Hence we compute the volume as before and get

872 [p2+12p-60 £
vol(Qu/%s) = 41 |22 ]

16p2 4
_n?[p?+12p—60 2]
- [__p2 a2 .

Next we consider a case where £ =34 and u;+u; < 1forall i, j.

THEOREM 5.6. Set p = (%—1-‘,
or p=9, u is adisc 5-tuple that

vol(B* /T z) = i [8(” _ 5)] .

Proof. Here we must find the points where X; does not act freely.
We begin with the transpositions. Clearly the line L;; where z; =
zj, 1 <1< j<4,is fixed by the transposition (ij). Note that
these lines are identified in the quotient Qg/Z4 (the lines L;5,i =
1,2,3 and L4s are also identified, but they are not fixed by any
element of X, ). There are points of the form (z, —z, 0, 0o, oo) that
include any permutation of the first four coordinates. These points are
identified in the quotient and, as in previous theorems, we denote the
point in the quotient by b/ . In addition, there are points of the form
(z, -z, 00, 00, 0) that are not only fixed by (12), interchanging z
and —z, but also (34) and (12)(34). The image of these points in the
quotient is a, as before. Next we consider the rest of the points fixed
by (12)(34).

For the product (12)(34) we solve

(gzl> 822, 823, 824, gZS)
=(z3, 21, 24, 23, 25) for some g € PGL,.

Notice that g2 fixes the five points z;, i = 1,...,5 and hence
must be the identity. We assume z5 = co and so g( ) is the involu-
tion g(z) = ¢ — z for some ¢ €C. This gives a line of fixed points
(y,c—y,w,c—w, oo) which, after applying

_Z7Y
g(z)_c_zy
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and changing coordinates, can be written (0, 1, x, 1 — x, oo0). This
line contains the point (0,1, 4,1, 00) € a3 which gets identified
with a preimage of a, in Qs by

1 1
g(x,—x,oo‘,oo,O)— <O, 1,5,5,00)

z—X
2z

where g(z) =

The line also passes through a;nb;, = ¢, = (0,1,1,0, c0) and
anby =t =(0,1,0,1,00) when x = 1 and O respectively. If
we denote this line by /5 there are similar lines /;, i = 1, 2, each
intersecting a; and passing through two points #;_; and ¢,,,. The
li, i=1,2,3 are identified by X, in the quotient.

Although the lines are fixed by a subgroup of order 2 there are points
in the /; that are fixed by a cyclic group of order 4 (e.g. ((1423))).
These are points fixed by (12)(34) where z5 # co and come from the
involution g(z) = =, hence

(0,00,1, -1, z5) = g(c0,0, -1, 1, z5),

gives the points (0, 00,1, —1,17) and (0, c0, 1, —1, —i). We can

see that these points are also fixed by (1423) using g(z) = {f—j ,

g(0,00,1,-1,i)=(1, -1, 00, 0, i).

We denote the image of these points in Qs /X4 by g, € 1.

The 3-cycles in this case where S; = {1, 2, 3, 4} have fixed points
(1, w, w*,0,00) and (0, 1, oo, —w, —w) as before except that per-
mutations in the first four coordinates are allowed. The additional
points don’t add any new points in the quotient Qs /X4 as they all
‘get identified, and we continue to label the points the quotient as
b, € b' = a' and the isolated point g, .

The configuration of lines in Q;; (where the /; are shown as dotted
lines) is
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which becomes

/
b, 1

in the quotient Qg /4.

The image of the decomposition group under 5 at a, is generated
by two commuting reflections of order 2 and p, and hence being the
sum of two cyclic groups has order 2p.

The other decomposition groups are identical to previous cases, ex-
cept at the point 7. Let U be a small ball around a preimage of ¢
in Qy. Let U' = UNQ'. A preimage of ¢ in Qy is of the form
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(x,Xx,y,y, z) and locally the configuration of lines is

\ pad
\
7
ll \ as P 12
\ 7
\ 7
7
7 I\ b
3
7 ’ N
\
7
Vs \

The point (x, x, y,»y, z) has a dihedral group, D, (the Sylow 2-
subgroup of X, ) as isotropy group. Pick a base point 0 € U’ and let
0 = 7(0). We need to determine the image under 65 of n;(U’/D,, 0)
— m1(Q'/Z4, 0).

Consider the exact sequence

1 — m(U', 0) — 7 (U'/Dy, 0) — Dy — 1.

Now U’ is homeomorphic to C? minus the four lines, /,, b, a3, b3,
so n;(U’, 0) is generated by yy, ¥2, 73, ¥4 (i, i =1, 2,3, 4 conju-
gate to a small positive loop around /i, l,, a3, b respectively) with
relations those expressing that y;7,y374 (conjugate to a small loop
around the origin on a general line through the origin in C?2) is cen-
tral. Next write D4 = V' x Z,, the semidirect product of the 4-group
and Z,, where we take the 4-group V = (@, b) generated by the per-
mutations fixing the a; and b3 lines, and Z, = (/), generated by a
permutation fixing the line /; .

If we think of 7;(U’, 0) as a subgroup of n,(U’'/Dy4, 0) and write
y,, i =1,2,3,4 for the image of the y;, then 7,(U’/Dy4, 0) is
generated by 7;, i =1, 3, 4 with the property:

Y=y i=1,2,3,4,

and where the 7;, i=1,2,3, 4 map to li,l,,a,b in D, respec-
tively. Since the map w, of Q to the ball is etale, it follows that
Ox(77) has order 2. As noted before, 6x(73) and 6x(75) have order
p so the image of Os is (Z,®Z,)xZ,. The order of the group is
2p? and we can proceed with the calculation as before.

Choosing a triangulation as before and, after writing out the v;(Y)
with the usual correction terms and taking x(Qs;/Z4) from [KLW],
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0= o= (13 (-3)- (- 59)-(-3)
(364G
(403 0-(-3) (D)

-2
vol(B*/T3) = [2;25] _ %2 [8(pp; 5)}.

The following theorem is used with Theorem 5.6 in §6 to prove
that an inclusion of one class of groups in another is actually an iso-

morphism.

THEOREM 5.7. Set u=(5—1, 41— },,%—1—‘, 5, 3+3). Whenp=1
or p=9, u is adisc 5-tuple tha atisfies LINT and
_n*[8(p-5)
vol(B* /T 4x) 6[ L ]

Proof. Sy ={1, 2, 3} and the configuration of lines in Q;

\/
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becomes

bl

(5.7)

doo

in Qy;/Z3. Here the ramification about the b-line is p and about the
a-line is 2, hence the a-line plays the role of the /-line of the previous
theorem. For example, the decomposition group at the point ¢ is
precisely the same as the decomposition group at a, in the previous
case since they are both the intersection point of lines of ramification
2and p.

The only point that doesn’t correspond exactly to a point in the
previous theorem is s. In this case, the isotropy group in X3 of
(x,y,y,y,z) (apreimage of s) is just Z, = ((23)). Let U be a
neighborhood of (x,y,y,y, z) in Qi and U' = UNQ'. Then the
configuration of lines is

q, b,

We must find the image under 65 of n,(U'/Z,, 0) — n,(Q'/Z3,0).
Consider now the exact sequence

1= (U, 0) = n(U/Zy,0) - Zy — 1.

Let n,;(U’, 0) be generated by y;, y2, 3 (7:, i =1, 2,3 conjugate
to a small positive loop around b, , a,, az respectively) with relations
those expressing that y;y,y3 (conjugate to a small loop around the
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origin on a general line through the origin in C?) is central. Write
Z, = (b), b the permutation fixing b, .

n(U'/Z,, 0) is generated by 77, 7, (where 772 =y, and the im-
age of 77 in Z, is b). Since p is odd and 6y(y;) has order p,
Os((71, 72)) = Os((71%, 72)). Also, Os(y,) has order 2. Thus the im-
age of Oy is generated by a reflection of order 2 and one of order p.
The resulting group is not the sum of cyclic groups nor the dihedral
group because the image has a central subgroup of order p coming
from y;7,73. Hence by the classification of subgroups generated by
complex reflections of order 2 and of order p, the group is

4

which is of order 2p2. .

We thus arrive at the remarkable fact (5.7.1) the configuration of
lines for QL./Z4 and QY,/Z3 match, i.e. even the orders of the decom-
position groups at each point match up, where u and v are

l_(l_l 111 111 ﬁ) and
2 p’2 p’2 p’2 p’p
o

2 p’2 p’2 p’p’2 p

Hence the computation in this case is exactly as in Theorem 5.6 which
gives the stated result. In fact, Deligne and Mostow prove in a paper
to appear that

Q4 /%4 ~ Q5 /2.
The final computation is for the group I' 5,058 1 of the above type
except u; + us > 1 forall i.

THEOREM 5.8. Set‘uz(-zl--—},,%—},, ﬁ-,

1 |

27 2
case where u is a disc 5-tuple that satisfies XINT w
p =5, in which case

~ 3, 3). The only
ith 3+3>1is

a2
vol(B* /T ys) = n? [( 3p?) ] .

Proof. Here we have the same configuration of lines in Qy; as in
Theorem 5.6 except that the lines L;5, [ = 1,2, 3,4 are blown
down. That is, the configuration in Q;, (where the /; are again shown
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as dotted lines)

7
rd
- --"’

becomes in the quotient Q//Z4

(5.8)

The proof follows exactly as the others. The orders of the decompo-
sition groups are listed below since the points are exactly like ones
previously discussed.

24p?
(6 —p)?
t 2p?
ag 2p
g 3
do6 4

Now we have

0= 1= (1-58) - (1-5)-(--3)
(-3)- (=8 (-3)(-3)

—m. [(Ps;;)z] )
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Therefore we have

Vol(B* /T'2) = 8§2 ' [(1’8;;1)2] _ a2 [%} )

This completes the proof and §5.

6. Isomorphisms among monodromy groups in PU(1,2). These theo-
rems were discovered during work on Mostow’s conjecture. The simi-
larities between the orders of reflections in the groups suggested vari-
ous isomorphisms. The computer investigation revealed that in many
instances isomorphisms could indeed be constructed. The first is a
more general statement of Theorem 3.1.

THEOREM 6.1. For each t € {0, 245, +15, 15, 55, £, £,
+1} there is a monomorphism:

which is an isomorphism whenever 3 does not divide 1% .

Proof. This theorem can also be stated in terms of the parameter p
as follows. For each pe€{4,5,6,7,8,9,10, 12,15, 18,24, 42,
00, —30, —12} there is a monomorphism:

T

+ l“3

SHNY

B
o=

1
> p

{Ri}iz1,23 —— {4;}j=2.1.3

which is an isomorphism only when 3 does not divide ffL .
Observe that in I .. we have

|
1+6r > 4

N

+

o _ —e3(i+d)
(i, eiy1) = —ap = W-

We now show that we can map Ry, Ry, R; of ' 2 ... to Ay, 4y,

1+61° 4 ' 2

As, respectively in I'; ;. Using (3.5) and noting that in I'3

n?=-% and 1+7*=1,
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we find
(@,a)  _ —3ap- 2711'5 2a7i¢? + an’$ — ¢
((az, a2){ar , a1))? 1+ 5 (712¢ + ’12¢3)
_ —i(@+n*o+ m¢2 i9%) _ _ —i(nd—ni¢?)
n—1m- ﬂl¢ —nig3 n(l —i¢3) — (1+l¢)
_ —ini* ¢} (§ it + ¢17%)

as required. Notice that for te{-3%.-1, 33> — 1, —3} we have

that 3 does not divide 1— This is precisely the condition that allows
us to solve for the »n in the Lemma of §3, and hence Theorem 3.1
proves that

F3 = r 12

1oz
l+6! 4 2
for the above values of ¢. Using the volumes of the fundamental
domains computed in §5 we find that theindexof I' 2 1., in I'3 ; in

T+61° 3" 2

the other cases is either 4 or 12 depending on whetherornot J €T3 ;.
A more detailed discussion is given in §7.

Now we turn to a theorem that generalizes the fact proved in [M-1]
that

+

FS 1= FS 1.
10 2
It gives an isomorphism between a class of groups where X = S3, the
permutation group on three letters and the {4,},_; ; are reflections
of order 2 and a class of groups where £ = S4 and which has no
obvious reflections of order 2. Given integers n, p, g set

m.op.o=(s-L L 1 1 1 1+1 L 1+l_l
M- p.0)=\3" 22722 2 p 2 a)’
Let I'yx,,,q) be the corresponding group and I'yx(z , o) the exten-

sion defined in §2 coming from the maximal subset where the u;
agree.

THEOREM 6.2. For each p € {5,6,7,8,9,10, 12, 18} there is
an isomorphism
Uusp2,-p) = Uys(p, e, 2

’ 2 p—6
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Proof. Writing out the five y; in each case we get

and
O
P30 5= 2 p>2 p>2 p>2 p’p)’

Notice that in going from the first to the second we’ve taken enough off
Us to make uy equal the first three u; = u, = us. This is significant
because the isomorphism is not among the I', northe I', ;. However,
note that in the case of u(p, 2, —p) we have the corresponding I', ; ~
I';s which is generated by the R;. Recalling the discussion of the
braid group in §2, we want to map the R; €T, » _p), coming from
turning / — 1 around i+ 1, i = 1, 2, 3 to the square roots of the
A; € T % 25 which lie in ruZ(p,g’,,—z_Lﬁ) and come from turning j

2,1, 3, respectively. For u(p, 2, —p) we have that
(2. ) and (2.10))

<

around 4 =
(refer to (2. )

e+ _o¥ed
RN esew
<e1’62>_-<82983>_(e3ae1)——a¢— ZSiIlE - 2Sin%'
Next notice that for u(p, §, 172%), t=2 -7 and so
$3 = et = emi(-3) = —in.
Replacing each ¢ by expressions in 7 yields
(@2, a1) _ an*¢ — 3ad — 2nig — 2a7ji¢? — 7> ¢’
T = : -3
(<a2 s a2><a1 s a1>)2 1+ ,1—17(’1% + 2¢3)
_ —aes[ns + 275 +2ﬁ3] — eyt = —e'?ef
l+n72+1+7 2sin 7

as required. This proves that I';5, > ) injects into I’ uE(p, 2, 22
Consideration of the volumes of the fundamental domains computed
in §5 (and listed in §7) indicates that this is an isomorphism. It is
an isomorphism at the I'; level only when I'y ~ I';5 (i.e. when the
corresponding p is odd). Notice that for both 5,% and 3, 775 it is the
case that I'y ~T';5 =T, ;.
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7. Summary of specific information about I', and I', ;. Here we
give the specific information in dimension 2 mentioned in previous
sections. This includes lists of lattices in the x4 and p, ¢ parame-
ters, and the volumes of the fundamental domains for the lattices in
PU(1,2). The following is the list of lattices given in [M-1]. For each
p,t, the corresponding u is given, where d is the denominator of
the u;. The orders of the elements 4;, A}, and B are p, o, and
7 respectively. AutQ indicates whether or not J isin I, ;.

RCP d du, du, dus p o T p t AutrQ DM
112 02 9 9 12 12 -2 30 1
2 3 5 22 23 10 15 -2 3 % 3
3 18 3 13 14 9 18 -2 3 % 1
4 24 4 17 19 8 24 -2 3 % 3
5 42 7 29 34 7 42 -2 3 3 3
6 6 1 4 5 6 oo -2 3 1} I
7 3 5 19 26 5 -30 -2 3 % 3
8 12 2 7 11 4 —-12 -2 3 4 3
9 10 3 5 6 5 10 —-10 5 {5 3
100 2 6 9 13 4 20 -10 5 % 3
1m 3 9 1 2 3 -30 -10 5 i 1
12 10 3 2 9 2 -5 -10 5 3
13 8 2 5 5 8 8 -4 40 310
4 12 3 7 8 6 12 -4 4 4 1 22
15 20 5 11 14 5 20 -4 4 3 326
16 4 1 2 3 4 © -4 4 1 3 3

Sl
-

17 12 3 5 10 3 —-12 -4 4 23
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Now we give the list of lattices satisfying INT in dimension 2 from

[DM].

_ o
k<

O 0 9 N L B W N

— —
—_ O

—_— = e
HOWN

_—
N W

NN = = e
- O O 00

NN DY NN
N N L R W

d
3
4
4
5
6
6
6
6

O o0 oo oo

10

12
12
12

12
12
12
12
12

12
12
15
18
20
24

du,

(NS S S

w N W

w»m 0 N N s W [ I S N

(98]

duy dpy duy dus

W W

[V, NV T = N -

1
2

NN W NN

wW N W

wn W

[V NV S U U N N

[SS T S N

w A W Wwn

W AN W s A WD

D W N o AN

12
12

-12
12
- 12
15
—18
20
24

—4

o O B O W ~

O = Wi A

[~ Sl Gl ooten

N

S Sl

P He Fs Sl Sl S-S

AutQ RCP
1
3
3 16
3
1
1
3
3
3 13
3
1
3
3
1
3
3
1 14
1 17
1
3
3 15
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The following is an updated version of the list in [M-2] of lattices
satisfying XINT. All x4 not satisfying XINT with I', discrete are
added to the end of the list.

d du,
10 3
20 6
14 5
18 7
18 7
6 1
6 1
6 1
10 2
12 2
12 2
18 2
14 5
18 7
42 15
30 13
24 11
42 20
12 7
30 16
10 1
12 1
14 3

3
6
5

3
9
5

N 9N R W W NN

~

[ I Y Y )

3
9
5

~

N N O 9 9 O W & W wm

—
~N W

du, du, du, dug

8
10
8

8

10

11

Nk

w Nl NI

NN

W NI

-9
14
10

—
H

vl Wis Wi wiee @S

Nl—

S - Rl

g G- Nle Rle g Bl == mle

AUTQ
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The specific relations between I',, ,I',5 and I'; ;. Mostow has shown

that I', ; is conjugate to a subgroup of I',z. The precise relation
among I',, I'ys and I', ; is summarized below.

Case 1. If u satisfies INT (and hence p iseven) and J €I, ,,
then

rﬂ index n! F#): ~ rp,t
Case 2. If u satisfies INT (p even) and J ¢ I', ;, then

I, e s~ (1, )
[index 3
T,

Case 3. If u satisfies XINT but not INT (hence p is odd) and
Jel,,:, then

Fy=Tyz~T,;

Case 4. If u satisfies ZINT but not INT (p odd) and J ¢ I, ;,
then

Iyl ~(J,T,)
{index 3
rp,[
The following lists give the volumes of the fundamental domains
for I'y, T'yz, and I', ; in Cases 1 thru 4. The configuration of lines
column, headed ”Config. No.”, indicates which formula in §5 was

used to compute the volume. Consideration of the volumes is used in
§6 to compute indices and prove isomorphisms.
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Case 1
Config. No. p,t r, Ly =Tp,
5.1 4,0 6%
5.1 4,% 61
5.4 6, 2 2.2
5.3 8,4 12.%
5.4 8, 3 3.
5.3 10, 0 8- %
5.4 10,& 2.%
5.3 12,5 4=
5.4 12, % I
5.4 18,10 .13
Case 2
Config. No. p,t I, | P
5.1 4,45 282 4
5.2 4,5  2.% %
5.3 6,1 8- z
5.3 8.4 8-4r 44
5.3 10, % 83& 4.3z
5.3 12,4 8% 4%
53 8.4 8HF 4F

W= B — W=
W= No—
oo™,

=

=

1)

ol
wl— "

QI —
<N,

Wl

Wl
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Case 3

Zr ,t

I‘,, =~ rﬂz

p,!

Config. No.

5.1

~
R

—(r~
—

—len

1
3,5

5.1

o~ ot
Rl
o=

—len

ld

5.1

«~

O

—jen

5.2

“klR

5.2

5.1

o
(o]

—len

—n

5.1

5.2

Y'Y

—len

—le

5.8

YA

oojen

5.6

wIF

oolen

o

5.7

<tlen

“R

5.5

5.7

Case 4

Iy~

rp’t

p,!

Config. No.

“kfo

3,0

5.1

5.1

5.2

5.6

5.5
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[KLW]
(M-1]
[M-2]
[M-3]
[M-4]

[MS]
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