PACIFIC JOURNAL OF MATHEMATICS
Vol. 167, No. 2, 1995

S-INTEGER POINTS ON ELLIPTIC CURVES

ROBERT GROSS AND JOSEPH SILVERMAN

We give a quantitative bound for the number of S-
integral points on an elliptic curve over a number field K
in terms of the number of primes dividing the denomina-
tor of the j-invariant, the degree [K : Q], and the number
of primes in S.

Let K be a number field of degree d and M the set of places of
K. Let E/K be an elliptic curve with quasi-minimal Weierstrass
equation

E : y*=2+Az+B.

If A = 4A3% + 27B? is the discriminant of this equation, recall that
quasi-minimal means that |Nk/q(A)| is minimized subject to the
condition that A,B € Og. Let S C Mg be a finite set of s
places containing all the archimedean ones, and denote the ring
of S-integers by Og. Let j be the j-invariant of E.

In [11], Silverman proved that if j is integral, then

#{P € E(K) : z(P) € Og}

can be bounded in terms of the field K, #S5, and the rank of E(K).
More generally, Silverman proved that if the j-invariant is non-
integral for at most § places of K, then that set can be bounded in
terms of the previously mentioned constants and 4. This is a special
case of a conjecture of Lang asserting the existence of such a bound
which is independent of . However, Silverman did not explicitly
compute the constants involved.

In this paper, using more explicit methods, we compute the de-
pendence of the bounds on the various constants. In particular, as
a consequence of Proposition 11, we have the following

THEOREM 0.1. For elliptic curves E/K of sufficiently large height,
the number of S-integral points is at most 2-10'1d8(5)3%(32-10%)70)+s,

263



264 ROBERT GROSS AND JOSEPH SILVERMAN

For elliptic curves E defined over Q of sufficiently large height, the
number of S-integral points is at most 32 - 1011(32 - 10%)700)+s,

Our method is to first bound the number of points in a set I's(e),
defined in terms of local height functions, and then to relate the
number of elements in that set to the set we are interested in count-
ing.

This paper falls into three parts. Propositions 1-5 summarize the
necessary facts about height functions. Propositions 6-8 are various
counting results. Proposition 9 counts the size of I's(¢), Proposi-
tion 10 is a technical result, and the final Proposition combines the
previous results to count the number of S-integral points.

We begin with some notation. Let d, = [K, : @Q,]. For a point
P € E(K), the canonical height of P is defined by

n
hy(P) = 1 lim hi (z(2"P))

2 n—o0 4n ’
where hi (k) = log Hx (k) and

Hy(k) = I;[l max(|k|y, 1).

The absolute canonical height is defined by h(P) = hg(P)/d.

PROPOSITION 1. The canonical height satisfies
(1) Ah(P) =0 if and only if P is a torsion point.
(2) h is a positive definite quadratic form on E(K)®R.

Proof. These facts are well-known. See, for example, [10], chap-
ter 8. O

PROPOSITION 2. Let v € Mg. There exists a unique function A
(also denoted A\, or Ay k), A : E(K,) \ {0} = R which satisfies:
(1) X is continuous.
(2) , )
lim (/\(P) + iv(x(P))) = E’U(A).

P—0

(3) Let P,Q € E(K,) with P,Q,P+Q #0. Then

AP+ Q)+ MNP —Q)=2AP)+2)\Q) + %v(F(P, Q))
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where P 6
The function A further satisfies

(4) Let L/K be a finite extension, w € My, a place over v, P €
E(K,)\ {0}. Then

Avx (P) = Aw,r(P).
(5) For any o € Aut(K,/Q),
Ao, (P) = Ayo ko (P7).
Similarly, for any o € Autg, (E),
A(P) = A(aP).

(6) LetmeZ, Pe E(K,), mP#0. Then

A(mP) = m*A(P) + —l}iv(fm(P)),

where
Fm(P) = ml2 H (z(P) - m(T))G.
T€E[m],T#0 A
(7)
> AT) =v(m).
TeE[m],T#0

(8) Let P € E(K,) withmP # 0. Then

S AP +T) = \mP).
TeE[m]

(9) For any P € E(K) \ {0},

hx(P)= Y dyAo(P).

vEMK

Proof. For existence, uniqueness, (1)—(5), and (9), see [4], chapters
1, 3, and 4. To prove (6) for m = 2, let @ — P in (3) and use (2)
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and the addition formula. Then (6) can be proven by induction on
m using (3) and the classical formula

F(mP, P) — fm+1§t:2£n)12—1(P)

(See [13].)

The distribution relations (7) and (8) do not seem to be in the
literature, though they appear in an unpublished letter of Tate to
Serre (as does (6)), so we briefly sketch a proof. Using (3), (6), and
the definition of f,, and F', we have

S AP +T) - A(mP)

T€EE[m]
1
- TeE[%]:,T;éo (A(P 1) = MP) - EU(F(P’ T))) ~v(m)
TeE[m],T#0

Therefore, this quantity ¢(m) does not depend on P, and both (7)
and (8) follow if we can show that ¢(m) = 0.

We begin by showing that ¢(2) = 0. In (3), let P and Q be
distinct non-zero two-torsion points. If we add the six choices for
(P, @), we obtain

1
> MD+5 2 w(F(RQ) =0
TeE[2],T#0 RATLCR

Now ¢(2) = 0, because

A=2" [T (@(P)-2(Q).
PGP0

Next, let m,n € Z with (m,n) = 1. Then E[mn| = E[m] & E|[n],
so
AmnP)+c(mn)= Y. Y AMP+S+T)
S€E[m]| Te€E(n]
= A(mnP) + c¢(m) + m?c(n).
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Hence, by symmetry
(m? — )e(n) = (n® — 1)e(m) if (m,n) = 1.

Now, if m is odd, take n = 2 and use ¢(2) = 0 to get ¢(m) = 0. Then
for any m, take n > 3 odd and prime to m to get c¢(m) = 0. O

The preceding proposition gives the formal properties of the local
height function A. The following proposition gives inequalities for A
and h whose proof depends on various explicit formulea for A, which
can be found in [4], among other places.

PROPOSITION 3. Forwv € Mg, let

{1 if v s archimedean,
a(v) =

0 otherwise.

Then A = X\, has the following properties, where the constants are
absolute.

(1) Let P € E(K,) \ {0}. Then

M(P) > 5%min(o,v(j)) _ 3a(v).

Hence, for P € E(K) and any set S C Mk,

P)> S d,\ (P ——hK()—3d.

vES
(2) Let P,Q € E(K,) with P,Q, P +Q # 0. Then
2P +Q) > min(A,(P), A, (Q)) + g min(0,0(j) — Ga(v).
(3) Let P € E(K) be a point of infinite order. Then
A(P) > (24 144 97200%) 0 max (h()), Cli log | Nijalmx] 1),

where Ag g is the minimal discriminant of E /K, and

8(j) = #Mg + #{v € Mg : v(j) < 0}
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15 essentially the number of primes in the denominator of j.
(4) Assume that v has been extended in some fashion to K. Let
P e E(K)\{0}. Then thereis a @ € E(K) withm@ = P satisfying
m2
(@) 2 M(P) + =~ min(0,v(j)) = v(m) — 6m*a(v).

(5) Let P,Q € E(K,) with P,Q,P+Q # 0. Then

2A(P) + 2\(Q) + é—max(O, —o(5)) + 12a(v)

Y

émax(O, —o(F(P,Q)))
> 2A(P) — 20(Q) + %min(o,v(]’)) ~ 18a(v).

Hence, for P,Q € E(K) \ {0},

-~

2h(P) + 2h(Q) + %h(j) +12d > h (_____I(P) — ‘”(Q))

A1/6
> 2h(P) — 2h(Q) — %h(j) —18d.

(6) Assume that the Weierstrass equation for E with discrimi-
nant A has coefficients in Og. Let P € E(K) \ {0}. Then

Mo(P) — %max(O, v(x(P)))x

max (0, —v(j)) + = (A)] +1.07a(v)

____lrU
12
and ) )
—h(j) + =h(A) + 1.07.
6 6

Proof. Assume first that v is archimedean. We begin with (1) and
(2) in this case.

Choose an isomorphism E(K,) ~ C/(Z + TZ), with the point
P corresponding to u = uj + us7. We may take 7 in the usual

fundamental domain, so that Im7 > \/§/ 2. Since we may replace
P by —P (because A(P) = A(—P)), we may further suppose that
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0 <wu <1land 0 < uy < 1/2. If we write ¢ = ¢, = €*™ and
¢, = €™ then |g| < e ™3,
We have

where

1
B2(t)::t2—~t+6, 0<t<1,

(and B is extended to R by periodicity) and

o0

g0(t) = (t=1) [T -q")(1 — g™t ™).

n=1

We have
1
—0.0655 < A(z) + —2-Bg(u2) log |g,| + log |1 — ¢u| < 0.0711

from [12] and
—log|g;| > min(v(j),0) — 2.304

from [3].
We also know that By(up) > By(1/2) = —3. Finally,
v(1 —qy) > —log <? + :;) —logm > —2.01.
Therefore,

AP) > 512 min(v(j), 0) — 3.

This proves (1).

To prove (2), let Q) correspond to z = 2y 4227, with 0 < 27,25 < 1.
By symmetry, we may assume that 0 < us < min(2y,1 — 2). (If
this is not true, then switch P and @, and then if necessary use —P
and —(@ instead.) Then, using the above formula for A, we have

A(P + Q) — min(A(P), M(@))
(Ba(uz + 22) — max(Ba(uz), B2(22))v(gr))
+v(1 — guy,) — min(v(l — ¢,),v(1 — g;)) — 0.4.

2

[N R
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We now proceed further. First, we observe that

min(By(s + ) — max(By(s), Ba(0))) = —i—.

We also have
|1 - qu+ZI < Il - Qzl + l‘h”l - Qul < 2max(|1 - ‘Izla '1 - Qu|)7

because |¢,| < 1. Finally, we know that v(g,) > min(v(5), 0) —2.304.
Put all of these together, and we have

%(Bz,(u2 + 2) — max(Ba(ua), Ba(2))v(ar))
+v(1 = guq,) — min(v(1 — ¢,),v(1 — ¢.)) — 0.133
> -;—min(O, v(j)) — 6.
Next, suppose that v is non-archimedean. In proving (1) and (2),

we may extend the ground field, so we may suppose that E has
either good or split multiplicative reduction. Let

E(K,) D Ey(Ky) D Ei(Ky) D ...

be the usual filtration of E(K,) (see [10]). For P € E(K,), let i(P)
be the largest integer ¢ so that P € E;(K,). (If P ¢ Ey(K,), set
i(P) = 0.) Then from [4], theorems III.4.3 and II1.5.1, we have

AP) = 5 By(B(P)) max(0, ~v(7)) + i(P)o(r)
where 7 is a uniformiser at v, and
g : E(K,) — E(K,)/Ey(K,) = Q/Z

is a certain homomorphism. Since By(3) > —1/12, this gives (1).
To prove (2), suppose first that either P or @ is in Ey(K,)
(suppose P, for simplicity’s sake). Then (P + Q) = /(Q), and
i(P+Q) 2 i(Q), 50 A(P +Q) > Q).
On the other hand, if P,Q ¢ Ey(K,), then

A(P + Q) — min(A(P), A(@))

> < (BB(P) + (@)

— min{B,(B(P)), B(8(Q))}) max(0, —v(3))

I . .
> 5 min(0,0(j)
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which is actually a stronger inequality than that stated in the propo-
sition.

(3) can be proved by combining formulas from [3] and [7]. The
proof of lemma 2.2(a) of [3] shows that —loglg| > loglj(7)| —
2.304, and also that —log|g| > 7v/3 > 5.44; therefore, —log|q| >
max(log |j(7), 7.744) — 2.304. Then Proposition 2.3 (with ¢ = 1/2)
says that if

max(|al, |B]) < 1/44,

then
Ao(2) > 1/24 max(log|j(7)|, 7.744).
Turning to [7], this says that in Lemma 2 of [7], if we take

1
c= 57 max(log |7 (7)|, 7.744),

then the §(c) in Lemma 2 of [7] equals 1/44. The constant M
in Lemma 3 of [7] then becomes 4 - 45 = 8100. The proof of
the Theorem in (7] with C' = 5 max(log|j()|, 7.744) rather than
C =1, and with R = 6(j), says that

. 1 /1 .

h(nP) > - (Zi log | Nx /oA sy x| + max(log |§(7)], 7.744))
and so (remembering the factor of 1/144 mentioned at the beginning
of the proof), we have

~

o 1 .
(P) 2 £=—972000) max (3 log}NK/QAE/Kl,h(]),7.744>.

To prove (4), we take Q € E(K) satisfying m@ = P so that A\(Q)
is maximized. Then for any T' € E[m] \ {0}, we have

M@ +T) = min(A(Q), M@ +T))
< \T) - émin(O,v(j)) + 6a(v)

from (2). Hence, from proposition 2, (8) and (7), we have

AP)=A@ ¢ T NQ+T)
< (@) - ™ min0, (7)) ~ 6ma(v) ~ vim)
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To show (5), begin by recalling that
~So(F(P,Q)) = 2A(P) + 2A(Q) = M(P+ @) ~ A(P~ Q)
< 2M(P) +2M(Q) + % max(0, —v(5)) — 6a(v).

We also can use (1) to show that
2A(P) + 2M(Q) + %max(o, —o(5)) + 12a(v) > 0,
and therefore
5 max(0, ~u(F(P,Q)
<2A(P) +2X(Q) + émax(o, —v(7)) + 12a(v).

The lower bound estimate is only non-trivial if it is positive, and
So we may suppose that

AP) 2 A(@) ~ 5 min(0, v(7)) +12a(v).
We also have from (2) that
A(Q) > min(A(P £ Q), A(P)) + ¢ min(0, u(s)) ~ 6a(v).
If we combine those two, we may conclude that
AP £Q) < AQ) ~ g min0,v(j) +6a(v).

Then
~SU(F(P,Q)) = 2A(P) + 2X(Q) ~ AP+ @) = A(P — Q)

> 2M(P) + 20(@Q) ~ 2A(Q) + § min(0, (7)) ~ 12a(v)
> 2A(P) + 2(Q) + (22—4 + i) min(0, v(7)) — 18a(v)
— 20(P) + 2A(Q) + émin(O, v(j)) — 180(v).
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As for (6), [12] contains the proofs of considerably stronger state-
ments. ]

Note that if x € K, then z is S-integral if and only if

> d, max(0, —v(z)) = hk(z).

vES
We actually prove a stronger result than simply bounding the num-
ber of S-integral points on £. We give a bound depending on e
for the number of points P on an elliptic curve whose z-coordinate
z(P) satisfies

> d, max(0, —v(z(P))) > ehk(z(P)).
vES
Intuitively, such a point P is v-adically close to 0 for some v € S.
A more intrinsic measure of the v-adic distance to 0 is given by
the local height function A, (P), so we start by bounding the number
of elements in the set

Cs(e) = {P € E(K): Y d\(P)> efLK(P)}.
vES
This bound will be independent of the choice of an equation for .
Then we give an estimate for the discriminant of a quasi-minimal
Weierstrass equation, and use this to prove our main result.

Set r to be the rank of E. Recall that the equation y? = z3 +
Az + B with discriminant A = —16(44% + 27B?) is quasi-minimal
if hx(A) is minimized subject to A, B € Ok.

Let £ : S — R be a function satisfying {, > 0 and }_,c5& = 1.
Let

Tg(e,£) = {P € E(K): P#0 and

1 Y
Ao(P) + 2 max (0, —v(j)) + 3a(v) > %hK(P) for all v € S} :
Because of proposition 3(1), we know that the left-hand side of this
inequality is always non-negative.
We have yet another notation before we can state our next theo-
rem. For any integer m > 1, let

Rm™(P) = in h(P 4+ mQ).
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We need to recall a quantitative version of

RoTH’S THEOREM.  Let F(T) € K[T| with degree n. Let
aq,...,0p be the roots of F(T). There are at most 4°c; elements
x € K satisfying both

H min (||z — ailly,1) < Hg(z)™?°
vES

1<i<n

h(z) > co max(h(a), h(as), ..., h(ay), 1),

where N = [23041logn]+1, ¢, = N —1+8.5(N —1)log(5nN(2N)!),
and cy = 28(2N)!.

Proof. See [2]. O

PROPOSITION 4. Let1 > € > 0. Let m = [8/+/€]. Compute the
constants ¢, and cy from Roth’s Theorem with n = 18m?. There are
at most 2¢; (16/1/€)**"" points P € Ts(e, £) satisfying

51m2de,
> -

h(P) (A™(P) + h(j) + 1).

€

Proof. Choose a Weierstrass equation for £/K with coordinates
z and y and discriminant A, and fix a 2-torsion point 7' € E[2].
Note that the field K (A% T) has degree at most 18 over K. For

P,Q € E(K) \ {0}, define

s(p,) = " HD

We also assume that valuations in K have been extended to K in
some fashion.

Let m be as in the statment of the proposition, and write I' =
[s(e,€). Split T' up into (at most) m™*2 subsets according to cosets
in E(K)/mE(K). We may then look at those P € I which can be
written as P = mP’+ R for a fixed R. Taking R of minimal height in
its coset, we may assume that h(™ (P) = h(R). By proposition 3 (4),
for each v € S we may choose an R, € E(K) so that P = m(P'+R))
(and hence mR) = R) and

Ao(P'+ R.) > A (P) + TS— min(0, v()) — v(m) — 6m2a(v).
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Note that for fixed R, there are only m? choices for R), so the

numbers in the set {¢(R,,T) : v € S} all satisfy a single equation
over K of degree at most 18m?.

Now multiply the above inequality by d,, add over v € S, and
use that P € I'. We get

1) Y dA(P'+R)
vES
1 m?

> EiZK(P) - (ﬁ + —8—> hK(j) —3d — Gd'l)(m) — 6m?d.

We next eliminate some trivial cases. If P’ = 0, then P = R.
If P" = R for some v € S, then P = 2R. If P’ = —R, for some
v € S, then P = 0, which is not allowed. Hence for the given R,
after discarding two possible points P, we may assume that P’ # 0
and P' # £R, for allv € S.

Now suppose that v € S. If R] # 0, then from proposition 2(2)
and proposition 3(3), we have

A(P' + RL) < 20, (P') + 2),(R))

Fo(@(P, R)) — o min(0,0(7) + 3a(),

while if R! = 0, then proposition 3(1) gives

M(P + R < 20 (P) - i min(0, v(j)) + 30(v).

Multiply by d,, and add these inequalities over v € S, and again
use proposition 3(1) to conclude

S d (P +R) < 2hg(P)+2 S hi(R)+

VES mR' =R
S dy(g(P' B) + (2 + %) hic(j) + 9d + 3m%d,
veS’

where the first sum on the right-hand side of the inequality is over
all R’ satisfying mR' = R and S’ is the set of v € S with R} # 0.
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Hence, since h(R) = m2h(R’), we have
2) S d)\(P' + R.) <2hg(P') + 2hk(R)

vES
+ > dyv(é(P', Ry))

veSs!

(Qm + )hK( ) + 9d + 3m?.

We now can apply Roth’s Theorem to study how well the numbers
#(R.,T) € K with R, # 0 can be approximated by the numbers
¢(P',T) € K(AYS,T).

We know that with at most 4°c; exceptions (where ¢; is taken
from the statement of Roth’s Theorem), either

> d,max(v(¢(P', R,)),0) < 2.5hk (¢(P',T))
or
h(@(P', T)) < e max(h(¢(R,, T)), 1),

where ¢, is again taken from the statement of the theorem.
_ If we apply Proposition 3(5) to the first inequality, and note that
h(T) = 0, we have

(3) > dyw(g(P',R})) < 5hx(P') + 2hK( 7) + 30d,

while the same proposition applied to the second inequality gives
- 1 . 1, .
2h(P') = zh(j) - 18d < o (2h(R’) + gh(j) +12d + 1) .

We may use the facts that A(R) = m2h(R.) and ¢, > 2 to simplify
this inequality to

(4) h(P') < % (h—gf—) + —;—h(j) +30d + 1) .

Now A is positive semi-definite, and P = mP' + R, so we have

R 2

om2h(P') + 2h(R) > h(P) > %JL(P') ~ (R).
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If we combine this with (1), (2), (3), and (4), we get either
ehg (P) < Thg(P') + 2hk(R) + 4m*hk () + 51dm?

14 . ~
< E%—h(P) + 3hie(R) + 4m2hic(j) + 51dm?
14 “ .
(e - EE) < 3hy(R) + 4mPhg(j) + 51dm?

. 4 , .
hie(P) < o (3hx (R) + 4m?hi (5) + 51dm?)

81m? .

< (hx (R) + hk(5) + d)

€
(using € — 14/m? > 3¢/4), or
h(P) < 2m*h(P") + 2h(R)

< cym? (hr(nlj) + %h(j) + 30d + 1) + 2h(R)

Ca

2
< (c2 + 2)h(R) + ;” h(j) + 31deym?

< 31de,m?*(A(R) + h(j) + 1)

with at most 4°c; exceptions.

We also note that ¢(P',T) determines P’ up to +£1.

Note that the number of exceptions must be multiplied by m
to account for the initial choice of a coset in E(K)/mE(K). 0

r+2

Next, we show that the elements of I's(e, &) satisfy a type of
orthogonality relation with respect to the canonical height.

PROPOSITION 5. Let P,Q € 'g(e, €) m‘th P # Q. Then
. A N )
h(P ~ Q) 2 emin(h(P), M(Q)) ~ 57h(j) = 9.

Proof.
(P~ @) 2 T dM(P — Q) - 52hx(i) ~ 3d
veS
> ¥ dymin((P), (@) — ghic(s) - od
veS

> 3" euemin(h (P), hi(@Q) — oyhx(i) — 94

vES
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which is the desired result since }_ &, = 1. O

We also need a bound on the torsion subgroup of E(K). For
K = Q, there is Mazur’s deep result [5] that |E(K )| < 16,
and there are recent generalizations of this work by Kamienny and
Mazur to certain extensions of Q. However, lacking the general
result needed, we content ourselves with the following weaker but
elementary estimate.

PROPOSITION 6.  |E(K)ios| < 32768(8(5))*? where 6(z) is
IMZ| + {v € MY : v(z) < 0}|, which is essentially the number
of primes in the denominator of z.

Proof. Let py = 2, pp = 3, ... be the sequence of rational primes,
and let vy, vo, ... be places of K lying over py, po, . ... By assump-
tion, v,(j) > 0 for two integers n = ny,ny with 1 <n < 6(j)+2, so
E has either good or additive reduction at those v,. Since prime-
to-p, torsion injects into the special fibre of the Néron model at v,
trivial estimates for the number of points over finite fields yields

‘E (K )prime-to-pn torsionl S 4N, K /Q'Un S 4p;il

(where we have used the fact that for additive reduction, the special
fiber has at most 4 components). Hence,

|B(K )tors| < 16(pa,pny)* < 32768(8(5))*,
where the last inequality uses the bound p, < 2nlogn. O

Of course, it is not difficult to greatly improve the bound given in
the Proposition, but we are content to give a bound with an explicit
dependence on d and 4(j).

The next tool is essentially the result known as “reduction to
simultaneous approximation” (see [11], for example). There is a
slight added complication because the local height functions might
be negative.

PROPOSITION 7. |I's(e)| < 4° max; IFS (%,f)., where the maz-
imum 1s taken over all functions € : S — R satisfying £, > 0 and

va =1
Proof. For P € ['g(€) with hg(P) > 0, let

. A(P) + 33 max(0, —v(j)) + 3a(v)
éy(P) = d, (D) .
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We know that ¢,(P) > 0 by proposition 3(1). Using the definition
of I's(e), we have

2ves Ao (P)
w(P) > —F——= >
%¢ (P) () >

Therefore, if we write [z] for the greatest integer less than or equal
to x, we have

S s (1) 2

so we may choose integers a,(P) satisfying

2¢,(P)s

€

> a,(P) =s.

vES
If we set & = a,(P)/s, then P € TI's(e/2,£). Note also that if
hx(P) = 0, then P € Tg(e/2,€) for any choice of £. We have
therefore shown that I's(€) is contained in the union of I's(e/2, ) for
those & which have the form &, = a,/s for some function a : S — Z
satisfying a, > 0 and Y ,c5a, = s. There are exactly (23 11> such
functions a, which gives the desired result.

0<a,(P)<

and

We state the next counting result in an abstract fashion. We
have chosen this method of presentation to clarify the role that the
various constants play in the theorem.

PrOPOSITION 8. Let I" be a finitely generated abelian group of
rank r. Let t = #Lios. Let b : I' = R be a “distance function”
which satisfies:

(1) h(P) >0, and h(P) =0 if and only if P € I'yoys.
(2)  h(gP) = ¢*h(P) for all positive integers q.
(3) h(PxQ) <c(h(P)+h(Q)) for a fized constant ¢ > 1.
Define K™ (P) = minger h(P +mQ). Let W be a subset of T' and
constder the following two conditions on W:

h(P — Q) > Amin(h(P),h(Q)) — B for all P,Q € W,
(*) P — Q Q l—‘tors
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where A < c.
(+%) h(P) < Ch™(P) + D for all P € W.

Let
A=min{h(P): P €T, P & o}

Then for any § > 0,

1/2 r
#{PGW:6>h(P)}St(<g—§§) +1> .

If in addition, W satisfies (x), then for every § > v > 2B/A, we
have

r/2
#{PeW:0>h(P)>~} St(log%?) (1_;%) i

If we then ask also that W satisfy (%), then

172\ "
#{P €W : h(P) > 2B/A} < t (log ﬁl%”_zgi’»_{lﬂ) (m (1%4) ) .

Proof. This is essentially proved in [11], Lemma 1.2. OJ
PROPOSITION 9. For any elliptic curve E/K, the set
Ls(e) = {P € E(K): P#0 and z dy)y(P) > eizK(P)}
vES

has at most

16 - 109) r8(j)+s
€

10" d(5(7))* (
elements.

Proof. We essentially use Proposition 8 to bound the size of I's (e, £),
and then finish by using Proposition 7.

To apply Proposition 8, begin by noticing that the constant c
may be taken to be 2, and ¢t < 327685(5)3?. We have A = € (note
that A < ¢), and B = 5/24h(j) + 9, from Proposition 5. Using the
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remaining part of Proposition 8 requires breaking I's(¢, £) into three
pieces. Let

Wi={PeTs(c8): h(P) < —lz—eh(j) + -1€§}
Wy ={PeTs(c): Soh() +
< h(P) < Eﬁ:@f% (R (P) + h(j) + 1)}
W = {P € Ds(e, €) : h(P) > il—’%@iz- (R (P) + h(5) + 1)}

where m and c, are taken from Proposition 4. Then we know that
n = 18m? < 1200/¢, N < 20000/¢'/3, and a rough estimate gives
¢1 < 3.5-10/¢!/2 and ¢, < 28 - (40000 €/3)40000/¢!/?,

Note that W3 is non-empty only if the rank of E is at least 1, so
in bounding the size of that set, we may assume r > 1. Proposition
4 now says that

2047 -
W < 21 (1—@) <7101 (-259) .
Ve €

Next, for P,Q € W,, P # @, Proposition 5 gives

> : ., .
h(P - Q) > emin(h(P), H(Q)) - 52h(7) - 9,
while by definition, every P € W, satisfies

. 51m?2dcs
< ——

2
h(P) + 51m d02

htm (P) (h(5) +1).

€

We now have condition (*x) of Proposition 8, if we set

_ 51m2d62 < 4000d62

€ €2

C

and

51mAdc , 4000dc
D=———(h(j)+1) < —5—

(R(7) +1).
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Therefore,

. 1/2\ "
|Wa| < 327685(7)* (log @g;_?'fﬂ) (m (17616) )

50000dc, ( @)
€3 €

160 r8(3)+s

=)

< 327685(7)% log
< 2-10"d5(5)% (

Finally, for the non-torsion points P € F(K), we have the lower
bound for h(P) given by Proposition 3(3), namely

h(P) > (24 - 144 - 97200%)°0) max(h(4), 1).

Hence, we may apply Proposition 8 to

{P € E(K) : h(P) < %h(j) + 1?8}

(a set which contains W), we have

||
A\ 1/2 r
5 72\ (24 - 144 - 972002\ °Y)
< 397685(;)3 (— : —-) 1
= () (( 6"+ )\ Tmaxn ), 1) +

8 T 2.1 9\ T
< 327685 ()™ (?0\/244-144-972002) < 327685(j)3d< 60 ) .

We may finally combine all of these to get the bound

2.10° s+rd(5)
€ ) '

Ts(e,)] < 101d5(7)™ (

Now we can obtain the bound

16 - 109)”"’(”
€

(o) < 10%a5)
by applying proposition 7. O

We are nearly in a position to prove our main result bounding
uniformly the number of S-integral solutions to a quasi-minimal
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equation for an elliptic curve. But first, we must study how far a
quasi-minimal Weierstrass equation can fail to be globally minimal.
We adopt the notation that Ay, Ag, ... denote the discriminants of
the Weierstrass equations (1), (2), etc.

ProrosiTIiON 10. A quasi-minimal Weierstrass equation
(1) y* =1+ Az + B
for E/K satisfies

hK(Al) < lOg 'NK/QAE/KI
+ 6log|Dkl|

; L2 d(d—1)/2
+ d(60d? log 6d) 7 (Ri +1).

Proof. The obstruction to finding a Weierstrass equation
(2) V2 + a2y + asy = 22 + ay5? + agx + ag

which is globally minimal over O is given by an ideal class Ag/x €
Pic(Og) satisfying Ag/x € Agﬁ(. Furthermore, if a € Ap/k is an
integral ideal, then there is an equation (2) with a; € Og and

(Ag) = aleE/K.

(See [10]). Minkowski’s theorem now says that we can find an inte-
gral ideal a in the class Ag,/k satisfying

‘NK/QQ‘ < (%)’2 (%) \/IDKl < \/|DK|~

Hence, there is an equation (2) with a; € Og and

| Nx/ols| < Die [NkjoApyx|.
Next, the standard substitutions

X = 36z + 3a; + 12a,
Y =216y + 108a;x + 108ag
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transforms the equation (2) into an equation

(3) Y%= X3~ 27cy X — 54cg
with ¢4, ¢ € Z[ay, . .., ag] and

Az = 6"%A,.
Thus,

| Nk/oAs| < 6D | NkjoApyx|-

Finally, replacing X and Y with 472X and u3Y respectively for
some unit u € Ok, we get a new equation with discriminant A4
which satisfies

A4 = ’U,12A3.
Therefore, all we need to show is that for any A € Ok and any
n > 1, there is a unit u € Ok so that

hg(u"A) < log ]NK/QA, + ynRk.

This is in [8] Proposition 2(b), save that the second term on the
right hand side of the inequality is not given explicitly. However,
from the proof, one sees that it is less than

n Y > |u(w) :2n;hK(ui),

vEMP i=1
where {uy,...,u;} is any basis for O /torsion. Now, following the
argument in [9], equation (1), we can choose a basis ui,...,u; so
that

o< (3)” (9= (3)"

On the other hand, [1] shows that
Hi(o) > 14
K =27 304210g 6d
if a is not a root of unity, and therefore

1

hac(ws) 2 Go i Tog6d
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Therefore,
t

Z hK (uz) S t(60d2 IOg 6d)t—1 ﬁ hK(u,)

=1 =1

ProrosITION 11. Let
v’=12+Az+B

be a quasi-minimal Weierstrass equation for an elliptic curve E/K.
Let € > 0 be a constant. Suppose that

max (hx(j), log lNK/QAE/KD

d(d—1)/2
> 6d(60d> log 6d)” (f/?) max (Rg,log |Dkl, 1) .

Then the set

{P € E(K) : )_ d, max(0, —v(z(P))) > 6hK(Z(P))}

vES

contains at most

. 9 r5(j)+s
2-10"ds(5)* <§2—li>

€
points. (If K = Q, then the §(j)3¢ factor may be replaced with a
simpler constant.)

REMARKS. Note that for any given field K, there are only finitely
many elliptic curves E/K with bounded log Nk /q|Ag/k| and kg (3j),
so the above estimate will apply for almost every elliptic curve over

a fixed field K.
It would be interesting to produce similar bounds to those above

that depend only on d and not Dg.
Taking € = 1 gives precisely the S-integral points. Thus,

I{P € E(K): z(P) € Og}| < 2-10'1d§(5)34(32 - 10%)¢0)+s
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for all but finitely many E/K. In particular, we may take K = Q,
replace the §(5)3¢ term with 16, and conclude that for all but finitely
many elliptic curves E/Q, we have

{P € E(Q) : z(P) € Zs}| < 32-10'1(32 - 10%)0)+s,

Proof. We assume that £/ K satisfies the hypotheses of the propo-
sition. Let

I, = {P € E(K) : Y_ dymax(0, —v(z(P))) > ehK(x(P))} .

vES

Let A = —16(4A3 + 27B?) be the discriminant of the equation. For
any P € T';, we know from Proposition 3(6) that
1

. 1
> duu(P) 2 ehk(P) = Shic(j) = 3hx(A) = 1.07d.
veES

Now Proposition 10 and the assumptions in the theorem give

1
> dyAy(P) > ehg(P) — ghK(J)
vES
1
-3 (log‘NK/QAE/Kl + 6log Dk +
d(d—1)
d(60d log 6d)"° ( 2 ) U R+ 1)
0 —
g ﬁ K

—1.07d
Z 6iLK(P) — 4max(hK(j), log lNK/QAE/Kl ,d),

and therefore
I, CTg(e/2) U {P € E(K) : h(P)

2

1
< = max <h(j), —log | Nijolr/x| 1) }

But we know that

s (3)

32 . 109 ) rd(j)+s

S lolldd(j):id ( -
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and we can apply Proposition 8 to conclude that

{Pe ) (P < max ((3), 3 1og [Niratern 1)}
)

€
9. 107)r6(j +s

€

g32nw5@fd<

and so
32. 109)’6(j)+3

wggzqmw&ﬂw< -

The factor of (j)3¢ arises solely from the estimate on [E(K )iors),
and so if K = Q, it may be replaced by 16. ]

We thank the referee for many helpful comments and suggestions.
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