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ESTIMATING NIELSEN NUMBERS
ON INFRASOLVMANIFOLDS

CHRISTOPHER K. McCoRD

A well-known lower bound for the number of fixed points of a self-
map f: X — X is the Nielsen number N(f). Unfortunately, the
Nielsen number is difficult to calculate. The Lefschetz number L(f),
on the other hand, is readily computable, but does not give a lower
bound for the number of fixed points. In this paper, we investigate
conditions on the space X which guarantee either N(f) = |L(f)|
or N(f) > |L(f)|. By considering the Nielsen and Lefschetz coin-
cidence numbers, we show that N(f) > |L(f)| for all self-maps on
compact infrasolvmanifolds (aspherical manifolds whose fundamental
group has a normal solvable subgroup of finite index). Moreover, for
infranilmanifolds, there is a Lefschetz number formula which com-
putes N(f).

1. Estimating Nielsen numbers. Consider a continuous self-map
f: X — X. Let Fix(f) denote the fixed point set {x € X|f(x) = x}.
One of the fundamental problems of fixed point theory is to esti-
mate (preferably from below) the cardinality of this set. The Nielsen
number N(f) provides such an estimate: it is an integer homotopy
invariant which provides a lower bound on the number of fixed points
of g, for all maps g homotopic to f. This estimate is sharp for
all compact manifolds save surfaces of negative Euler characteristic.
Its one drawback is that it is very difficult to compute N(f) from its
definition, so that other means must be sought. At least, since the
Nielsen number provides a lower bound for the original topological
object |Fix(f)|, it would be useful to find lower bounds for N(f).
We will refer to the search for lower bounds to N(f) as the problem
of estimating N(f); while the search for other algebraic-topological
means of finding the exact value of N(f) will be referred to as the
problem of computing N(f).

The Lefschetz number L(f) is a (reasonably) computable invariant,
but in general, there is no relation between L(f) and either N(f) or
|[Fix(f)|. One approach to computing the Nielsen number is to find
conditions on either the space X or the map f which allow N(f) and
L(f) to be related. The Jiang condition, for example, is a condition
on the map f which, when satisfied, computes N(f) from L(f)
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and coker(l — fi,). The other approach, searching for conditions
on the space X, begins with the result of Brooks, Brown, Pak and
Taylor [8], that N(f) = |L(f)| for all maps on tori. Anosov [3] and
Fadell and Husseini [11] show that the equality holds for all maps on
compact nilmanifolds. While counter-examples on the Klein bottle
show that equality does not hold for all maps on solvmanifolds, nor
on infranilmanifolds, Kwasik and Lee [16] show that N(f) = L(f) for
homotopically periodic maps on infranilmanifolds, and it is shown in
[18] that N(f) > |L(f)| for all maps on solvmanifolds.

Fixed-point theory has a natural extension to coincidences: if f, g
X1 — Xy, let Coin(f, g) = {x € X1|f(x) = g(x)}. The Nielsen num-
ber generalizes to a Nielsen coincidence number N(f, g), which is
a homotopy invariant and a lower bound for the number of coinci-
dences. This estimate is sharp when X; and X, are manifolds with
dim(X;) = dim(X;) > 3. The Lefschetz coincidence number, on the
other hand, is only defined when X; and X, are orientable manifolds
of the same dimension. Jezierski [14] and Brooks and Wang [9] show
that N(f, g) = |L(f, g)| when X; = X, is an infranilmanifold; in
[19], it is shown that N(f, g) > |L(f, g)| when X, and X, are com-
pact orientable solvmanifolds of the same dimension, with equality if
X, is a nilmanifold.

The original goal of this work was to extend the results of [19]
to nonorientable solvmanifolds. This was to be done by lifting the
map to the orientable double cover (which is also a solvmanifold)
and applying the existing results there. All that was needed was to
understand the relation between the Nielsen and Lefschetz numbers
for the original maps and the numbers for the lifts. Once this rela-
tion was investigated and understood, it became clear that a broader
class of manifolds could be studied in this manner. The present work
therefore studies compact infrasolvmanifolds, manifolds which admit
a finite cover by a compact solvmanifold. While the main results (The-
orems 7.4 and 7.9) are stated in terms of coincidence numbers, their
specialization to fixed point numbers extends the results of Anosov et
al. to the following:

If M is a compact infrasolvmanifold, then N(f) > |L(f)| for all
f:M — M. If M is a compact infranilmanifold covered by compact
nilmanifold M, there is an expression L(f,T,), involving Lefschetz
numbers of lifis of f to M, which computes N .

It is worth noting that this Lefschetz formula involves Lefschetz
coincidence numbers of lifts, even when the original problem involved
only fixed point numbers.
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The next two sections contain a brief recapitulation of the relevant
parts of Nielsen coincidence theory. Sections 4 and 5 explore the rela-
tion between coincidence numbers of maps and coincidence numbers
of lifts of the maps. Section 6 describes the topology and algebra of
infrasolvmanifolds, while §7 combines the results of §5 with the esti-
mates in [18] and [19] to obtain the estimates for Nielsen numbers on
infrasolvmanifolds. The paper concludes with a comparison in §8 be-
tween these results and the Jiang condition, and some open questions
in §9.

2. Coincidence numbers. We now briefly review the basics of Nielsen
coincidence theory, as developed by Brooks [4], [7]. We will work in
the category of compact connected polyhedra and continuous maps. If
X1, X, are polyhedra and f, g: X; — X, are maps, let Coin(f, g) =
{x € Xi|f(x) = g(x)} be the coincidence set of f and g. To an-
alyze this set, we begin by partitioning it into coincidence classes
S(f, g) (or just S when f and g are understood). If x,y €
Coin(f, g), set x ~ y if there exists a path w in X; from x to
y with fow~ gow(rel{0, 1}). Clearly, each coincidence class is a
union of path components of Coin(f’, g), and so is compact and open
in Coin(f, g). Denote the set of coincidence classes of Coin(f, g)
by Z(f, g).

If F: fo ~ fi and G: gy ~ g, then coincidence classes Sy €
Z(fo, &) and S; € Z(f;, g1) are (F, G)-related if there exist xy €
So,x1 € S; and path w in X; such that the paths (F, w) and
(G, w), defined by (F, w)(t) = F;(w(t)), are homotopic in X,. A
class S € #(f, g) is topologically essential if, for every F: f ~
f',G: g ~ g, there exists a class S’ € #(f’, g’') which is (F, G)-
related to S. That is, the class cannot be “homotoped away”. We
will denote the set of topologically essential coincidence classes by
&(f, g). The Nielsen coincidence number N(f, g) is the number of
topologically essential coincidence classes of f and g.

The Nielsen coincidence number is, by construction, a homotopy
invariant and a lower bound on the number of coincidences of f’
and g’ for every f/ ~ f and g’ ~ g. We will refer to a pair of
manifolds AM;, M, as a Wenken pair if N(f, g) is a sharp lower
bound for every pair of homotopy classes. All manifolds M, M,
with (M, x M, , M, x M,\A(M,)) 2-connected (in particular, if M),
is an n-manifold with n > 3) are Wenken pairs [6]. However, it
cannot be used directly to estimate the number of coincidences of f
and g, since complete information about Coin(f, g) (indeed, about
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Coin(f", g') for all '~ f, g’ ~ g) is required before N(f, g) can
be computed. So, to make it a useful tool for estimating Coin(f, g),
indirect methods of computation are required. One approach begins
by replacing the concept of topologically essential classes with that of
algebraically essential classes.

This is done by introducing a coincidence index. A variety of
indices are possible in different settings, but the following will suf-
fice for our purposes. Suppose M; and M, are both compact con-
nected orientable n-manifolds, with (M; x M, , My x M>\A(M;))
2-connected. For each coincidence class (in fact, for any set S C:
Coin(f, g) which is open in Coin(f, g) and compact) a coincidence
number Ind(f, g, S) is defined. If W, V' are neighborhoods of S
with SC W c W c V and Coin(f, g)NV =S, then let (f, g)o be
the composition

H,(My) — Hy(My, Mi\W)
EH,, V\W) Y28 B (My x My, My x Mp\A(My)) .
If z; € H,(M;) is the fundamental class of M; and U, €
H,(M; x My, M, x M)\A(M,)) is the Thom class of A, then
Ind(f, g,S) = (U, (f, 8&)e(z1)). This is independent of V' and
W, and has the following properties [23]:

1. Coincidence: if Ind(f, g,S) #0,then S# .

2. Homotopy: if F: fy ~ fi, G: gp ~ & and there exists a V
such that V' N Coin(F, G) is compact, then Sy = ¥ N Coin(fy, &)
and V' NS; = Coin(f7, &) have Ind(fy, g0, So) = Ind(f;, &1, S1).

3. Additivity: if S={S;, then Ind(f, g,S)=> Ind(f, g, S)).

4. Products: Given f,g: My — M, and [, g': M| — M,
and S C Coin(f, g),S C Coin(f’, g’), then Ind(f, g,S) and
Ind(f’, g’, §') are defined if and only if Ind(fx ', gx g’, Sx¥) is
defined. If all are defined, Ind(fx f', gx g, SxS) =Ind(f, g, S)-
Ind(f", &', S).

A coincidence class S is algebraically essential if Ind(f, g,S) #0.
Of course, an algebraically essential class is topologically essential: if
f'~ f and g’ ~ g, then the corresponding class S’ # @ . Conversely,
if dim(M;) > 3, then for every f and g, there exist f' ~ f and
g’ ~ g such that, for each coincidence class S of f and g, the
corresponding class S’ consists of a single point if S is algebraically
essential and is empty if S is algebraically inessential [22]. Thus the
Nielsen number can be defined as the number of algebraically essential
coincidence classes.
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Contrasting with the Nielsen number is an algebraic count of the
essential classes: Ind(f, g) = > Ind(f, g, S), the sum of the co-
incidence index over all coincidence classes. Of course, this can be
computed directly, using W = V = M; to generate (f, g)s. This
is also a homotopy invariant, but it is not in general a good estimate
on the number of essential coincidence classes. This for two reasons.
First, there can be cancellation. If Coin(f, g) has two coincidence
classes Sy, S, with Ind(f, g,S;) = 1 and Ind(f, g, S;) = -1,
then every f' ~ f and g’ ~ g have at least two coincidence points,
yet Ind(f, g) = 0 detects none. Second, there can be multiplicity. If
Coin(f, g) consists of a single point ¢ with Ind(f, g, c) =2, then
Ind(f, g) = Ind(f, g, ¢) overestimates the number of coincidences
of f and g. However, it is at least true that if Ind(f, g) # 0, then
N(f, g)#0 and Coin(f, g)# 2.

Moreover, Ind(f, g) is relatively easy to compute. In rational co-
efficients, let D;: H?(M;) — H,_,(M;) be the duality isomorphism
and let ©,(f, p) be the composition

Hy,(My) 5 H,(M3) 20 H77(01) & HP7(01) 2 (M)

The Lefschetz coincidence number L(f, g) is defined as

n

Y (1P u6y(f, 8),

=0

and the Lefschetz coincidence theorem states that L(f, g) =
Ind(f, &).-

3. Coincidence numbers vs. fixed-point numbers. The coincidence
theory outlined above is derived from the analogous form of the Niel-
sen and Lefschetz fixed-point theories. However, it is not strictly
speaking a generalization of the fixed-point theory. That is, it is not
clear that the fixed-point theory is recovered by setting X; = X, and
g = id. For Nielsen numbers, there may be a difference between
N(f) and N(f,id): in the definition of N(f,id), both f and id
are allowed to be modified by a homotopy; while in the definition of
N(f), only the map f is. For Lefschetz numbers, the coincidence
number L(f, g) is defined only for orientable manifolds, while the
fixed point number L(f) is defined for all polyhedra. All of these
(potential) global differences have corresponding local differences: A
set may be inessential as a coincidence class of (f, id) yet essential
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as a fixed-point class of f. Similarly, L(f, g) is only defined for ori-
entable manifolds because the coincidence index is only defined in that
setting. The goal of this section is to remove some of these apparent
differences between fixed-point theory and coincidence theory.

LemMA 3.1. If X is a compact orientable manifold, S an isolated
fixed-point set for f: X — X, then Ind(f,id,S) = index(f, S),
where index(f, S) is the fixed-point index of S.

CorOLLARY 3.2. If X is a compact orientable manifold, then
L(f,id)=L(f) forall f: X — X.

THEOREM 3.3 [5, Cor. 3). If X is a compact manifold, then N(f,id)
=N(f) forall f: X - X.

Though not employing the language of Nielsen coincidence num-
bers, [10] and [13] contain similar results.

The following lemma helps to generalize these results, and the defi-
nition of the coincidence index, from g = id to any homeomorphism

g.

LEMMA 3.4. Suppose Xy, X,, X>, X3 are compact polyhedra, hy:
Xo — X1 and hy: X, — X5 are homeomorphisms. Then forall |, g:
X1 — X, there is a bijection hy: #(hyo fohy, hjogohy) — Z(f, g)
with ho(E(hy o fohy, hyogohy) =&(f, g), and which preserves
indices up to a sign (When defined).

Proof. The homeomorphism /g restricts to a homeomorphism
hy: Coin(hy o fohy, hyo gohy) — Coin(f, g).

If So € #(hyofohy,hiogohy) and Xy, x; € Sy, then there is a
path @ in X, from xq to x; with Ajo fohjow ~hjogohyow.
Thus £y(Sg) is contained in a single coincidence class S; of f and
g . Similarly, S; maps under A; ! into a single coincidence class of
hio fohy and hyo gohg, that is, into Sp.

If S; is removed by homotopies F: f ~ f’ and G: g ~ g’, then
Sy is removed by homotopies A;o Fohg: hjo fohy~ hyo f ohy and
hioGohy: hyogohy~hog ohy,and conversely.

Finally, suppose indices are defined for both (f, g) and (hjo fo
ho, hiogohg). Then either g =id and h; = ', or all of the spaces
involved are orientable manifolds. In the first case, both of the indices
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involved are fixed-point indices, and the result is a standard one. If
all of the spaces are orientable, then (&0 fohgy, hjogohp)e is given
by the composition

fg)

Hy(Xo) = Hy(X1) —" Hu(Xy x Xz, Xp x Xo\A(X3))

PN H (X5 % X3, X x X3\A(X))
and so differs from (f, g). by (at most) deg(hg) - deg(hy). ]

This motivates an extension of the coincidence index: Suppose
X1, X, are compact polyhedra, and f, g: X; — X, are maps with -
g a homeomorphism. If S is an isolated coincidence set, define
Ind(f, g,S) = index(g~! o f, S). Clearly, this inherits all of the
standard properties of the index, and agrees with the usual definition
of Ind(f, g, S) when X; and X, are orientable manifolds. To save
tedious repetition, we will assume from now on that whenever the
coincidence index is involved, either one of the maps is a homeomor-
phism, or both of the spaces are compact orientable manifolds of the
same dimension. We will consider the utility of this definition in §§5
and 7.

COROLLARY 3.5. Suppose X, X1, X», X3 are compact polyhedra,
hy: Xo — Xy and hy: X, — X3 are homeomorphisms. Then

N(hyofohy, hyogohy)=N(f,g) forall f,g: X1 — Xz.

In particular, if g: X, — X, is a homeomorphism between compact
polyhedra, then

N(fog™',id)=N(f,g)=N(g lof,id) foral f: X, — X;.

COROLLARY 3.6. If g: M — M is a homeomorphism between com-
pact manifolds, then N(fo g™ ') = N(f, g) = N(g~'o f) for all
fiM— M.

COROLLARY 3.7. Suppose X, and X, are compact orientable n-
manifolds and g is a homotopy equivalence with homotopy inverse
g'. Choose orientations for X, and X, so that deg(g) = deg(g’)=1.

Then L(f, g)=L(g'of)=L(fog').

4. Covering spaces and lifts. Given f, g: X; — X,, we want to
relate the Nielsen and Lefschetz numbers of f and g to Nielsen and
Lefschetz numbers of lifts f, g: X, — X,, where X; and X, are
finite covers of X; and X,.
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Fix base points x; € X;, x, € X5, and for convenience assume
that f(x;) = x = g(x;). Let m; denote m(X;, x;) and define
&(n;) = {I' «m|[r; : T] < oco}. There is a one-to-one correspon-
dence between elements of % (z;) and finite regular covers of Xj.
Because the Lefschetz coincidence number requires orientable man-
ifolds, we will be particularly interested in finding orientable cover-
ing spaces when X; and X, are manifolds. Recall that any mani-
fold has an orientable cover. This cover corresponds to the subgroup
O; = O(n;) < m; consisting of o € m; such that the tangent space map
Dt,: Tx X; — Ty X; induced by translation along a acts orientably
(i.e. has positive determinant). O; = &; if X; is orientable, and is a
subgroup of index 2 if X; is nonorientable. Then the orientable finite
regular covers correspond to %7 (n;) = {I" € € (n;)|I' C O;}.

Now consider f, g: X; — X,. Fix I'; € #€(n,) and corresponding
finite regular cover p,: X, — X,. Given a cover p: X, — X; and
corresponding I'y € & (n;), f and g lift to some f.2: X1 - X,
if and only if fu, ge: my — @, have fi, ge(I'}) C I';. So define
Z(f, g, T2) = {1 € €(m)|fa, g#(T1) € I2}. Note that f;'(I) N
g (T e?(f,g,T2),s0 €(f, g, I2) is nonempty. We will refer
to the lifting diagram

~ [z =

Xl :;‘l X2

1o, lp,
f.8

Xi 3 Xy

as the I'; — I', lifting diagram of f and g.

For any lifting diagram, the lifts f, & have a Nielsen coincidence
number defined. However, they may not have a coincidence index
defined, even if f and g did. That is, if the spaces are not manifolds
but g is a homeomorphism, they have a coincidence index defined.
Then f and & will only have an index defined if T'; = - 1(T",) has
f#('1) C I'y . But of course, this may not be the case for all f and g.
We therefore define for every I', € € (n;) the set

SE(f, g, 2) ={I'1 € &(m)| fx(T'1), ga(T'1) C T2
and an index is defined for the I'y — I'; lifts}.

If X; and X, are manifolds and I, € &7(n,), then f;!(Ty) N
g '(T)n0 e #Z(f, g,T2),s0 SE(f, g, 1) is nonempty. If X;
and X, are not manifolds, or if I, ¢ &7 (n;), then FZ(f, g, 1)
is nonempty if and only if there is a I'y € ¥ (n;) with fu(I'y) C I,
and g¢ an isomorphism from I'; to I';.
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In any I'y —I', lifting diagram, I'; has coverlng group @; = 7;/T’;.
f« and gs induce maps f,Z: ®; — ®,. If f, &: X, — X, are fixed
“reference lifts” of f and g, then all lifts have the form fo foa, fo
goa with a e ®;, B €®,. But foa = f(a)o f, so we need only
consider lifts of the form Bof, Bo g.

This has all been done relative to fixed base points x; € X;, x; €
X,. However, the sets are really base point-independent. Consider
x1, x; € Coin(f, g), with x, = f(x1), x5 = f(x]). Fix a path y
from x; to xj. Then there are commutative diagrams

A
(X1, x1) —— w(X2, x2)

|7 l(foy),,

!

5y
7t(‘le s Xi) _— n(XZa xé)

and

n(Xy, X1) —2— 7(Xa, x2)

l?’# l(goy),,

(X1, X;) —2— 2(X, x}).

The maps (fop)x and (goy)s differ by an inner automorphism, so
if Iy € #(n(X32, x2)), (foy)s(I'y) and (goy)s(I'y) are both normal in
n(X,, x3), and so are equal. That is, there is a well defined bijection
between %' (n(X:, x2)) and % (n(X;, x3)), and a similar bijection
between & (n(X;, x;)) and & (n(X;, x{)). From the diagrams above,
these bijections preserve the set Z(f, g, ).

If X; is a manifold, the bijection between % (n(X;, X;)) and
& (n(X;, x!)) preserves the orientation subgroup O; and the set
@7 (m;). So if the I'| — I', lifting diagram has an index defined be-
cause I'; € &7 (n;), this is independent of the base-point. On the other
hand, if the index is defined because gz is an isomorphism from I’
to I',, then this too is a base-point independent property. That is, the
bijection between #(n(X;, x;)) and &(n(X;, x])) preserves the set
SE (f > & FZ) .

The ability to construct lifts, or lifts which admit an index, is then
independent of the base-point chosen. We now turn to the coincidence
theory for lifts. We will see that here, the choice of base-point is
significant.
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5. Coincidence numbers for covering spaces. We now consider the
relation between the coincidence sets, Nielsen numbers and Lefschetz
numbers of f and g and those of the lifts. Much of this is sim-
ply a modification of the universal cover/lifting approach to Nielsen
numbers, as found in [15].

PROPOSITION 5.1. S is a coincidence class in Coin( f, &) ifand
only if it is a coincidence class in Coin(fo f, fo g) forall € ®,.

PROPOSITION 5.2. If % € Coin(B o f, &) for some B € ®,, then
x = pi(X) € Coin(f, g). Conversely, if x € Coin(f, g) and X €
p~1(x), then there is a unique B € ®, such that % € Coin(Bo f, g).

That is,

(Com (f, 8) I_| Coin(f 8).
ped,

Proof . If % € Coin(Bo f, &), then f(x) = fopi(X)=pso f(x) =
p208(X) = gopi(X) = g(x). If ppof(X) = fopi(X) = f(x)=2g(x)=
gopi(X) =pyo g(X), then g(%) and f(X) lie in the same fiber, and
there is a unique B € ®, so that g(X) = fo f(X). O

PROPOSITION 5.3. If S is a coincidence class in Coin(f, &) and
a € @y, then S = p(S) is a coincidence class in Coin(f, g) and «(S)

is a coincidence class in Coin(B o f, &), where B =g(a) '7_1(0)-

Proof. If %,, %, €S, then there is a path & in X; from % to %
with fo@ ~ go®. If x; = p;(%;), then @ = p;@ is a path from x; to
X, with H: fow ~ gow. Conversely, suppose x;, x € Coin(f, g)
are connected by a path @ with fow ~ gow. If %; € Coin(f, 2)
lies over x, let @ be the unique lift of w based at X;, and let
H be the unique lift of H based at f (%1). Let X, = @(1). Then
f(%2) = &(%) and H: fodr~godm. ) _ )

Now, if ¥ € S and a € @, then f(a(X)) = f(a)o f(X) and
&(a(x)) = g(a) o g(%). Thus B o f(a(X)) = &(a(X)) if and only
if =% 7 '(a). And if H: fod = god, then g(a)o H:
Bofoa @ ~ goa_1®, so a(S) is a coincidence class in

Coin(Bo f, &). O
If S is a coincidence class of f and g, then define Cy(f, g, S) =
{a € my|fe(a) = gu(a)}, where f: and gy are based at some x € S.

Cu(f,g,S) isa subgroup of m,, but is not necessarily normal. Note
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that Cs(f, g, S) depends on S, but not on the base point x € S cho-
sen. Similarly, if X; and X, are manifolds of the same dimension,
let COs(f, &,8)=Cu(f, g,S)NO0(m).

COROLLARY 5.4. If S is a coincidence class in Coin(f o f. &), then
S is covering space over S with deck transformations

G(f, 8, 9/TinG(f, &, 8).

That is, if S is a coincidence class in Coin(f, g), then ®; acts
transitively on the coincidence classes in p~!(S) with isotropy group
of Cu(f,g,S)-T'{/T;. Thus S is covered by [n;: Cs(f, g, S) -T'{]
coincidence classes. In particular, the number of classes covering S
depends on S.

Of course, to compute the Nielsen number of lifts f/ and &, we
must consider more than just the number of coincidence classes. We
must also consider which classes are essential and which are inessen-
tial. The ideal situation would be that aclass S € Z(f, g) is essential
if and only if all of the classes S covering it are. This is almost, but
not quite, true.

PROPOSITION 5.5. If S is an essential coincidence class in
Coin(f, &), a € @y, then S = p(S) is an essential coincidence

class in Coin(f, g) and «S) is an essential coincidence class in

Coin(Bo f, g), where B =g(a)o (f(a)) !.

Proof. Suppose S is inessential. Then there exist ' ~ f and
&' ~ g such that S continues to an empty coincidence class C'. Now
lift /"~ f and g’ ~ g to f'~ fand g’ ~ g’ . The class S continues
to a class C' which covers C’, and so is empty. Thus S is inessential.
Similarly, if «(S) is inessential, then the homotopy which removes
it can be carried by the deck transformations to a homotopy which
removes S. O

Thus every essential class in Coin(f, g) is covered by either no es-
sential classes, or [7: 'y - Cs(f, g, S)] essential classes, as f ranges
over @, . Intuitively, if S is essential, a class S in Coin(f, &) cov-
ering S is inessential if it can be removed via homotopies F:f~f
and G: g ~ g’ which are not equivariant under the covering group
actions, and so do not project to homotopies on X;. It is difficult
to find topological conditions that eliminate this possibility. The
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following result, though restricted to the manifold setting, will prove
to be sufficient for our purposes.

THEOREM 5.6. Suppose X,, X, are compact manifolds of the same
dimension, and neither is a surface with negative Euler characteristic.
Suppose S is an essential coincidence class in &(f, g).

1. If Cs(f, g,S) CT'y, then all coincidence classes covering S in
the I'y — 'y lifting diagram of f and g are essential.

2. If T e HB(f, g, I,), then all coincidence classes covering S in
the I'y — Iy lifting diagram of f and g are essential if and only if

O - T /I'nCy(f, g,8S) - T'| /Ty
= 71 (O(m2)) - T1/TiNCy(f, g,8)-Ty/Ty.

Before beginning the proof, some comments on the condition in
(2) are in order. The idea is simply that, in moving from one class
covering S to another, the index can only change by changing sign.
Changing sign, in turn, occurs when the two covering transformations
(or their corresponding elements in the fundamental group) involved
in moving one class to another have different “parity”—that is, one
changes the orientation, and the other does not. The condition in (2),
while awkward, is precisely the condition needed to rule this out.

Proof of Theorem 5.6. The class of manifolds specified is closed
under finite covers, and all pairs of manifolds in the class are Wenken
pairs. More precisely, the maps f and g (up to homotopy) may be
assumed to have each coincidence class contain a single point, which
can be removed by a perturbation supported on an arbitrarily small
neighborhood if the class is inessential. _

First, suppose Cu(f, g,S) C I'y. Then every coincidence class S
covering S consists of a single point. Then any perturbation sup-
ported in a neighborhood of it passes down to a perturbation of f
and g in a neighborhood of S. If it is inessential and that perturba-
tion removes S, then the corresponding perturbation removes S as a
coincidence class.

Now suppose I'; € #Z(f, g, I'2). We will consider the case I'; €
&7 (n;): the case of ¢ a homeomorphism is similar. Suppose I', C
0(”2)3 I-.‘1 Eﬁ(fa g, FZ) and

O -T'T1NGC(f, 8,8 -T/Ty
= £ (O(ry) - T1/TiNCu(f, g, S)-T1 /Ty
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If X €S, then X is an isolated coincidence, and Ind(f, &, %) is
nonzero. Any other element of S has the form a(X) with a €
Cu(f, g,S) -T1/Ti. To relate the indices of ¥ and «(X) choose
neighborhoods W C V' which isolate X as a coincidence. Then

a(W) C afV) isolate o(X), and the indices are related by the dia-
grams

Ho( X)) —  Hy(X,, X\\W) & H,(V, V\W)
a, | a, | a, |
Hy(X)) — Hy(X;, X\a(W)) < Hy(a(V), a(V)\a(W))
and
o, n\w)  YeBl g %k X, Xy x \AK))

a‘l 7(a>.l

Ho(a(V), aW\a(W)) L2254 1%, x Xy, B x To\AK))

so Ind(f, &, a(X)) = deg(a)deg(f(a))Ind(f, 2, %).
But the condition
Ol 'rl/rl ﬂC#(f, g, S) 'Fl/rl

= f ' (O(m) T /TiNCe(f, &, S)-T T

1s precisely the condition needed to guarantee that deg(a) = deg(f(a))
for a € p14(Cy(f, g, S)), so Ind(f, &, a(X)) =1Ind(f, &, X). Then

Ind(f, &,8) = [C4(f, ¢, S) - Ti: T11Ind(f, g, %) # 0.
Thus S is essential. On the other hand, if the condition fails, ex-
actly half of the elements in p(Cs(f, g, S)) will have deg(a) =
deg(f(a)), while the other half will have deg(a) —deg(f(a)). The
corresponding points in S will have Ind(f, &, a(X %) =Ind(f, g, %)
and Ind(f, g, a(%)) = ~Ind(f, &, %) respectively, so Ind(f, &, §)
=0 and S is inessential. o

Note that if Cy(f, g, S) C T, all coincidence classes covering S
are homeomorphic to S.

COROLLARY 5.7. If n; € SZ(f, g, m2), then for every T} — T,
lifting diagram, essential classes lift to essential classes. Moreover, if
Se Z(f, g) and .7 is the set of coincidence classes covering S in the

T, lifiing diagram, then |®|Ind(f, g, S) = ¥5_., Ind(Bo 7, 8.

Proof . If my € J€(f, g, m>), then either n; = O(n;) for i=1, 2,
or g is a homeomorphism. In the former case, condition (ii) of
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Theorem 5.6 is trivially satisfied for all f and g. If g is a homeo-
morphism, we may assume without loss that g =id. Then O(m,) =
O(n;) and f;'(O(ny)) = g;'(O(m)) = O(xy). In either case, if
x € Coin(f, g) is an isolated coincidence and X € pl"(x) is in
Coin(f, g), then Ind(f, g, %) = Ind(f, g, x). Since S may be
assumed to consist of isolated coincidences,

@ilind(f, g,8)= 3° md(ef. g, %)

xep; ()

=Y Ind(Bof,2). O

Se.#

It will be useful to note what these results imply in the special case
I'N=mny, I'1 # 7y and I';, # n,, '}y = my . In the first case, [, =7,
I'y # n,, the maps f and g each have only one lift: f: fop; and
g=gop,. If Se #(f, g), then S is covered by [71: Ce(f, g, S) -
I';] coincidence classes. Each is a covering space over S of order
[Cu(f, g, S) T’y : T], and either all are essential or all are inessential.
To compare the Lefschetz numbers of (f, g) and ( 7, g), we need
I',n e #Z(f, g, ). This is only possible if both X; and X, are
orientable manifolds of the same dimension. Then I'y C #; = O(m;)
and 7, = O(nz). In particular, the covering map py: X, — X; has
deg(py) = |®| and L(f, &) = deg(p1) - L(f, &) =|P1| - L(f, &)-

On the other hand, if I'; # n,, I} = 7y, then there are |®,| lifts
Bof and Bog for f and g with f = pyoBf and g = p20fg . Inthis
case, the decomposition p;” Y(Coin(f, g))=U ped, Coin(Bof, &), be-
comes a partition of Coin(f, g), which preserves coincidence classes.
That is, there is a bijection Z(f, g) — JZ(Bof, &). In the Wenken
manifold settmg of Theorem 5.6, this bijection preserves essential
classes, so N(f, g) Zﬂeq, N(Bof, g). To compare the Lefschetz

numbers of (f, g) and (Bo f, &), we now need 7, € FZ(f, g, m3)
and n; € £ (f, g, I';). Once again, this is only possible if X; and
X, are orientable manifolds of the same dimension. In that case,
any S € Z(f, g) has Ind(f, g,S) = deg(pz) - Ind(B o f, &), so
L(f, g) Z/;eq) (Bo f 8).

To collate all of this information, we now introduce a Nielsen-
type coincidence number for the I'j — I', lifting diagram. The fol-
lowing data is required: maps f, g: X; — X, € €(n,), I} €
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Z(f,g,T,) andlifts f, & of f and g. We then define

N(f.&.T) =7 ¥ N(BeF. 2),

e,

If 'y € #Z(f, g, I'2), we can also define a Lefschetz-type coinci-
dence number

L(f,¢.Ty) = ﬁ S ILBo T, ).

e,

Apparently, both numbers depend on both I'; and I',. The fol-
lowing result justifies the notation.

THEOREM 5.8. 1. ]V(f, g,T'1) is independent of T,. That is,
YT e®(f,8.T2)NE(f, 8,13), and (f, 8) lifi to (f, &) and
(f', &) inthe I'y =T and T’y I, lifting diagrams respectively, then

1 R 1 Y A
=Y NBof, &)= > N(PB'of, 2.
P @] 2
2 B ed,
2. When defined, L(f, g, T 2) Is independent of Ty. That is, if
I, INe Z(f,g,12), and (f, g) liftto (f, &) and (f', &) in
the T'y =Ty and Ty — T, lifting diagrams respectively, then

1 V. __1_ o~' =1
@l—lZIL(ﬁof,g)l—@,lIZIL(ﬂ .2l

Be®, Be®,

Proof. To show that N (f, g,T'1) is independent of I';, suppose
I, cIy and~l"1 €?(f, g,I,). We may assume that f and g are
covered by f’ and g'. If s: &, — @, is a section of the natural
projection @, — ®,, then for every f € ®,, the map s(f)o f'
can be used as a reference lift for fo f. Let ¥, = @, /®,. Then

N(ﬂofa g)=zw€ty2N(l//0S(ﬂ)0f~7, g'),and

1 * 1 o~
ﬁZN(ﬁ°f’g)=31_lz Y NosB)of, &)

Be®, | BeD, veY,
1 %
=57 2 NBf.2).
|®y| ~,
B'e®,
Of course, if I, ¢ TI,, both contain I, NI, and I} €
Z(f,g,.T%,NTy), so I') can be replaced by I, NI, .
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To show that L(f, g, I';) is independent of I'y, suppose I'; C T’y
and I, T € JE(f, &, T). This requires T'; C O(n;). Suppose
Di: X 1 — X; and pi: X ! — X, are the covermg spaces correspondmg
to I'y and I’ respectlvely, p: X " - X, is the covering map of X !
over X;,and f, & are lifts of f and g to X;. Then fop and gop
are the lifts of f and g to X! ,and L(fop, gop) = deg(p)-L(f, &) =
Ty :r'1|- L(f, £). Then

IL(Bof, g)l— IL(B
@] ﬂg IIF Flﬂgp
= o ,IZIL(ﬁ of', 8. o
pe®,

Note that, in contrast to i( f, g, I3), the quantity

o Z LBof,8)
Be®,

(when defined) is independent of both I'; and I',. This is one rea-

son for the introduction of the absolute value in the definition of

L(f, g, T,): without it, no new information is obtained. Also, we

note that, in general, N does depend on I', and L does depend on

I', . We now examine that dependence.

- THEOREM 5.9. 1. If I\, I, € €(f, g, T2) for some T, € €(m),
and Ty CT'y, then N(f, g, T1) > N(f, g, T).

2. Suppose X, X, are manifolds of the same dimension, and nei-
ther is a surface with negative Euler characteristic. If Cu(f,8,8)N
I'n =G(f,&,8) NIy forevery S€ &(f, g) then N(f, g,T1) =

N(f,g,T}).

Proof. Recall that if ( f g) covers (f, g) in the I'} — I', lifting
diagram, and p: X P X { 1is the covering space corresponding to
I} — I'y, then (fop gop) covers (f, g) in the I'| — I‘2 lifting
diagram. Then Se€ & (f, &) is covered by [I'y: Cu(f, 2, S) INl=
[Ti: (Cs(f, g,S)NnTYy)-TI'] coincidence classes, which are either all
essential or all inessential. That is, each Se& ( f , &) is covered by at
most [I'; : I'|] essential classes. If Cu(f, g,S)NT'y =Cu(f, g,S)N
I} then there are exactly [I'; : I'|] classes, and Theorem 5.6 implies
that they are all essential. O
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COROLLARY 5.10. Suppose X, X, are manifolds of the same di-
mension, and neither is a surface with negative Euler characteristic. If
Cu(f, g,S)cTy forevery S€ &(f, g) and every I'y € €(my), then
N is independent of T: ﬁ(f, g, ) =N(f, g) forevery T'.

THEOREM S5.11. 1. If I',, T, € &(m,) with both FE(f, g, 1)
and % (f, g, %) nonempty and T, C Ty, then L(f,g, Ty <
L(f,g,T%). )

2. Let p: @, — ®, be the natural projection, and let (f, &) and
(f', &) bethelifisof (f, g) corresponding to Ty and T ', respectively.

Then f,(f: g, ) =L(f, g, I%) ifand only if, for every B € ®,, all
lifts (B’ o f", &), B € p~Y(B), have L(B' o f', &) with the same sign.

Proof. Both statements follow immediately from the equality

L(Bof,8) = Z L(Bof, 2. 0
B'ep™(B)

6. Infrasolvmanifolds. The goal of this work is to use the machin-
ery developed in the previous section to extend the results of [18]
and [19] to infrasolvmanifolds. In this section, we briefly review the
topology of infrasolvmanifolds, before turning to coincidence theory
on infrasolvmanifolds in the next section. Three subclasses of infra-
solvmanifolds will merit special attention: nilmanifolds, infranilman-
ifolds and solvmanifolds. The topology of nilmanifolds is described
in [17]; solvmanifolds in [20] and [24]; infranilmanifolds in [1]; and
infrasolvmanifolds in [12].

We begin with the constructive definition of infrasolvmanifolds. Let
S be a solvable connected simply connected Lie group, and consider
the Lie group G =S x Aut(S). G actson .¥ by (s, a) -5 =sa(s').
If # C G is a torsion-free subgroup with finite projection ® onto
Aut(S), then M = #\S is an infrasolvmanifold. If I' = z N .S, then
M =T\S isa covering space of M with covering group ® =7/T". M
is connected, and is compact if and only if 7 is uniform in S x K,
or equivalently if and only if T'" is uniform in S. We will restrict
ourselves to the compact case. This same construction generates the
three subclasses of manifolds mentioned: M is an infranilmanifold
if S 1is nilpotent, and a nilmanifold if S is nilpotent and ® = 1.
M is a solvmanifold if ® is solvable, and a special solvmanifold if
® = 1. Clearly, every infrasolvmanifold has a finite regular cover by



362 CHRISTOPHER K. McCORD

a solvmanifold (indeed, by a special solvmanifold) and every infranil-
manifold has a finite regular cover by a nilmanifold. In all cases, the
universal cover S is contractible, so the manifold is aspherical with
T (M ) =r.

Compact infrasolvmanifolds are determined up to homeomorphism
by their fundamental group, which must be torsion-free and finitely
generated. Recall that for any property P of groups, a group G is
virtually P if there is a normal subgroup of finite index H which has
property P. Similarly, a group is poly-P if there is a normal series
{G;} for G such that each subquotient G;/G;,, has property P. In
particular, G is polycyclic if there is a normal series with G,/G;;| =
Z. Another group-theoretic definition: A strongly torsion-free .-
group is a group 7 with a finitely generated torsion-free nilpotent
I'am such that n/T" is free abelian.

THEOREM 6.1. There is a one-to-one correspondence between home-
omorphism classes of nilmanifolds, infranilmanifolds, solvmanifolds
and infrasolvmanifolds and isomorphism classes of the following cat-
egories of torsion-free finitely generated groups: nilpotent groups, virtu-
ally nilpotent groups, strongly torsion-free solvable groups and virtually
polycyclic groups.

If = is the fundamental group of M, then = is virtually polycyclic,
with dim(M) = rk(n) = n, where n is the number of infinite cyclic
summands in the “virtual” polycyclic decomposition of 7.

In general, infranilmanifolds, solvmanifolds and infrasolvmanifolds
are not orientable as manifolds. The Klein bottle, for example, is both
an infranilmanifold and a solvmanifold. However, all nilmanifolds
are orientable, and of course, if M is a non-orientable infrasolvman-
ifold, there is an orientable infrasolvmanifold covering it, which is a
solvmanifold or infranilmanifold if M is. It is well known that all
solvmanifolds have zero Euler characteristic; hence all infrasolvman-
ifolds have y(M) = 0. Finally, all pairs of infrasolvmanifolds of the
same dimension are Wenken pairs. For dimensions 3 or more, this
follows from the result mentioned in §2. In dimensions 1 and 2, the
requirement y(M) = 0 limits the possibilities to the circle, torus and
Klein bottle. All of these are in fact solvmanifolds, for which the
result is established in (among other places) [19].

7. Coincidence numbers on infrasolvmanifolds. The tools we will use
to study coincidence numbers for infrasolvmanifolds are the machin-
ery developed in §5 and the following results:
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THEOREM 7.1 [19, Thm. 1]. If M, M, are compact connected ori-
entable solvmanifolds of the same dimension, and S € Z(f, g), then
Ind(f> g, S) € {—la 03 1}

THEOREM 7.2 [19, Thm. 2]. If M, M, are compact connected ori-
entable solvmanifolds of the same dimension, then N(f, g)>|L(f, g)|
for every f, g: My — M,. Moreover, if M, is a nilmanifold, then

N(f, &) =|L(f, g)| forevery (f, g)-

It is now a simple matter to combine these and obtain our main
results.

THEOREM 7.3. If M, and M, are compact connected infrasolv-
manifolds of the same dimension, and n, € S (f, g, ny), then
Ind(f, g,S)e{-1,0, 1} forevery S€e Z(f, g).

Proof. Choose a solvable I, € %% (n,) and a solvable I'} <
JE(f, g,T%). In the I} — I}, lifting diagram, M, and M, are
orientable solvmanifolds, and by Theorem 7.1, any coincidence class
S covering S has Ind(f, g,S) e {1, 0, 1}. But

|@[Ind(f, g,S)= ) Ind(Bof, &),
Ses
SO N
|@,|[Ind(f, g, S)| < Y [Ind(Bo f, &)|
Ses
<Ll =1[my: Ce(f, g, S)1].
But S is covered by at most |®| coincidence classes, so

|®y|[Ind(f, g, S)| < |®| and [Ind(f,g,S)[<1. O

THEOREM 7.4. If M| and M, are compact connected infrasolvman-
ifolds of the same dimension, then N(f, g,I'1) > L(f, g, I';) for ev-
ery f,g: M — M, andevery TL € €(ny), I'1 € FZ(f, g,1). In
particular, N(f, g) > max{L(f, g, T)|PZ(f, g, T2) # 2} .

Proof. Choose a solvable I, € %@(n,) and a solvable I} €
FZ(f, g,1%). In the I} — I} lifting diagram, M, and M, are ori-
entable solvmanifolds, and by Theorem 7.2, N(B o f, %) >

IL(B o f, &)|. Then for any such choice of I, and I"}, N(f, g, T")
>L(f,g,I%). Butforany Iy, I'; with I'; € S&(f, g, I), there
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exists a solvable I, € #Z(n;) and a solvable I'} € :}? (f,g,1%)
with I; € I';. Then N(f, g,T) 2 N(f, ¢, 1) 2 L(f, g, T%) >
L(fa g>r2)' O

COROLLARY 7.5. If M is a compact connected infrasolvmanifold,
then N(f)>|L(f)| forevery f: M — M.

Can the numbers i( f» &, T2) ever compute N( f, g)? That is, is
there a systematic choice of I, € & (m,) with L(f, g, T2) = N(f, &)
for all (f, g)? The natural route to such an equglity isto find I'; €
SB(f,8,T2) with N(f,g) = N(f,g,Ty) = L(f,g,T2). If I
is nilpotent, the second equality will hold [19, Thm. 2]. To obtain the
first, we need Cy(f, g, S) C I'y for all essential coincidence classes
S. The following results give sufficient conditions for this.

COROLLARY 7.6. If M; and M, are compact connected infrasolv-
manifolds of the same dimension, and n, € S (f, g, ny), then
Cu(f, g,S) cTI'y forevery I') € &(m,) and every essential coinci-
dence class Se &(f, g). _

Proof. If S is essential, then from Theorem 7.3, Ind(f, g, S) =
+1, and 'q)ll = [71'1: C#(fa g, S)FI] That iS, C#(fa g, S) Cc I“l .

LEMMA 7.7 [19, Thm. 3.4]. If M, and M, are compact connected
solvmanifolds of the same dimension, then for every f, g: My — M,,
Cu(f,8,8)=1 forevery SE&(f, g).

LEMMA 7.8. Suppose M, M, are infrasolvmanifolds of the same
dimension and M, is a nilmanifold (resp. solvmanifold, infranilman-
ifold). Then either M| is a nilmanifold (resp. solvmanifold, infranil-
manifold), or N(f, g)=0 forall f, g: My — M,.

Proof. We will prove the case of M, an infranilmanifold, M; not
an infranilmanifold. Since M, is an infranilmanifold, there is a nilpo-
tent I’y € &(n,). The derived series I’ = [T, F’z‘“] descends to 1:
there is an n with I'; = 1. Take I' € €(f, g,I2). Since M,
is not an infranilmanifold, I'; is not nilpotent, and I'} # 1. But
fo» @(T1) CT2,50 fy, g(I7) CT = 1. Then K = ker(fy) nker(gy)
has rk(K) > 1 and Q = n;/K is a finitely generated torsion-free
virtually poly-Z group. Of course, if p: m; — Q is the natural pro-
jection, there are homomorphisms ¢, y: Q — 7, with fis = ¢pop and
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g« = yo p. From [2], there is then a compact connected infrasolv-
manifold M with n;(M) = Q and dim(M) = 1k(Q) < tk(m;) =
dim(M;) = dim(M,). Moreover, since M, M, and M are all
aspherical, the fundamental group diagram

A
T = V(%)
P\ S by
Qo
can be realized as the diagram of maps
r.g
M, = M,
PN\ /T3
M

with f' ~ f and g’ ~ g. Moreover, f and g may be assumed to be
smooth. B

Now consider the map M >¥ M, x M, . By transversality, f xZ is
homotopic to a map 7/><§ which is transverse to the diagonal A(A>).
Since dim(M) + dim(A(M>)) < dim(M, x M>), this really means that
f x g misses the diagonal, or that Coin( f Z2') = @. Then the maps
f", g": My — M, given by " = /op, g" =g op are homotopic
to f and g respectively, and have Coin(f”, g")=2. o

THEOREM 7.9. Suppose M, an n-dimensional infrasolvmanifold
and either M, is an n-dimensional infranilmanifold and solvmani-
fold, or m\ € FB(f, g, ny). Then N(f, g)=L(f, g, T,) for every
nilpotent T'; € € (n,).

Proof. First, suppose M, is a solvmanifold. If A is not an in-
franilmanifold, or is not a solvmanifold, Lemma 7.8 implies that
N(f,g) =0 forall (f,g). Then for all I, L(f, g,I3) =0 as
well. We can therefore assume that M, is likewise both an infranil-
manifold and a solvmanifold. Since it is a solvmanifold, Corollary
5.10 implies N(f, g) = N(f, g, T'1) for all I';. On the other hand,
since it is an infranilmanifold, N(f, g, ;) > L(f, g, I';) for every
nilpotent I, € #(n,) and T'; € A& (f, g, ;). The argument for
the case 7, € & (f, g, m,) is the same, only substituting Corollary
7.6 for Lemma 7.7. o

_ CoroLrArY 7.10. If M is an infranilmanifold, then N(f) =
L(f,id, I'y) for every nilpotent T', € €(n,) and every f: M — M .
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The Klein bottle K is perhaps the best-known example of a space
which is both a solvmanifold and an infranilmanifold, but not a nil-
manifold. The fundamental group 7,(K) = Z x Z, where n € Z
actson m € Z by n-m = (—1)"m. The orientation subgroup
O(n) = 2Z x Z = Z? is invariant under all homomorphisms, so
O(n) € A& (f, g,0(n)) for all (f, g). If a is the generator of
n/O(n) and (f”, g) are lifts of (f, g) in the O(w) — O(x) lifting
diagram, then N(f, g) = IL(f, &)| + |L(a o f, &)|. In particular,
N(f) =L + |L(ao f)].

8. The Jiang condition. As was mentioned in §1, the Jiang subgroup
and Jiang condition [15] provide additional tools for estimating and
calculating Nielsen numbers. In this section, we consider how the
results described in this paper relate to the Jiang condition. Given a
map f: X — X and x € Fix(f), define

J(f)={wen=mn(X, x)lw=[H(x, —)] for some H: f ~ f}.

Some of the important properties of J(f) are:

1. J(f) is independent of the base point chosen.

2. J(f) C Cz(f¢(m)), the centralizer of fu(n) in =z, with equality
if X is aspherical.

3. J(X)=J(@d) CJ(f) forall f.

4. If fu(m) C J(f), then all fixed point classes have the same index.

In particular, in our setting of an aspherical manifold, if fu(7) is
abelian, then L(f) = N(f)-Ind(f, S) for any fixed point class S, with
N(f)=0if Ind(f, S) = 0. Of course, fu(m) will be abelian for all f
if and only if 7 is abelian. Thus the only infrasolvmanifolds for which
the Jiang condition is satisfied for all maps are tori. Thus the Jiang
condition does not contribute to our goal of finding conditions on an
aspherical manifold which allow N(f) to be estimated or computed
for all self-maps. However, for some maps on infrasolvmanifolds, it
does allow us to sharpen the inequality |L(f)| < N(f) to equality.
Namely, we have:

THEOREM 8.1. If f: S — S is a self map of an infrasolvmanifold
with fu(n) abelian, then N(f) = |L(f)].

9. Conclusion. Two directions for further study naturally suggest
themselves: refining these results in the infrasolvmanifold category,
and extending the results to larger categories of manifolds. To re-
fine these results, we need to know two things: for which spaces is
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N (f, g,T'1) independent of I'; for all f and g ? For which spaces
is N(f, g) =|L(f, g)| forall f and g? Of course, the first ques-
tion hinges on the behavior of Cx(f, g, S) for essential classes S. It
seems likely that Cx(f, g, S) = 1 for essential classes on all infranil-
manifolds; the situation is less clear for infrasolvmanifolds. As to the
question of equality of the Nielsen number and Lefschetz number, the
natural conjecture is that equality occurs for all f and g if and only
if the image manifold is a nilmanifold.

To extend the results to larger classes of manifolds, consider infra-
solvmanifolds as spherical manifolds with torsion-free virtually poly-
cyclic fundamental groups. There are several natural extensions of this
class of groups: torsion-free elementary groups; torsion-free amenable
groups, torsion-free “no-free groups” (i.e. groups which do not contain
F,, cf. [21]). For each, there is a corresponding category of compact
aspherical manifolds. To what extent does the Lefschetz number es-
timate or compute the Nielsen number in these larger categories? In
particular, is it true in any of these larger categories that N(f) > |L(f)|
for all self-maps f?
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