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INTERPOLATION SUBMANIFOLDS
OF THE UNITARY GROUP

YEREN XU

An interpolation subset in the boundary of a domain is a closed set
in which every continuous (or smooth) function can be extended as a
holomorphic function inside the domain and continuous (or smooth,
respectively) up to the boundary. In this paper we give some geometric
description for submanifolds in the unitary group to be interpolation
sets for the domain obtained by taking polynomial hull of the uni-
tary group. In particular, we retrieved corresponding results on the
polydisc.

The goal of this paper is to characterize the interpolation manifolds
in the unitary group U(n), which is regarded as an n2-dimensional
real analytic submanifold in C"” = R¥ . The theme of this topic
started from the work by Henkin and Tumanov in [S], and Burns-Stout
in [2] who proved the case for real analytic interpolation manifolds
on the boundaries of some pseudoconvex domains. Then a lengthy
cycle of works (Hakim-Sibony [4], Henkin-Tumanov [5], Stout [13],
etc.) followed which mainly study the case for interpolation manifolds
in the boundaries of strongly pseudoconvex domains. By using an
embedding technique, Saeren’s paper [11] was the first to deal with the
case for the interpolation manifolds in the polydisc. In what follows,
we shall deal with similar problems for U(n), which contains the
polydisc as an n-dimensional real analytic submanifold.

The paper is organized in the following way.

In §1, we give some basic definitions and properties related to the
unitary group U(n). In particular, the polynomial hull of U(n) is
described. After introducing the open-cone condition and the closed-
cone condition, which bear some resemblance to the polydisc case,
§2 contains the statement of all the results in this paper. Section 3
provides mainly the technical details for the proof of the results stated
in §2. Finally, §4 contains some remarks that relate our work to that
of Jimbo-Sakai [7] and that of Saerens [11], [12].

1. Definitions and certain properties of U(rn). In this section, we
are going to introduce several notations and definitions that we will
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use throughout the paper. Since we are mainly concerned with some
analytic properties of U(n), we will ignore, for the most part, the
algebraic structure of this compact Lie group.

Let U(n) be the unitary group in cr , that is the set of all n x n

unitary matrices. If we use the standard coordinates of C " and write
Z=(Z',...,Z" with Z' =(Z}, ..., Z]}), then

Un)={ZeC":ZiZ =271 =I,)}.

The group U(n) is a real analytic manifold, and dimg U(n) = n?. If
we define

n
¢H(Z) = Re{Zz,gz,ﬁ-a;i} , 1<i,j<n,

k=1
n

wj(2) = Im{EZ,iZ,i} , 1<i,j<n,
k=1

then U(n) = {Z € C": ¢/(Z) = yi(Z) = 0, for all i, j}. Note
that automatically we have n//,?(Z ) =0 forall 1 <i < n. Under
the identification of an n2-vector & = (&}, ..., &, ..., &, ..., &N
with an (n x n)-matrix & with row-vectors & = (i, ..., &), the real
tangent space of U(n) at a point P is given by

Tp(U(n)) = {€ € C" : & + PEP = 0},

This can be seen as follows. First, by the definition of real tangent

space,
zzaxm>={éecf ( > :, )
1<4s,t<n

oy)
=Re( Z ‘f’saZ;‘)
1<s,t<n

foralllgi,jgn}

z=I,

=0,
zZ-I,

={feC":E+E =0},

If PcU(n), sothat P: C" — C" defined by P(z) = P-Z with the
canonical correspondence between C" and GL(n, C) given above,



INTERPOLATION MANIFOLDS 183

then the mapping P is nonsingular and linear. It carries U(n) to
itself. The differential dP: C" — C" is just P,and PI, = P. Thus

Tp(U(n)) = dP(T; (U(n))) = {x € C"": x = P& with & + & = 0}.
Then, as £+ & =0,
0=¢+& =Py +(PTy)' = P~'(x + Px'P).

Our conclusion follows. (In particular, the tangent space of U(n) at
the identity matrix may be identified with the set of all n x n skew-
hermitian matrices. That is to say, the Lie algebra of U(n) is the
algebra of all skew-symmetric matrices.) Therefore U(n) is a totally
real submanifold in C”* with maximum dimension. The total reality
of U(n) also follows from the observation that U(n) is the fixed
submanifold of the antiholomorphic linear mapping 7: GL(n, C) —
GL(n, C) given by T(A) = (4~ 1)!.

Let D be a bounded domain in C”. We denote by A¥(D) the
algebra of all functions that are analytic on D and have kth (0 <
k < o0) continuous partial derivatives on the closure of D. The
algebra A“ consists of all analytic functions on D that extend to be
analytic on a neighborhood of D. For the algebra 4° (functions that
are analytic on D and continuous on D), we write simply A4(D).

Given a bounded domain D with smooth boundary bD , a compact
subset X is called a peak set for AK(D) if there is a function f in
A¥(D) such that f|z = 1 and |f(z)] <1 forall z€ D\X. A compact
set X C bD is called an interpolation set for A*(D) if for any given
function f € Ck(X), thereis an F € AK(D) that coincides with f on
X. If F can be chosen in such a way that |F(w)| < max,c3 |F(z)| for
all w in D\X, then X is called a peak-interpolation set for AX(D). We
call X a local peak set (local interpolation set, local peak-interpolation
set) if for every point p in X, the corresponding assumptions hold
for N U with some neighborhood U of p.

Recall that for a compact subset K in C”, the polynomial hull of
K is defined to be

R ={zeC", |p(2)| < Maxyex |p(w)|
for all holomorphic polynomials p in C"}.

In the following lemma, we use the notation 4 < 0 to mean that the
square matrix 4 has only nonpositive eigenvalues.
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LEMMA 1.1. The polynomial hull of the unitary group U(n) in c”
is
Umn)={ZeC":Z1Z - I, <0}

Proof. Let A={Z € cr , Z'Z — I, < 0}. First we know that the
torus © consisting of all matrices of the form Diag(e, ..., ef:) is
contained in U(n). The polynomial hull of © is given by

@={Diag(ll,...,l,,):|/1,~|$1 fori=1,...,n}.

On the other hand, every n x n matrix can be written as UDV with
U, V two unitary matrices and D a diagonal matrix, a direct conse-
quence of Schur’s lemma about diagonalizing square matrices (cf. [1,
p. 195)). The set U(n) is 1nvar1ant under the action of U(n) That is,
if Pe U(n) then UPV € U(n) Therefore A C U(n) Conversely,
if P ¢ A, then there is an eigenvalue of P, say A;, with modulus
strictly greater than 1. By Schur’s lemma, there exists a unitary ma-
trix U such that U~!PU is an upper-triangle matrix with diagonal
elements the eigenvalues of P. Assume that A; appears in the first
position of the diagonal and let U~! = (v ]’3) . Then the polynomial

p(Z)= Y uizjv

1<s,t<n

enjoys the following properties:
(1) p(P)| =] 21,
(2) Maxzey(m) IP(Z)| = Maxzeym |2]1 < 1.
This completes the proof.

From the above proof, we can obtain a stronger conclusion that the
linear convex hull of U(n) coincides with its polynomial hull, and

therefore that U(n) is convex. Also, from the above lemma, U(n) is
closed under matrix multiplication and has U(n) as its Shilov bound-
ary. Since a Hermitian matrix is positive definite (i.e., all eigenvalues
are positive) if/aEld only if the determinant of all its principal minors

are positive, U(n) is the semianalytic set defined by
n
U(n) = {Z € C" : Det [(5]’ - Zz;cz,’c] >0,
1<i, j<I

k=1 <i,j<
foralll:l,...,n}.
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2. Statement of results. In this section we will state several theo-
rems; we leave the proofs to the next section.
Let &7 be the set of all skew-Hermitian matrices A and define

P, ={4eF:id >0}, P_={Ae :iA<0}.

A C! submanifold T inU(n) is said to satisfy the open cone (resp.
closed cone) condition if the following holds for every point p €
T,(Z)p~ ! c A\P, UZ
(resp. if Tr(Z)p~! C P \(FLUAR)).
Here we are using the identification of an n2-vector ¢ with an nxn
matrix as we mentioned at the beginning of §1. For a k-dimensional

C! submanifold T in C” , the real tangent space at the point p is
defined by

Ty(Z) = {J(®)p-V:V e R}

i v’) :V:(vl,...,vk)eRk},
p 1<s,t<n

where X is parameterized near p by the C! mapping
2
d= (¢§)l§s,t§n: Rk - C"

and J(®), is the n?xk Jacobian of ® at p. Therefore our open cone
(or closed cone) condition simply means that for all V = (v!, ..., vk)

in R*, the matrix
k n
: 0dr=7\ | .1
i (Z <Z 9, ¢r> pv
1<s,t<n

I=1 \r=1
is neither positive semi-definite nor negative semi-definite (or neither
positive definite nor negative definite).
Our first theorem is a simple analogue of [2, Theorem IV.1] and
follows from the semianalyticity of U(n).

THEOREM 2.1. A real-analytic closed submanifold T in U(n) is an
interpolation set for A®(U(n)) if and only if there exists a complex
submanifold .# in a neighborhood of U(n) such that

S=Umnn# =Un)nAL.

There is a geometric description /oi the real-analytic submanifolds
that are interpolation sets for 4“(U(n)):
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THEOREM 2.2. Let X be a real analytic closed submanifold of U(n).
If X satisfies the open cone /cgndition at each of its points, then X is
an interpolation set for A®(U(n)). Conversely, if ¢ is an interpolation

set or A®(U(n)), then X necessarily satisfies the closed cone condition
at each point.

For the CO-interpolation problem, we can get a stronger result as
follows

THEOREM 2.3. Let T be a closed C? submanifold in U(n). If X
satiﬂ@s the open cone condition, then X is a peak-interpolation set for
A(U(n)). Conversely, ¥ must satisfy the closed cone condition if it is
a peak-interpolation for A(U/(;)).

In the case of C*°, we have obtained only a partial result as follows.
For the corresponding results in the polydisc case, see [8].

THEOREM 2.4. Suppose that T is a closed C* submanifold of U(n).
If T satisfies the open cone condition at each of its points, then X is
a local peak set and also an interpolation set for A>*(U(n)). Con-
versely, if T is a peak set for A* (U/(Z)) with k > 1, then there exists
an (/ni — 1)-dimensional C* submanifold # in some neighborhood

of U(n) such that £ C # NU(n) and # NU(n) satisfies the closed
cone condition at each of its points.

We end this section by giving some examples.

ExAMPLE 2.5. Consider the real analytic curve I' in U(n) defined

by

where v2/2 <& <1 and 1+ 5% —3¢2+2¢* < 0. Then we have

2 e—&'—ien
ir'<0>W=( G )

e—¢&'+ien g2

v 1—¢?
Hence the curve is a peak-interpolation set for A(If(;)) for ¢ near
0, since at ¢t = 0 we have that

&2

Det(il'(OT(0)") = 1=

(14712 -3e%+2e*) <.
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ExAaMPLE 2.6. Let SU(n) be the special unitary group in U(n).
Then SU(n) is a peak-interpolation set for A®(U(n)). This can be
seen either from Theorem 2.1, since

SU(n) = SU(M)N{Z € C"': det(Z) = 1}
~Un)N{Z eC": det(Z) = 1}

and {Z € cr' det(Z) = 1} is a complex submanifold in cr . Al-
ternatively, the result follows from Theorem 2.2, since for any ¢ €
Tp(SU(n)), we have that

Tr{i¢P} = 0

and this implies that & can be neither positive definite nor negative
definite. For any fixed real number 6, we define a submanifold

Ug(n) ={Z € U(n): det(Z) = ¢€'}.

Then Uy is a peak-interpolation set for 4“(U(n)) and for 4(U(n)),
since we can show that this submanifold satisfies the open cone con-
dition. Similar to the second proof, one can show that the special
orthogonal group

SO(n)={ZeR" :2'Z =1I,}

is also a peak-interpolation set for 4% ([ﬁ;)) and for A(U(n)).

3. The proof of the theorems. In this section, we will give a complete
proof of the theorems stated in the last section. The ideas in these
proofs are originally from Nagel and Rudin [9], Burns and Stout [2],
and Saerens [11]. Two preliminary results from matrix analysis will
be used to deal with U(n).

LEMMA 3.1. If A = (aj) is an n x n positive definite matrix and
B = (b]’:) is an n x n negative definite matrix, then we have following

inequality:
n

atbt < 0.
Y ajb]

i,j=1

Proof. Recall that the Schur product of two n X n square matrices
A= (a;-) and B = (bj) is the n x n matrix C = (cj) defined by
c}‘ = aj.b;. It is well known that the Schur product of two positive

definite matrices is still positive definite (cf. [1, p. 94]). Therefore
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the matrix C = (a}b!) is negative definite. Taking X = (1,..., 1),
XCX' < 0 gives our first lemma.

LEMMA 3.2. Ifan n x n matrix A = (aj.) is positive definite, then
the n* x n* matrix B = (ail,) is also positive definite.

Proof. Let X = (Xy, ..., Xn) be any vector in Cc" with Xi =
(X},..., X! in C", and let B! = (ail,)nxn. Then B = (B!). Now
. n o n n . .
XBX'= Y X;BiX'=Y > alxfXx!
i,j=1 i,j=1k,l=1
n n .
— i vk yl
= 2 | X XX
k,i=1 \i,j=1

Since 4 > 0, for any fixed k, /, every term inside the parentheses is
strictly positive. Therefore B is strictly positive definite.

The proof of Theorem 2.1 follows, mutatis mutandis, from the al-
gebraic proof of Theorem IV.1 of [2], since we know that U(n) is a
semi-analytic set and that the polynomial hull of U(n), U/(;) has a
Stein neighborhood system.

The proof of Theorem 2.2 consists of two parts. First we prove the

theorem for 1-dimensional submanifolds, i.e., for curves, as follows.

ProrosITION 3.3. Let T be a simple closed real analytic curve in
U(n), say T =T(R) with T'(t) real analytic, regular and injective on
[—1, 1), and periodic with period 2. If for every t € R, we have that

'O € AP UZ-,

then T" is an interpolation submanifold of A®U(n). Conversely, if T
is a closed interpolation submanifold of A“U(n), then for all t € R

') c A\F,UuZz-.

Proof. Let I =[-1,1]. Then I'(1) =T'(-1) and I' =T'(Z). We
can assume, without loss generality, that I'(0) = 7,,. Since I' is real
analytic in a neighborhood of the interval I and is periodic, we can
extend I' to be holomorphic in a neighborhood R x [-n, n] c C! of
R for some suitable n > 0. We denote this extension again by I'.
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We have, by the Taylor expansion of I'(¢z + is) about a point ¢ € R,
that for small s

C(t+is)=T@) +isT(¢) - éw;I“”(t) + o(s?).
As I'(R) c U(n), we have
C(OI(t) = I,

for all ¢t € I. Therefore, by differentiating the above equality with
respect to ¢, we obtain

r'ora@!+ror@: =0,
(L) + 20 () () + T()I(¢)! = 0.
According to these equalities, we get

I, = T(t + is)T + is)
= is(T(D' (1) - T'()[(2)")

+ 5 (POTT + TOF - 2D (O + o5
= 2isT (O (2)! - 2s°T ()T (1) + o(s?).

If '(OI'(2)! ¢ L. UF_, then the matrix I'"(¢)I'(¢)! has two eigen-
values with opposite signs. Therefore, there exists a constant ¢ > 0
such that for every ¢ € R, the matrix I, — I'(¢+ is)I'(z + is)! also has
two eigenvalues with opposite signs for 1 € R and |s| < 7, i.e., for
these ¢ and s, the matrix I, — I'(£ + is)I'(¢ + is)! cannot be positive
semi-definite or negative semi-definite. Define I', a complexification
of T', by

I'={I(z): z=t+is with f € R and |s| < 7}.

Note that T is a submanifold of a neighborhood of U(n), provided
tlla\t o is small enough. The above observation implies that I" meets
U(n) only along U(n), i.e.,

I'nU@n) =I'nUMn)=T.

Therefore our conclusion that I" is an interpolation set for 4% (U/(Z))
follows from Theorem 2.1.

Conversely, suppose I"(#)I'(¢p)! € #; U F_ for some T € R.
We assume thatfy = 0 and I'(¢y) = I,. Then there exists a small
neighborhood J = [-#, ] of O so that for all ¢ € J, the matrix
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I ()I'(¢)! is either positive definite or negative definite, say the former.
Now the positive definiteness of this matrix implies that we can find
a positive constant ¢ such that the following two conditions hold for
D={z=t+is:teJand|s|<a}:

1. The matrix I"(z) is nonsingular for z € D.

2. Then the open set D is mapped by I" to C" as follows:

D_={z=t+is,teJand — g <s <0} —» C"\(Un)\U(n)),

and

D+={z=t+is,teJand05s<a}—>U/(;),

—

or the /o\ther way around, D_ is mapped to U(n) and D, to
C”z\(U(n)\U(n)) . We assume the former one. .

Therefore the embedded complex curve I'(D-) meets U(n) only
along the curve I', while the embedded complex curve I'(D, ) is con-
tained entirely in [T(\n) and meets U(n) only along I'. The variety
I is a one-dimensional complex manifold that is biholomorphically
equivalent to an annulus in the complex plane, provided ¢ > 0 is
small enough. There is a function ¢ defined and holomorphic on a
neighborhood of I' in I' that takes I" bianalytically onto the unit
circle in C. We can suppose that ¢ oI" takes D, into the unit disc
in C and takes D_ into the complement of the unit disc. If zp € C
lies in the unit disc but has modulus very near one, then the function
f defined on T by |

1) = gy —2

is in C?(I"), but does not extend analytically to I'(D;). This gives
the proof of the second part of the proposition.

The above proposition leads to the proof of Theorem 2.2, by reduc-
ing the dimension of X to 1 as follows: .
Suppose that X is an interpolation set for A“(U(n)), i.e.,

A®(U(n))lz = C*(Z),
but there is a point P in X such that Tp(Z)P? is not contained in
F\(Z UZL_). Then we can find an n x n matrix vp in Tp(X),
so that vpP? € P, UZ_, say it is positive definite. There exists a
simple closed analytic curve I" in X in a neighborhood of P such
that I'(1) = P and I'(¢) = vp. Here we identify the curve I" with
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the image of real analytic map I" from the unit circle S! in C. The
mapping I' can be extended to a holomorphic function in a tubular
neighborhood D of S!. The positiveness of the matrix vpP! implies
that there exists a neighborhood B of (1, 0) so that one of the sets
D_={|z]<1}nDNB and D, ={|z| > 1} N DN B is mapped into
[f(\n) and the closure of the image meets U(n) only along I". Thus,
by the method we used in the proof of the second part of the above
proposition, a real analytic function f on I' can be /o\btained that
cannot be extended to a neighborhood of I' inside U(n). Since X
1s a simple closed real analytic curve, C?(I') = C¥(X)|r, which leads
to the contradiction that C%(X) # A“’(U/(;))iz. This contradiction
yields the necessary condition in Theorem 2.2.

To prove the sufficiency, we only need to construct a complexifi-
cation ¥ of X that intersects U(n) in X. Suppose dimgpX = m.
Then there exists a bianalytic map ® from an open set Q in R™ to
a neighborhood B of the point P such that XN B is the image of ®.
The open cone condition of £ means that the matrix

<ZZ 0P Frv 1)
1<s,t<n

=1 r=1

is neither positive definite nor negative definite for all points in Q
and for all ¥V = (v!,...,v"). Since ® is real analytic on Q, we
can choose a thin neighborhood Q of Q in C™ and extend P to
an analytic mappmg, agam denoted by @, from Q toa complex
submanifold £ in C” . For each fixed Xo+iYy in Q, consider the
curve
I'(¢) = ®(Xy + itYy), for |t < 1.

(We can assume that Q is symmetric about R™.) For all ¢ in the
unit interval, we are in the same situation as we had in the proof of
the first part in Proposition 3.3. Hence by choosing small Q we can
obtain a complex submanifold ¥ contained in Q that meets U( )
only along the X. This completes our proof of Theorem 2.2

In order to prove Theorem 2.3, first we make the following conven-
tion:

Given two Vectors in C"” = R . We regard them as two nxn
matrices U = (ul, + iuZ) and V = (v}, + ivZ) and define the usual
Euclidean inner product between these two vectors (matrices) as

n
_ 1,,1 2.2
U.v= Z (U Vst + U Vs

s,t=1
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This is the real part of the standard Hermitian inner product in cr ;
it is the standard real inner product on cr = R¥,

Recall that a C! submanifold .# in C" is called totally real at a
point P in .# if there is no complex subspace contained in the real
tangent space of .#Z at P, except the origin. Harvey and Wells [3]
proved that if M isa C! totally real submanifold of a complex mani-
fold X, then there exist a neighborhood .#" of M and a nonnegative
function ¢ € C2(#") such that

l. M={zeN:¢(z) =0} ={z € X : grad(¢(z)) = 0},

2. ¢(z) is strictly plurisubharmonic on /.

The idea for proving Theorem 2.3 is, at every point P in X, to em-
bed X locally into the boundary of a strictly pseudoconvex domain &
in C"" such that X is complex tangential in the boundary b2 . This
can be done first by requiring < to be strictly pseudoconvex near the
point P. Then use a method from Stout [13] and Saerens [11] to get
a globally strictly pseudoconvex domain & so that X is also complex
tangential near P. Thus X is a local peak set and a local interpolation
set for 4(U(n)), following results from Henkin-Tumanov [5]. More-
over, by using partition of unity exactly as done in Hakim-Sibony [4],
X is an interpolation set for 4(U(n)). Finally the property of global
peak-interpolation for X is obtained from Varopoulos’ Theorem in
[14]). We give the proof of the first part and leave the proof of the
second part to the references [11] and [13]. Without loss of generality,
we can assume that P=1,.

PROPOSITION 3.4. Let X be a C? submanifold of U(n) that con-
tains I,. If X satisfies the open cone condition at I, , then there exists
a C? function p: C" — R such that for the domain & defined by
9 ={Z¢€ cr p(Z) < 0}, there is an open subset % in C" such
that

1. dp(Z)+#0 for Z in %, L

2. UnN% Cc b and 7% Nn(U(n)\U(n)) c <,

3. Tp(E) C TS (D) if P€ ¥, and

4. p is strictly plurisubharmonic in a neighborhood of b2 N .

Proof. Assume dimg X = m. Then m < n2—1. We note that there
exists a neighborhood B of the point I, in U(n) and an (n? — 1)-
dimensional C? submanifold X of U(n) so that XN B satisfies the
open cone condition and contains XN B . This can be done, using the
equivalent definition of cone conditions stated in Remark 4.1, by the
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same argument given in Saerens [11]. (See the proof of Lemma IV.2
in [11].)

So starting from now, we can assume that the manifold X is of top
dimension, i.e., of dimension n2 — 1. We need to show that if

Tp(E)PI C P\(P, N P.)

for P € ¥ near the identity, then a normal vector e(P) € (Tp(X)P!)*
can be chosen such that e(P) € #, UZ_. For this, it is enough to
assume that P = I, and that X is given by ®(Z) =0 for Z € U(n)
near I, and® a C2 real-valued function with d® # 0 on X.

Let Bg be the skew-hermitian matrix defined by

Bo = (B) = ((;’;’ - %) (1,,>) .
J i

Then there exists a unitary matrix U so that

UBgU! = idiag(A, ..., An), A €R.

Consider a linear change of coordinates L: Z — UZ U". Then under
this mapping, U(n) — U(n), I — I, and for Z € L(U(n)) = U(n)
near the identity, X is given by ¥(Z) = ®(U'ZU) = 0. Moreover,

; 00 =
az; Z kazk Ui

LI Lt
azf .1 az, 1 0Z}

Thus L
B\p = UBQ)UI = idiag(/11 g ooy /1”)

On the other hand, by the definition of the real tangent space,

T,"(2)={ =) es: Re{ZAJaZl }:0}.

If A=—A’, then
In)

oY oY
st b-15a ((— -]
J i 2 i i
{ 32 } 07 azil
=3 ZAﬁ'(B‘P)f‘ =3 > hidl
i,j i
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Therefore, the condition 7j (Z) C S\ UZ_ implies that the real
numbers A, ..., A, all have the same sign. (For if, say, 4; > 0 and
Az < 0, then the skew-hermitian matrix 4 = idiag(4;, —4;,0,...,0)
would be in &, N T; (¥).) Thus the matrix /By is either positive
definite or negative definite, and by our definition of normal vector,
we can choose e([,) = By, since for all vectors 4 € Ty (),

A-e(I,) =Re»_ AY(By)’ =0.
i,j

For a general point P = (P]? ) € £ near I,, we can choose

and the positive (or negative) definiteness of e(P) follows from that
of e(I,).

To construct our desired function p, we assume, without loss of
generality, that e(P) € &, ; i.e., the matrix ie(P) = (C,"(P)+iD}‘(P))
is positive definite for P near the identity.

By the theorem of Harvey and Wells, there exist a neighborhood
A of Z and a non-negative strictly plurisubharmonic function ¢(Z)
in /" such that

I={ZeN:p(Z)=0}={Z €4 :grad¢(Z) = 0}.
If H(¢)p denotes the complex Hessian of ¢(Z) at P, i.e.,
H($)r = ( 9 2"5...(P)) ,
0808k

where 1 < j, k < n? and ¢ j runs through the n? complex coordi-
nates Z!, then the n? x n®> matrix H(¢)z is positive definite near
I, . Therefore there exists a large positive number «g such that the
n? x n? Hermitian matrix B + agH(¢) 1, is positive definite, where

8(CS(Z) +iD3(Z)) 8Cs(Z)+iDN2)\'
Bz( oz )Z=,+( —ozE )

z=I,

We define a real-valued C? function
n

p(Z) =Y (CHZ)9}(Z) + D}(Z)W(Z)),

s, t=1

where {¢{(Z), yf(Z)} are the defining functions of U(n) defined
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in §1, and choose an arbitrary C? function f: R — R such that
f(0) =0 and f’(0) = ap. Then our desired function p is given by

P(Z)=p(Z) + f($(Z)).
Our assertion 1 in Proposition 3.4 follows from the fact that
0p(Z) 0p1(Z)

_ u DU
6211;‘ Z=In - az’g - C’U (In) + ZD'U(III)

z=I,

and that our matrix ie(I,) is nonzero. For part 2, we note that if
Z €U(n) isnear I,, ¢(Z) = ¢;(Z) = y{(Z) =0, and hence U(n) C
b . For the inclusion that ZNU(n) C &, we note that for Z € U(n)
near I, ,

(¢1(Z) +iy[(Z2)) <0,  (C(Z)+iDi(Z)) 2 0.

Therefore, Lemma 3.1 and the fact that at I,,, f o ¢ vanishes to the
second order while the function p; vanishes only to the first order,
yield our result. For part 3, we note that the complex tangent space
of b at P € X is defined by

Tlg(b@) = {E = (‘fg)nxn : Z égaapézu) = 0}
u,v=1 v 1Z=P
= ~ .0p1(Z)
=4y== 5 nxn + ,‘,‘ 7 =0,.
{ ) u,zv:ﬂé 0Zy |z-p }

A computation shows that at P, E € T§(b2) if and only if the
following equality holds

n
(*) Y. EuPE(CH(P) +iD{(P)) = 0.
u,v, k=1

Thus the inclusion Tp(X) C TS (BZ) follows from the fact that the
skew-hermitian matrix e(P) isin (Tp(Z)P?)L,i.e., e(P) has to satisfy
the equality () forall E€ Tp(X).

To prove the last part, it is enough to show that the Hessian of
p(Z) is strictly positive definite when P = I,,. This is obtained from
Lemma 3.2 and the following identity

8%p(Z)
0Z}OZ)

Thus, we finish the proof of our proposition.

sy (OF (Co(In)+iDy(In))) 2+ B+ (0)H(9) |21,
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The global version of Proposition 3.4 is stated in the following
proposition that ensures that the domain & can be chosen globally as
a strictly pseudoconvex domain. The proof is the same as that given
by Saerens in [11] for polydiscs.

PROPOSITION 3.5. Given a point P € X, there exists a strictly pseu-
. 2 .
doconvex domain @ c C" with C* boundary and an open subset

% containing P such that conclusions (2) with (3) in Proposition 3.4
hold.

It is known [5, 10] that a C! submanifold M in the boundary of
a strictly pseudoconvex domain D is a peak-interpolation set if and
only if for each point P € M, Tp(M) C T§ (bD) . Thus together with
Proposition 3.5, we can assert, following the lines in S/a_tgrens [4], that
X is a local peak set and an interpolation set for A(U(n)), provided
that X satisfies the open cone condition at every point. Since, for
every point P in U(n), the function

n k pk
fo(z) = ZLIZT o 7 ¢ UGa),

peaks only at the point P, P is a peak point for A(Ij(;)) . Our suffi-
cient condition in Theorem 2.3 is then an immediate consequence of
a result, due to Varopoulos in [14], which implies that, for a bounded
domain D, an interpolation set for A(D) of which every point is also
a peak point for A(D) is actually a peak-interpolation set for A(D).

Our proof of the necessity in Theorem 2.3 is based on the following
two theorems (cf. [9]).

THEOREM (Nagel and Rudin). Let the segment (0, 1) C R be one
edge of an open rectangle Q in the upper half-plane of C. Suppose

(a) f: Q@ — C is abounded C'-function, and

(b) %% € LP(Q) for some p > 1.

Then lim f(x + iy) exists for almost all x € (0, 1),as y — 0.

THEOREM (Nagel and Rudin). If & € C" is a domain and if K C
b is a peak set for A(D), then there exists an F € H®(Z') which
has no limit along any curve in & that ends at a point of K .

Nagel and Wainger obtained several more general results. For de-
tails, see [10].
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Suppose now that o is a peak set for A(U/(;)) and that there is a
point, say P, at which there is a non-zero vector ¢ € Tp(X) such that
EPl e P, UP_ . Choose a C? simple closed curve y in U(n) so that
P €y and y is the image of some C? periodic mapping ¢: R — U(n)
with ¢(0) = P and ¢'(0) =¢&. Let d = Max{[|¢'[|c, [|¢”[loc} < 00.
Assume that ip’(0)p?(0) < 0. (The same proof works for the case
when the matrix i¢’(0)p?(0) is positive definite.) Then this matrix
remains negative definite for small x in R. Without loss of generality,
we assume that ¢(x + 2) = ¢(x). Choose a function y: (-1, 1) —

C" such that

1 1 1
/1 wi(x)dx =1, /1 Ixyf(x)|dx < 7

The existence of such a function is seen as follows. Let ¢ = -217 >0,
and let 4 be a function on [0, 1] with A(0) = 2/(0) = A”(0) = 0,
A(1) =1/2, A positive and increasing on [0, 1] such that fol A(x)dx
> 1/2 — c. Then by extending A to [—1, 0] as an odd function, the
function A’'(x) has the desired properties.

Define uf(x, y) = [',(pF) (x + ty)yf(¢) dt and

@(x + iy) = p(x) + iyu(x, y)

for x near 0 and y > 0. Since our matrix i¢’(x)@!(x) is negative
definite when x = 0, we can find a positive number e so that for x
near O,

Im(Z(o (xX)pk(x )>e>0

for k=1,..., n. Therefore ¢ and ® have the following properties
for z=x+1iy:

1. ®(x) = p(x) and 22|, o = ip/(x).

2. There exist two small positive constants ¢, n such that under
the mapping @, the region (—¢, ¢) x [0, ] is mapped into U/(E) and

Maxxe[—e,e] |¢,(x) —¢'(x+y)|<dy<e.

3. Jux(x, WIS oo s Juy(x, p)I < 1, and 292 < € < o0.
Let ®(z) = (®'(z2), ..., ®*(z)), where the ®F s are the columns
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of ®. Then for 1 <k <n and z near O

L= @ (x + iy)P = 1= lof (x) + iyuf (x, y)?
=1

=2y (Im Z(d‘)’(x)(o}‘(X))

=1

n
+2y (Imz o () (uf (x, )~ (¢5‘)’(x))>
I=1
—yuf(x, )2 > ey,
since second and last term in this equality are O(y?) by the above
property (2). Now U(n) is contained in the set S, § = 8§21 x...x
S$2n=1 the product of n copies of (21— 1)-sphere. The distance from
the point ®(z) to U(n) is greater than or equal to that to .S'. Suppose

{ to be a point in S. Then
|@%(2) — K = 1 + (@K (2)| - 2Re(LF, @¥(2))
>1—|®%(2)]2 > ey.
Therefore dist(®(z), U(n)) > ey. If F is a function in A(U/(;)) , by
letting f(z) = F(®(z)), we have following estimate for small y:

/()| . IFlle |09f(2)
8z | = dist(®(z), U(n)) | 0z

=0(~'7).

Therefore ?—j;%ﬂ belongs to .#?(Q) for some rectangle Q in the upper
half plane, where 1 < p < 2. Our theorem then follows from the
theorem of Nagel and Rudin.

The proof of the sufficiency of Theorem 2.4 could have been carried
out exactly in the same fashion, if one notes that our constructions and
all the theorems we quoted there still work in the C*° case. But since
we no longer have a C*> version of Varopoulos’s theorem, we can only
reach the corg:lusion that X is a local peak set and an interpolation
set for A>°(U(n)).

Proof of the necessity in Theorem 2.4: Let f € AX (Uf(ﬁ)) be such
that fly =1 and |f |IT(7)\>: < 1. Without loss of generality, we can

assume that £ #0 in U(n). Let log(f(Z)) = u(Z) + iv(Z) and
H ={ZeC", v(Z)=0}nU(n).

Then .# contains X. First we show that near every point Py € X, #
is a manifold of dimension n2—1. This amounts to showing that there
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exists n € Tp (U(n)) such that n(v) # 0. Consider the holomorphic

mapping ¢ from the unit disc U in C to U/(;)\U(n) defined by
¢(&) = EPy. Then ¢(1) = Py, f(#(1)) =1 and |f(¢(E))] < 1 for
& € U. Therefore, Hopf’s lemma and the Cauchy-Riemann equations
give dv(¢(e’?))/d6 # 0. By taking n = ¢. 2|1 € Tp(U(n)), we
have n(v) # 0. Thus d(v|y(,) does not vanish at pomt Py. Next
we claim that .Z satisfies the closed cone condition at every point of
Y. If not, say at P, we have that the set Tp(.#)P! is not contained
in the set \(#; UZ_). Then there exists an n x n matrix ¢ in
Tp(#) such that P! > 0 or iéP! < 0, say the former. Let4 =
iP'¢. Then & + PE'P = 0 implies that 4 = P~1(i¢P))P > 0. For
I{] < 1, we define a matrix function M ({) = I, — c(1 — {)4, where
¢ =1/max<;,<,A; > 0 with 4; the positive eigenvalues of the matrix
A. (If A<0, we take ¢ = —1/max;<;<p|4;| < 0.) The eigenvalues
of M({) are u; =1—c(1—{)A; with

2(1 —Re
(ll—_c—l—z-c—) - C‘ﬂi) <1,
since 2(1 — Re{) > (1 —Re{)? + (Im{)? = |1 - {2 M(1) =

Therefore the mapping { — PM({) is C* from the unit disc to
[T(;). The function f(PM({)) takes its maximum modulus only at
{ = 1. Hopf’s lemma yields %{—”(:1 > 0. Thus the Cauchy-Riemann
equations give 3%|,_; > 0. Now we write M({) = (aF({)) and v =
v(PM() = v(The, Piak(()) . Then d%a{f(alc:l =i &P and

il =1 —Cli<

v 2 81} l
0< — =
" ov d k
= Z = Zip,g—a,(l)
s,t=1 62; = k=1 dC
n
=

s, t=1

which contradicts the equality Re(}7 ,_; 2%|z-p&) = 0, since & €
Tp(A). Thus we finish our proof of Theorem 2.4.

4. Remarks.

REMARK 4.1. Recall that U(n) is the image of ., the set of all n x
n skew-Hermitian matrices, under the exponential map. Therefore,
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if Q is an open subset in R™ and if ¥ is a C¥ mapping from Q
to &, expoW¥ is also a C* mapping with image in U(n). Under
this correspondence, if the set exp(¥(2)) is a submanifold in U(n),
the open cone condition and closed cone condition on exp(‘¥(2)) are
converted to the following form:

open cone condition at point P = ¥(X):

{(JP)|xV:VeR" CcA\(F UL,
closed cone condition at point P = ¥(X):
{(JP)|xV :VeR"}CA\(FLUZA),

where JW is the Jacobian of the mapping ¥. Thus we can restate all
theorems in §2 by imposing these revised cone conditions on ¥(X).

The proof of the equivalence of these two types of cone conditions
is based on the following lemma:

LEmMMA 4.1. Let H=H(t, ..., ty) be an n x n matrix that de-
pends on the parameters t,, ..., ty,. Then for any constant s

5Qt_(esH) — _/S e_(s_sl)Hg_I{_e—s,H dsy.
i 0

l
Proof. Let X(s, t) = g-e~H . Then

dX _ 0.0 u_ 0
ds 3tj as - at,-
oH —-sH

= _HX_—é—t;e

(—HeH)

Hence X (s, t) satisfies the inhomogeneous system

ay _

- =AY(9)+B(s), Y(0)=0,

which has the solution Y(s) = [;e*~4B(t)dt. As a consequence,
we have the desired equality in the lemma.

By using this lemma, our equivalence follows immediately. For
if we write ¥(X) = (y7(X)) and e¥X) = (ef(X)), then for every
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V =(v1,..., V) € R™ we have
m s m s
jo—¥(X) dej(X) = i) [ (3ez (X)) N
= 6x1 = ax, nxn

Bx,

1 m Ows
_ 0 (3 v (X) ¥(X
__/O e’ ( )(l 'a—XI—'U[> e’ ( )dT
nxn

I=1

m 1
— jo~¥(X) Ze‘I’(X) (/ e—T‘Y(X)MeTW(X) d‘E) (7
0
nxn

As two conjugate matrices, the left-hand side is positive (or negative)
definite if and only if the right-hand side is. This gives the equivalence
of the two type of cone conditions.

There is an interesting consequence of the above equivalence. If we
canonically embed the polydisc T" into U(n) as

(z1,...,2zpn) € T" — diag(zy, ..., zp) € U(n),

then every submanifold X in 7" can be considered as a submanifold
2 in U(n) of the same smoothness. It follows that ¥ satisfies the
open (closed, resp.) cone condition in our definition if and only if =
satisfies the open (closed, resp.) cone condition in Burns and Stout
[2] and Saerens [11]. Namely, if Q is an open subset in R™ and if
®: R™ — R" is a nonsingular map of class C?, then the open cone
condition in [2] and [11]

{@(X)V :V € R"}nRT = {0},

which implies that the set {(e!®X), .. ¢ ®(X)): X € Q} is a peak-
interpolation set for the polydisc algebra 4(U"), holds if and only
if

{(JY(X)V :V € R"} c A\P UL,
where ¥(X) = diag(i®,(X), ..., i®,(X)) € . Moreover, the point
(X)) ., e®(X)) in U” corresponds to the point

diag(e’®X) | .., ")) = exp(¥(X)) € U(n).

Similarly, the closed cone condition in [2] and [11] can be obtained by
the same argument. Therefore all parallel results in [2] and [11] about
peak sets, interpolation sets and peak-interpolation sets for A(77"),
A>®(T") and A®(T") can be obtained as corollaries of our Theorem
2.1,2.2,2.3 and 2.4.
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REMARK 4.2. If a submanifold X in U(n) happens to be a closed
subgroup (Lie subgroup), e.g., SU(n), then the cone condition holds
at every point if and only if it holds at one point, because we have
following proposition.

PROPOSITION 4.2. If X is a subgroup of U(n) and satisfies the open
cone condition at point Py, then X has the same property at every
point P.

Proof. From the definition of the real space of U(n), we can derive
that for any unitary matrix U,

UTp,(U(n)) = Typ,(U(n)) and Tp,(U(n)U = Tpu(U(n)).

Since X is a subgroup of U(n), PPy ! also lies in X. Therefore
Tp(U(n)) = PPy 1Tpo(U(n)). Let £ = ¥Y(Q) with ¥ defined in Re-
mark 4.1. Assume P = ¥(X) and P, = ¥(X,). Then there exist m?
functions A(X, Xp) = (ai(X , X0))mxm such that

8F(X)

B _ Y( X)
5 = YO¥(Xo) ‘(

a,;(X, X0 |,
j=1

since £ C U(n) implies Tp(X) C Tp(U(n)). We only need to show
that the matrix A(X, Xy) is nonsingular. But this is obvious, since
we have

o¥(X) _

Toxp Z a‘P(X)(X) ,(Xo,X)ak(X Xo),

=1
and this implies that A(X , X0)A(Xo, X) =1,

REMARK 4.3. Let & = 2, x --- x Z, be a domain in CV, where
each 9, is a strictly pseudoconvex domain of C* with C* bound-
ary. Let p, be a defining function for &, andset I' = bZ; x---x b,
and 7% = iy, (P)~!x% with x% = (grad p,)p and a,(P) = 24|, v =
1,...,r. For each vector 4 = (4, ..., 4,) with 4, >0, we set

r r
Ap(A) = {Zm;, t,€R and Y t,d, = 0}.

v=1 v=1
T. Jimbo proved in [7] the following result: Let M C I" be a real C*®
submanifold. If M is locally a peak set for A°(Z), then there exists
a vector-valued C*® function A= (Ay, ..., A;) with A, > 0 such that

Tp(M) C T§ (T) & Ap(A(P)).
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Conversely, if M satisfies the above inclusion, then it is locally a peak
set and locally an interpolation set for A*(Z).

In our case, as the unitary group U(n) is contained in the product
of n-copies of unit sphere, we need consider the domain that is the
product of n-copies of unit ball.

PROPOSITION 4.3. Let Q be an open set in R™, and let ® be a
nonsingular C* mapping from Q to bB, x ---xbB, = Sz”/‘\l X - X
S2n=1_ Set T = ®(Q). If T is a local peak set for A*(U(n)) may
not be a local peak set for A*(Z), where & = B, X --- x By, then at
every point Pe X, P =®(X),

n n K
> A (ZM(X)Q%’;C@) —0 fricj<m,
J

k=1 I=1

for some A= (A1, ..., An) with 4, >0.

Two comments about Proposition 4.3 are in order:

1. The condition in the proposition is also sufficient, but we only
need the necessity so that we can compare the equality in Proposition
4.3 with our cone conditions.

2. The above equality implies that for any vector V = (vy, ..., )
the matrix Z;-”ZI(CI)’ (X )63’)(()( ))v ; 1s neither positive definite nor neg-

ative definite. Therefore if T is contained in U(n), then it has to
satisfy the closed cone condition. But a local peak set for 4A*°(U(n))
may not be a local peak set for 4°(Z), as the following example
shows.

EXAMPLE 4.4. Let T be a smooth curve in U(2) € §3x.§3 defined

by
¢ deial®)
3= {(_deiﬂ(t) ceia(t)+i,9(t)) = R} ,

here ¢, d are real constants satisfying ¢? + d%> = 1. Then we have

1. If &()p'(t) < O for all ¢, then ¥ is a local peak set for
A*(U(n)).

2. X is a local peak set for A°(B, x By) only if &/(2)p'(t) <
~(cB'(1))?> < 0 for all ¢.
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Proof of Proposition 4.3. It is easy to get that

AP(A) == {l(tlz%, cee g 112,1,, cee g th?, cee g thZ)pZ

t=(t,...,ty) €ER", and zt,,i _0}

For each V € R™, 7., aq’ Jy; j € Tp(Z) implies that 3777, aq’ X)
— (itr®%(X))1<k, j<n must he in TS(T), where T = §2"~1 x ... x
S$27=1_ That means that

n [ adk(x —
3 —L(—)vj—izkcpf(X) @ (X) =0,
=1 \j=1 0x;

for k=1,...,n. Since V is arbitrary, oﬁr result follows from the
equality Y); |®F(X)2=1.
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