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UNIT INDICES OF SOME IMAGINARY
COMPOSITE QUADRATIC FIELDS

MiIKIHITO HIRABAYASHI

Let K be an imaginary abelian number field of type (2, 2, 2, 2)
not containing the 8th cyclotomic field. Using the fundamental units
of real quadratic subfields of K, we give a necessary and sufficient
condition for the unit index Qg of K to be equal to 2.

1. Introduction and results. Let K be an imaginary abelian number
field and K, the maximal real subfield of K. Let £ and E, be the
groups of units of K and K, respectively, and let W be the group
of roots of unity in K. Then we call the group index

Qk = [E : WE(]

the unit index of K.

Using the character group of K, H. Hasse [2] gave sufficient con-
ditions for Qg to be equal to 1 or 2, by which we can determine Qg
for some types of fields K. However by his method we cannot always
determine Qg for arbitrary K, even if K is an imaginary composite
quadratic field. (We call a field K a composite quadratic field if K
is a composite of quadratic fields.) K. Yoshino and the author [3, 4]
gave criteria to determine Qg of K with Galois group Gal(K/Q) of
type (2,2) and (2, 2, 2).

In this paper we extend our previous results [3, 4] to the case that K
has Galois group Gal(K/Q) of type (2, 2, 2, 2) and does not contain
the 8th cyclotomic field, and then, we give a necessary and sufficient
condition for the unit index Qg to be equal to 2.

NoTATION. N, Z, Q: the sets of natural numbers, rational integers

and rational numbers, respectively,
= the equality except rational quadratic factors,

2

do,dy,dy, ..., d;: square-free positive integers such that d, 5
dyds, ds > dyd,, ds s didy, dy 5 didydsy and dy # d; (i =
1,2,...,7),

K = Q(v/=dy, V/d;, \/dy, \/d3): an imaginary composite qua-
dratic field of degree 16,

87
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KO = Q(\/Ea \/32_7 \/E;),

Ej : the group of totally positive units of K,
Ey: the group of units » of EJ such that Ko(,/7) is a composite
quadratic field,

Ky =QWd, Vdy), K=QWds, Vdy),
K3 =Q(Vdi, Vdy),  Ki=Q(Wdi, Vdrdy),
Ks=Q(Vd, Vdidy), Ks=QWds, Vdid),
Ky = Q(Vdyds, v/d3dy),
ki=QWd) (i=1,2,...,7),
(0;) = Gal(Ko/K;) (i=1,2,...,7),
N(x), Sp(x): the absolute norm and the absolute trace of x, re-
spectively,
2y dydy  ifdy=1,

A=A(e;, e, €3) = .
(€1, €2, €3) {dodf* d2d® otherwise,

¢;: the fundamental unit of Q(\/d,), & >1(i=1,2,...,7).

When N(¢;) = +1, we denote by A;, A7 the square-free parts of
Sp(e;+1), Sp(e;—1), respectively, and by m;, n; the natural numbers
such that Sp(g; + 1) = A;m?, Sp(e; — 1) = Afn?. Then we have

1
(1) VB = 5 (mi/Bi + iy [A7).
When d,d; > dy with N(g;) = N(¢j) = N(g¢) = —1, we denote by
A;j = Aj; the square-free integer such that
A,‘j ? SpQ(\/Zi_x,\/Z;)/Q(Eigfek —& —&j— ﬁk).

(We take (i,)) = (1,2),(1,3),(1,4),(2,3),(2,5),(3,6) and

(4,5).)
When d;d;d; > d; with N(e;) = N(¢j) = N(gx) = N(¢g;) = —1 and

when Q(\/d;, \/d;, \/d;) = Ko, we denote by A;j the square-free
integer such that

Aijk ? SpKO/Q (£i£j£k81 +1- Z 8a8ﬂ>

a<f

where «, f run through i, j, kK and /.
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For a totally positive unit 1 of Kj let
(2) & (m) = n+ 1% +2(=1)"/nn,
(3) 0%(n) = &*(m) +&* (M) + 2(=1)"24/&*(n)&*(n) 2,
(4) d*(n) = 0%(n) + 0% (n)% + 2(=1)%/0*(n)6*(m)% (s; =0or 1)
under the condition that
(5) Vi ek, \J&me(mneks and VB[O () € Q.

We remark that for a totally positive unit 5 of K this condition (5)
is satisfied if and only if 5 is contained in Ey. This remark can be
proved by Lemmas 4 and 5 (cf. proof of Theorem 4).

Throughout this paper we assume that K does not contain the 8th
cyclotomic field Q(v/—1, v2). Our result is the following

MAIN THEOREM. Under the above notation and assumption we have
that Qg =2 if and only if

. b.. C.. «
HAZI' * HAi}'J ‘ H Alt]]kk -d (”O)f ? A(el » €2, €3)
i ij ivjk
Jor some a;, b;j, ciji, f,ei=0,1 and no € E, represented in the

form
u v.
Mo = H 6[' * H 81“ ’
N(e,)=+1 N(g)=—1
where u;, v; =0 or 1. The number of i’s for which u; = 1 is neither
1 nor 2.

More precisely we have the following Theorems 1-6.

THEOREM 1. In the case that N(¢;) = N(&) = --- = N(&7) = -1,
we have b b b
Ok =2 & ApAjAs3ATy; 5 Aler, €2, €3)

for some b;,c,e; = 0,1. Especially, if \/Aij is contained in
Q(\/d;, \/d)) for every (i, j), then Qg =1.

THEOREM 2. In the case that N(g;) = N(&) = --- = N(g) = —1
and N(e7) = +1, we have

b b, \b
Qx =2 & AJABLARAS = A(er, €, €3)

for some a, b;,e; =0, 1.
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THEOREM 3. In the case that N(e;) = N(&) = --- = N(gs5) = —1
and N(gg) = N(e7) = +1, we have

Ok =2 & AFATABAG, = Aler, &, €5)
for some a;, b;j,e; =0, 1.
THEOREM 4. (1) In the case that N(ey) = --- = N(g4) = —1 and
N(es) = N(gg) = N(e&7) = +1, we have
Ok =2 & AFAFAT AL, d* (no)! S A(er, e, &)

for some a;, b, f,e;=0,1 and ny € Ey such that

4
Mo = \/€5E6€7 HE?‘ (vi=0or1l).
i=1 '

(2) In the case that N(¢y) = N(&) = N(e3) = N(&7) = —1 and
N(e4) = N(es) = N(eg) = +1, we have

a a a
Ok =2 APfASASCAL > Aer, e, e3)
for some a;,c,e; =0, 1.

THEOREM 5. (1) In the case that N(&;) = N(e3) = N(e3) = —1 and
N(e4) = N(es5) = N(eg) = N(&7) = +1, we have

;
Ok =2« [[Af-d*(n0)” > A(er, ez, e3)
i=4
for some a;, f,e;=0,1 and ny € Eqy such that

Mo
—3 5 = V648587, \/Es8eE7 OF \JEsEag7 (Vi =0or1).

i=1%

(2) In the case that N(ey) = N(g;) = N(eg) = —1 and the others
N(g;)) = +1, we have

k=2 [] Af-ah-d(n) A, e, e)
N(e,)=+1

for some a;, b, f,e;=0,1 and ny € Ey such that

Mo
7. = V3848587, \/€3€485, \/€3€487,

HN(si)=—1 &;
VE€3E5E7 OF \[€4E5€7 (vi=0o0r1).
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THEOREM 6. In the case that N(e3) = N(e4) = --- = N(g7) = +1,
we have

QK =2& H Af’ . d*(r]O)f :2"- A(el » €2, €3)
N(e)=+1

for some a;, f,e;=0,1 and ng € Ey such that
No

v, v v
— =¢g,'ey,¢' orl (uj, v;=00r1)
[ne)=+18i

according as N(e;) = N(&) = —1; N(e;) = —1 and N(g) = +1; or
N(ey) = N(&y) = +1. The number of i’s for which u; = 1 is neither
1 nor 2.

REMARK 1. In Main Theorem 17 is not represented in the form

no= e || ¢
N(g)=-1
where N(g;) = N(¢;) = N(g,) = +1 and d;d; > dy. (cf. proof of Case
(2) of Theorem 4).

REMARK 2. For some 79 € E; we can actually calculate the ra-
tional integers d*(7y) defined by (4). For example, we can obtain
the following: Suppose that N(¢;) = N(e;) = N(e3) = +1 and that
No = \/€1€283 Is totally positive. Then ng € Eq if and only if

(6) Al?dzd% A2?d3d1, A3§d1d2-

If this condition (6) is satisfied, we have

d*(no) = mymamsz/A1AyA;
+ 2A1{(=1)"'nan3 + (=1)%n3n; 4 (=1)5nyny}
— 8(=1)5*%*S  (5;=0o0r1)

where A;, AY, m;, n; and s; are as in the notation.

2. Properties of £, and lemmas on (2, 2)-extensions. In this sec-
tion we give a proposition and some lemmas which will be used in the
proofs of theorems.

Let (x,y,...) be a group generated by x, y,.... Let Ej be the
subgroup of E, generated by the units of Q(\/d;) for i=1,2,...,7.
Let (Ej)* be the subgroup of E; generated by totally positive units
of Ej,ie., (Ej)t =E;NE].
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ProposiTION 1. (1) If N(g;) =--- = N(&7) = —1, then

(EQ)* = (€26384, €38165, 16286, €1€2€387)EG2.
(2) If N(¢y) =---= N(gg) = —1 and N(e7) = +1, then
(E3)* = (828384, €381 €5, 16286, €7)EQ2.
(3)If N(¢y) =---= N(es) =—1 and N(gg) = N(e7) = +1, then
(EQ)™ = (e28384, €38185, €6, €7)EG>.

(41) If N(¢;) = --- = N(e4) = —1 and N(es) = N(g&) = N(e7) =

+1, then
(E3)™ = (26384, €5, &, 1) ES>.

(42) If N(e1) = N(e2) = N(e3) = N(g7) = —1 and N(es) =
N(es) = N(gg) = +1, then

(EQ* = (e1628387, &4, &5, €6)EG.
(51) If N(e1) = N(&2) = N(e3) = —1 and N(eq) = --- = N(&7) =
+1, then
(E)T = (&4, &5, &6, €7)E}
(5;) If N(¢1) = N(&3) = N(g) = —1 and the others N(g;) = +1,
then
(E§)" = (e18286, €3, €4, &5, 87>E

(6) If N(¢y) = N(e3) =—1 and N(e3) =---= N(&7) = +1, then
(Eg)* = (€3, &4, &5, &6, 87)E32-
(7) If N(ey) =—1 and N(&;) =---= N(&7) = +1, then
(E3)* = (&2, &3, ... , &7)E3.
(8) If N(¢1) =---= N(&7) + 1,then

(E})* =(e1, €, ..., 1) ES?

Proof. We only prove the case (1), because the other cases are proved
in the same way.
For an element a # 0 of K we define s(a) =0 or 1 by (—1)5) =

a/laf .
/L"olr n € (E})*, putting n = &]'¢)> - - & (x; € Z), we have a system
of simultaneous linear equations
s(e))x; +s(e)xy+---+s(e7)x7=0
s(e])x1 +5(63)x2 + -+ 5(e7")x7 =0
. (mod 2)
s(e])x1 +5(€37)x2 + -+ + 5(€77)x7 = 0.
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By Gauss-Jordan elimination (see, for example, H. Anton, Elementary
Linear Algebra, John Wiley & Sons (1973), pp. 18-20) we see that this
system has the following four linearly independent solutions:

AWAEATAYA

X2

X3 1 1 0 1
X4 | = 1 , 0 , 0 , 0
Xs 0 1 0 0

X 0 0 1 0
w) \o/ \o/ \o/ \1/
To these solutions correspond units &,€3&4, €3€1€5, €16286, €1€2E3E7

respectively. Thus we have

2
(Eg)*" = (e28384, €38185, €1€286 , €1628387) EG”. a

In general, let K/k be a (2, 2)-extension with Galois group
Gal(K/k) = (g, 7). Then, as used by H. Wada [6], we have

) a1+aa1+1
a = (aa)1+at

for a« € K, a # 0. By this simple formula we see that E(‘)‘ C Ej.
Moreover, we have E(z, C E} by the following

X

LEMMA 1. Let n € Eg and put n* = ¢,'¢)*---&; (x; € Z). Then,

every Xx; IS even.

Proof.. Since Ko(\/7) = Ko(V/d) for some d € N, we can put =
daj (ap € Ko). Taking the norm Ny ;. of '€y &y = d%f, we

have a?x" = d"8Ng ;i (a)®. This implies that x; is even. O

LEMMA 2. Let n € Eq and put
(7) n=el'ey2 &7 (x €Z).

Then, all x; are even or at least three Xx;’s are odd.

Proof. For the simplicity we denote by N; the norm Nk k. for
each i.

First, for example, we assume thatx; = 1, x; = 0 (mod 2) (i =
2,3,...,7). Taking the norm Nj of the equation (7), we have
N3(n) = sf‘ 8;28? € K3. On the other hand, putting n =do3 (d €N,
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ag € Kg), we have N3(1) = d?N3(ag)?. Therefore, /g1 is contained
in K3 = Q(\/d;, v/d>2). In the same way, taking the norm N, of (7),
we see that /2] is contained in K, = Q(v/d3, \/d;). Thus /ey is
contained in K, N K3 = Q(1/d;), which is impossible.

Secondly, for example, we assume thatx; = x; =1, x; =0 (mod 2)

(i=3,4,...,7). Taking the norms N,, N4 of (7), we see that /g]
is contained in Q(+/d;), which is also impossible.
Thus there is no case that exactly one or two of Xx; are odd. O

LeMMA 3. Let n € Ey and put
(8) n=e'e) ey (x€L).

(1) If there exists an even X;, then N(g;) = +1 for each odd x; .
(2) If there exists “i” for which x; = 0 (mod 2) or N(g;) = +1,

then x; is even when N(gj) = —1.
B)Ifxj=x,=---=x7=1 (mod 2), then N(¢;) =N(gy)=---=
N(e7).

Proof. (1) Suppose that x; = 1, x; = 0 (mod 2). Taking the
norm Nj; of (8), we have N3(1) = £]'€,%¢,° . Again, taking the norms
N;, N, of this equation, we have by »n > 0 that

2
Ny(N3(n)) = N(e1)™e5 " N(eg)*s > 0,
2
N,(N3(n)) = &' N(e2)™2N(e6)™ > 0.

Hence N(gg)*s = +1 and then N(g) =+1.

(2) We suppose that x; = 0 (mod 2) or N(g;) = +1 and that
N(82) =-1.

Taking the norm N3 of (8), we have N3(n) = sf‘sfzagﬁ. Again,
taking the norm Ny of this equation, we have

Ng(N3(n)) = N(e1)™ N(ez) 62" > 0,

and so x; =0 (mod 2).
(3) Taking the norm N; of (8), we have N;(n) = 8;26?;38:4. More-
over, taking the norms N,, N3 of this equation, we have

Ny(Ni(1)) = N(e2) 25 2 N(ea) ™ > 0,
N3(N1(n)) = &3N3 N(24) > 0.
Then N(ey) = N(e3) = N(ey).
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In the same way, taking the norms N,, N3, Ng of (8), we obtain
N(e3) = N(e1) = N(es), N(e1) = N(e2) = N(es), N(e3) = N(gg) =
N(eq). (W]

For a field £ we denote by “? in k” the equality except a square

of a number of k.

LEMMA 4 (F. Halter-Koch [1, Satz 1]). Let K, be a field with
char(K;) # 2. Let Ky, be a quadratic extension of K, and
Ko(v/M0) (no € Ko) a biquadratic (quartic) extension of K,. Then
Ko(\/M0)/K, is bicyclic if and only if Nk /k,(M0) > 1 in K.

By this Lemma 4 we can easily obtain

LEMMA 5. Let K; be an algebraic number field and K, a qua-
dratic extension of K. Let Ko(/No) (0 € Ko, nmo ¢ Ki) be a
biquadratic bicyclic extension of K; with Gal(Ko(y/0)/K1) = (0, 1)
and Gal(Ko(/M0)/Ko) = (t). Let F be the intermediate field of
Ko(/M0)/K, fixed by o. Then we have

F =K (o + vVo")-

3. Proof of theorems. For the proof of Main Theorem, it is enough
to prove Theorems 1-6, because the cases of Proposition 1 cover all
the possible cases of the combination of N(e;) = 1.

Let K’ be the quadratic extension of K generated by a primitive
2"+1th root of unity, 2"||#W , and let K|, be the maximal real subfield
of K'.

When d;d; > dr and N(eg;) = N(g;) = N(g) =—1, let

Nij = €i€jey, &ij = &i€jey — & — & — &k.
Then it follows from T. Kubota [5, §5] that
9) nij Sp(&ij) = &
For the multi-quadratic field Ky = Q(+/d; , \/d2 , \/d3) , we can prove:
LEMMA 6. Suppose that N(e;) = N(e;) = N(e3) = N(e7) = —1. Let

N =MNi23 = €1828387,
E=Cis=n+1— (6182 + €283 + €381 + €187 + €287 + €3€7).
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Then we have
(10) nSp(&) = &

Proof. Since
E% = gleyeseh + 1 — €&y — €263 — €38] — €1&) — €287 — €387,

it holds that &;&,£% = —&, where ¢’ is the conjugate of ¢ with respect
to Q. In the same way we have

2767 = €387E% = £3€38% = £3618% = £162¢% = ¢,
£162€3€78% = ¢.
Therefore
Sk /(&) =& +E7 +--- +¢&7

1 1
- é (1 B Z €j€j + 81828387)

i<j

where i, j run through 1, 2, 3 and 7. Thus we have nSpKo/Q(é) =
E2, O

LEMMA 7. Suppose that N(g) = N(e;) = --- = N(&7) = —1 and

that \/A;; ¢ Q(\/d;, \/d;) for some (i, j). Then we have Eo =
(ES)TES .

Proof. Let n € Ey. By Lemma 1 we have
(11) n?=el'eg5 (X €Z).
Assume that every Xx; is odd. Taking the norm N; of (11), we have
by Lemma 4 that &),%¢;%,* = 1 in K, because Ko(,/7)/K1 is a

(2, 2)-extension or /77 is contained in K,. Therefore /2;3€; €

Ky, and then by (9) we have \/Ay; € K; = Q(+/dz, v/d3). Simi-
larly, taking the norms N,, N3, Ny, N5, Ng and N; of (11), we have
VAi; € Q(\/d;, \/d;) for every (i, j). This contradicts the assump-
tion. Hence there is an even integer among x;’s, and it follows from
(2) of Lemma 3 that every x; is even. Therefore, 7 € (E§)*E7 . Thus
we have E, C (E})*E?.

The inverse inclusion (E})*EZ C Ej is shown by the equations

(12) V\/Sp(¢) =¢
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for (n, &) = (i, &;j) and (mjx, &jx)» since (E3)YEZ/E? is repre-
sented by 712, 723, 7131 and 7523

Proof of Theorem 1. First we assume that /A;; ¢ Q(\/d;, \/d;)
for some (i, j).

Suppose that Qg = 2. Then there exists a unit n € E; such
that Ko(y/7) = K, (Hasse [2, Satz 15]). By Lemma 7 we have
n=¢l'ey -e7es (a; € Z, & € Ep) such thate['e)’---¢7 is totally
positive, and by (1) of Proposition 1 n = ’7?'2’733’731 nf23£2 (bi,c €
Z, ¢ € Ey). Therefore it follows from (12) that

b b b
Ko(v/n) = KO(\/A112A223A331A523)-

Since Kj) = Ko(V2) or Ko(+/dp) according as dy = 1 or not, we have
K} = Ko(v/A') for some A' = A(e}, €}, €}). Therefore

b b b
KO(\/A112A223A331A€23) = Ko(VA').
Thus we have
b b, (b
(13) ABAYA Al > A(er, ey, €3)
for some e; = 0, 1. Because, if Ko(v/m) = Ko(vV4') for a rational

integer m and A’ = A(e], e), e3), then Q(y/m/A’) is equal to Q or
Q(v/m/A’) is a quadratic subfield of K, and so

_ g e g8 182
m=Ad"dy?dyr

for some ef,e5,e5 = 0,1 and some r € Q. Therefore, putting
e,=e/+e (mod2)(i=1,2,3), we have

m ? A(el , €2, 83)’

Conversely, if this equation (13) holds, then the square root of 7 :=
nf‘znggnfinfn generates K over Ko, i.e., Ko(\/n) = K. Thus, by
H. Hasse [2, Satz 15] we have Qg = 2.

Secondly, we assume that \/A;; € Q(v/d;, \/d;) for every (i, j).
Then it does not hold that

b b, b
AHABAZ AT > A(ey, ey, e3)

for any b;,c,e; =0, 1.
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In fact, by the assumption and by 7123 = %12M36&4 2 we have

Ko(1/Aij) = Ky for every (i, j) and Ko(1/A123) = Ko(v/A12A36) =

K, . Consequently, we have
b b, b
AhA%A AT > it d3* dy? 726/1(6’1 , €, e3),

where a; =0 or 1.

In this case we can show that Qg = 1 as follows:

Assume that Qg = 2. Then there is a unit # € Eg such that
Ko(y/7) = K}. By Lemma 1 we have n? = ¢,'e;*--- &5 (x; €Z). It
follows from (2) of Lemma 3 that all x; are even or odd.

If all x; are even, then 5 € (Ej)™ and we have n = nf‘zﬂ%nfi n¢,3€3
for some b;, c€Z and gy € Ej. Since 7533 = 7712773686‘2, we obtain
by the assumption that /7 € K, which contradicts that Ko(\/7) is
a quadratic extension over K. Therefore, all x; are odd. Then 7 =
WHLI 8;)‘ for some y; € Z. Since €1&;...67= 7]1371231]368;2,
we have

;
n= \/’713\/7723\/773683_1 H E,y
i=1

By (9) we have /f13r131/A13 = &3 for some r;3 € N. And by the
assumption we have A3 s df‘ a’? for some a;, a3 = 0, 1. Hence

si;'ag’\/An is totally positive. Moreover, from &7} < 0, &3 > 0,
&3 <0 it follows that &;€3¢;3 is totally positive. Therefore
eligs

a, a 1 &g
€1€38,'€3°V/ M3 = — - /™ - £1€3¢13
13

13

is totally positive, and then this unit is square in K, = Q(\/d;, /d3)
(M. Hirabayashi and K. Yoshino [4, Proposition 2, IV]). So we can
put

€1€3€1 €3\/N3 = €5

where €3 is a unit of K,. In the same way we obtain

b, b 2 ¢ ¢ 2
€2836)°€3°\/ M3 = €33,  €386E365 /M6 = €36 (b, c;=0,1)

where &3 and e3¢ are units of K; and Ky, respectively. Therefore

we have
7

Z.

=1
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Since []/_, ;" is totally positive, we have, as before,

;
z, o o, 2
11 & = ni3m33ns; (niamse) e

i=1
for some a; € Z and ¢y € Ej. By the assumption each #;; is square
in Q(\/d;, \/dj) and sois n in K, , which is also contradiction. O

LeEmMA 8. Ifexactly one or twoof N(g;) (i=1,2,...,7) are +1,
then we have Eq = (E})*E?.

Proof. Tt is enough to prove the following two Cases (1) and (2).

Case (1): N(e;)=---= N(es)=—1 and N(g) = N(g7) =+1.
Let n € Ey and let 7% = ¢,'¢)>---&;" (x; € Z). By (2) of Lemma 3
we see that x;, X, ..., X5 are even. Then it follows from Lemma 4
that
nmo = g'e, ey’ =1 in Ky,
nn% = ey’e5°ey’ = 1 in K.

Now, we assume that x; is odd. Then ¢; 5 1 in K4 =Q(\/dy, Vds)
and in K5 = Q(\/da, \/ds). Therefore, A; = dirdg, A = dy dg
for some e;,e;,e4,e5 = 0, 1. These equations lead that A, >
(dydyd3)e > d;l , which is impossible (Kubota [5, Hilfssatz 9]). Thus
X7 is even. Similarly, by the equations

nn% = &,'€;°€;’ =1 inKj,

nn% = ;€. €y’ =1 inKg,
we see that xg is even. Therefore all x; are even and so 7 € Ej.
Thus E C (E3)*E?.

The inverse inclusion (E})*EZ C E, is shown by the equations (1)
and (12).

Case (2): N(g¢yj) = N(ey)=---=N(gg) =—1 and N(e7) =+1.
Let n € E¢ and let 2 = &'¢;*- &5’ (x; € Z). Then, by (2)
of Lemma 3 we see that x;, x, ..., X¢ are even. In the same way

as in the proof of Case (1) we can show that x; is even and that
Eo = (E3)TE}. O
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Proof of Theorems 2 and 3. We only prove Theorem 2, because we
prove Theorem 3 in a similar way.

Suppose that Qx = 2. Then there exists a unit n € E; such that
Ko(v/7) = K}, = Ko(VA) where A = A(e;, e, e3). By Lemma 8 and

(2) of Proposition 1 we can put 5 = 8‘7"1?’2’7%’1%82 (a,b;€Z, €€ Ey)
and we have
b, Ab, \b
Ko(v1) = Ko(\ A3A545345)).
Consequently,

b b, \D
(14) ASADAZA = Aler, €2, 3).

Conversely, if this equation (14) holds, then a square root of 7 :=
s?ni"znggn;’i generates K over Ky, i.e., Ky = Ko(,/7). Therefore we
have Qg =2. O

Proof of Theorem 4.

Case (1): N(ey) = N(e) = N(e3) = N(eq) = —1 and N(es) =
N(eg) = N(e7) = +1.

Suppose that Qg = 2. Then there is a unit 7 € E; such that
Ko(y/M) = K. By Lemma 1 and (4,) of Proposition 1 we have

7
2 __ X X5 X 0 % 2y,
N~ = My38578¢ €4 Hei
i=1

where Xx;,y; € Z. From (2) of Lemma 3 it follows that x, = 0
(mod 2). Hence by Lemma 2 we see that x5 = xg = x; (mod 2).
In the case that x5 = x¢ = x; =0 (mod 2), we have

a, a, a, p 2
n= 85586‘877112380

for some a;, b =0, 1 and ¢ € E}. Therefore,

Kp = Ko(v/7) = Ko(y/ASA¢ AT ALy)
and then

(15) APAGATAL = Aler , €2, €3)

for some ¢; =0, 1.
In the case that x5 = xg =x; =1 (mod 2), let

4
Mo := /&séee7 | | & (v;=0o0r 1)
i=1
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and let 7y be totally positive. Then we have 7 = egege,’ 1531083
where a;, b =0, 1 and ¢ € Ej. Since &5, &, &7, 23, 1 € Eg, we
see 7o € Eg. Then it follows from Lemma 5 that
Ko(v/M0) = Ko(4/€*(10)) = Ko(v/ 6*(10)) = Ko(1/d*(10))

where &*(ng), 0*(no) and d*(ng) is defined by (2), (3) and (4), re-
spectively. Here we take s; = 0 or 1 (i = 1,2, 3) in accordance
with

& (n0) = (Vo + v ™), 6 no = (/& (n0) + /& (m0) 2)?,

d*(no) = (V/0*(mo) + v/6* (1o
respectively. Therefore

Kb = Ko(y/7) = Ko(\/ABAZEAD AL, d*(no))

and then we have
(16) ASAGATASy d*(m0) = Aler, 2, €3)

for some ¢; =0, 1.

Conversely, if the equation (15) or (16) holds, the square root of

e 2% 0% 0% b a5 % o7 b /
N = E5°5°8,"Ny3 OF E5°€s°€,'My3Mo generates K, over Ky, respec-
tively, i.e., Kj = Ko(/7). Then we have Qg =2

Case (2): N(&;) = N(e;) = N(e3) = N(g7) = —1 and N(gy) =
N(es) = N(eg) = +1.

Suppose that Qx = 2. Then by Lemma 1 and (4,) of Proposition
1 we have

;
2y,
(17) n* = e e e nh [ [ &
i=1

where X;, y;, z € Z. Then it follows from (2) of Lemma 3 that z=0
(mod 2), and from Lemma 2 that x5 = x5 = x4 (mod 2).

If x4=x5=x6=0 (mod 2), then n € (Ej)*. By(4,) of Proposi-
tion 1 we have 7 = aj“e?’agé r]f2388 forsome a;,c =0, 1 and ¢ € Ej .
Therefore,

by A b,
(18) Ko(v/) = Ko(\ Ay ASAGAG,y).
If x4 = x5 = x¢ =1 (mod 2), taking norms N; and N, of the
equation (17), we have by Lemma 4 that

I+0 — X4 2y2 2y3 2y4 — :
'+ &4 28378, ;1 in K;,
140, _ oXao2V102V7.20 _ 1 s
n Tl =g te ey ey ;1 in Kjy.
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Then +/A4 is contained in K; N K4 = Q(1/d>d3), and then A4 s 1
ord, d; , which is impossible (T. Kubota [5, Hilfssatz 9]).
Thus, if Qg =2 we have the equation (18) and hence

for some ¢; =0, 1.
Conversely, when the equation (19) holds, we can show, as before,
that Qg =2. O

Proof of Theorem 5. (1) Suppose that N(e;) = N(&3) = N(e3) = —
and that N(g4) = --- = N(¢7) = +1. By Lemma 1 and (5;) of
Proposition 1 we have

(20) n* = gjres e ey Hszy

for any n € Ey where x;, y; € Z. Then by Lemma 2 we have the
following three cases:
(1) x4=x5=x¢=x7=0 (mod 2);
(ii) Among x4, X5, Xg and x7, exactly one X; is even,
(i) x4=x5=xs=x7=1 (mod 2).
Case (i). We have 7 € (E3)* and we may put 7 = g,'€5*¢¢’ey’ (a; €
Z). Then we obtain, as before,

Ko(v/M) = Ko\ AR AGAGAT).

Case (ii). We first consider the case that x4 =xs=x=1,x;=0
(mod 2). Taking norms N; and N4 of (20), we have

ni+o sf‘sghe?” = 1 inK; =Q(Wd,, \d3),
;71"' s = 84“8 y182y7 =1 in K4 =Q(v/d;, Vd

Then, as before, /A4 is contained in Q(4/d4), which is impossible.
Next we consider the other cases, for example, x4 = x5 = x7 =
1, x6=0 (mod 2). Let

3
= vEge [ (vi=0orl)
i=1

and let 7y be totally positive. Then we can prove the assertion in the
same way as in the proof of Case (1) of Theorem 4.
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Case (iii). As before, taking norms N;, N>, N3 and N; of (20),
we obtain

A4?d2 01'd3; A5?d3 Ol'dl; A6?d1 Ol'dz;
A4AsAg ?dzdm didyord,d;,

which is impossible.
(2) Suppose that N(e;) = N(e;) = N(gg) = —1 and the others
N(¢;) = +1. We have by (5;) of Proposition 1

7
X, X, X X, X 2y.
= €36, 'es%e7 M Haiy'
i=1

for any n € E, where x;, y; € Z. By (2) of Lemma 3 we have x; =0
(mod 2). Therefore we obtain, as before, the following cases:
(i) x3=x4=x5=x7=0 (mod 2);
(ii) Among x3, x4, X5 and x7, exactly one Xx; is even;
(iii) x3=x4=x5=x7=1 (mod 2).
By the same argument in (1) of this proof we can prove the assertion
for each case. O

Proof of Theorem 6. In the following we only consider the first case:
N(e;) = N(&) = —1, since the other cases are proved in the same
way.

Let

o := II & II & w,vi=0o0r1)

N(eg,)=+1 N(e)=—1

and let 7y be totally positive.
For any 5 € E; we may put 7 =8§3---8‘717 -ng where a;, f =0 or
1. Then we have, as before,

Ko(y) = Ko(y/A$ --- A% d* (o))
Thus we obtain that Qg = 2 if and only if

A‘;S .. A,‘717 d*(ﬂo)f ? A(el , €2, e3) )

as desired. O
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