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If a topological space X has vanishing homotopy groups n:i for i i~n and 7rr,=li, 

it is a weil known result of Eilenberg and MacLane [ 4] that there exists a one to 

one correspondence between semi simplicial maps of semi simplicial complex K 

K------'.> K(TI, n) 

and cocycles of Z'"(K; II), where K(II, n) is regarded as a minimal complex of 

S(X). 

Generally, let a topological space X have vanishing homotopy groups n:i for 

i=F(n,q,q', .. -, qCml) (1<n<q<q' .. ·<qcml) and n:n=ll, n:0 =G, n:0 r=G1, ... , n:qcrnl=GCrnl. 

According to the Mathematical Reviews 18 (1957), ït is reported that M. M. 

Postnikov classified semi simplicial maps 

K ~ IJ;;(K(IJ, n), k, N, k', N 1, ... , kCml, NCml) 

by defining sequences (x.,., Xq, x~,···, x/ml) each of which consists of one cocycle Xn 

and cochains Xq,X~, .. ·,Xqcml, where 11) is regarded as the minimal complex of S(X). 

In this paper, we shall construct a complex 'J?, as a semi cubical complex and 

discuss the chain homotopies between these maps. Our main purpose is to con­

struct these homotopies explicitly and as an application we shall explain sorne 

classification theorems in the cases where the Eilenberg-MacLane invariant and 

Postnikov invariants associated to ~3 are additive in a sense [ 4]. 

1. Semi cubical complex 

Let X be a topological space, consider the usual cubical singular complex Q(X) 

associated with X, in which the r-cube is a function 11(t~, ... , tr) EX defined for 

O~ti~1 and continuons in the topology of the cartesian product of the variables. 

If r=O, then 11 is interpreted as a single point of X. The front and aft faces F:11 

and F:11(i=1, ... ,r) of 11 are defined as (r-1)-cubes 

F1a(t!, ... , f,·-J)=11(t!, ... , ti-lo 0, ti, ... , t,.-J), 

F!11(f1o ... , fr-!)=11(f~o ... , ti-!, 1, f, ... , fr-J). 

The ith degenerate cube Di11 of 11 is defined as (r+1)-cube 
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Observation of the formai properties of F ;, F 1 and D; presented above leads 

to the following [3] 

DEFINITION. A semi cubical complex (S. Q. complex) K = U rKr is a sequence 

of disjoint sets Kr. r=O, 1, 2, ... (r is called as the dimension of the element of 

Kr) together with mappings 

i=1, ... ,r r>O, 

i=1, ... , r r>O, 

:'=1, ... , r+1 r::::::o, 

subject to the following identities 

FW~=F3-~F:, FlF]=F]-1F} i<j, 

FW]=F]-1F:' F)F3=F~-1F) i<j, 

(1. 1) D;Dj=Dj+!D; i~j, 

FW;=Dj-1Fi, FiDj=Dj-1Fl i<j, 

F3Di=F}DFl (l =identity ), 

FWj=DjF~-1, F~Di=DiFl-1 i> j. 

The integral chain complex C(K) of S. Q. complex K is defined by !etting 

Cr(K) be the free abelian group generated by Kr and setting, for a f Kr, r>O, 

(1. 2) 

and 8a=O if r=O. 

It follows from (1. 1) that 88=0. The chain and cochain complexes with any 

coefficients are defined accordingly, and give rise to the homology and cohomology 

groups of K. 

If K and L are S. Q. complexes, an S. Q. map T : K ~ L is a sequence of 

mappings 

such that F~Tr=Tr-1Fi, F)Tr=Tr-IF) and D;Tr=Tr+ID; for any i. Thii! map T 

is then also a chain transformation of C(K) into C(L). 

If K and L are S. Q. complexes, then the cartesian product KxL is the S. Q. 

complex defined by 

F~(a xb) =F1a xF ib, F)(a xb)=F)a xFJb, 

D;(axb)=D;aXD;b, · for a f Kr, b f Lr. 

And, the tensor product C(K) 0 C(L) is the chain complex with (K 0 L)r 
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= 'L,p+q~rKp (;)9L0 and with boundary opera tor defined by 

(1. 3) 

2. The complexes K(II, n), F(II, n). 

For each integer r2:0 let !'=lX··· xl be the r-fold cartesian product of the 

unit interval l. We shall introduce the special mappings 

defined as 

<'Kth ... , tr-1) = (tr, ... , f;-1, 0, t;, ... , tr-1) 1::;:.i::;:,r, 

e)(tr, ... , tr-1) =(tl, ... , f;-1, 1, t;, ... , tr-1) 1::;:.i::;:,r, 

"f};(th ... , tr+l)=(th ... , t,-1, f;+l, ... , tr+l) · 1::;:.i::;:,r+l. 

The composites of pairs of these mappings satisfy the identities 

0 fi () (\ 
ei si==ei êJ-1, e]ei=e;e}-1 i<j, 

I 0 0 1 êjê;=ê;êj-1' 0 1 1 0 êjê;=ê;êj-1 i<j, 

(2. 1) 7Jfr);=7Ji7JJ+l, i::;:.j' 

7JJei=e:7JJ-1, 7JJei=ei7JJ-l i<j, 

7JJê~=7}1e}=c ( c = identity), 

7J1e:=e:-17JJ, 7JJe)=e)-17JJ i> j. 

In the following we shall denote e; as the mapping ei or as the mapping ei if 

no confusion would occur. 

For each integer r2:0 the standard complex Q(l") is the S. Q. complex defined 

as follows. An n-cube of Q(lr) is a map a: ln-~Jr which is a compJsite of map­

pings presented above, and can be w ·i~~on n;1"quely as a form 

r2:il> ... >is2:1, 1::;:,j1< ... <j,-<;:,.n, r-s-J-t=n, [4]. ln the following we shall 

denote a, {3, ... as such a map. For each map [3: JP--Jn the 8-face of a is the P-
cube of Q(Tr) defined as the composite map a{j. Especially we de fine 

F)(a)=ae;, F1(a)=ae), D;(a)=a7J;. 

Denote by C"(F;II) the (multiplicative) group of n-cochains a on Q(Jr) with 

coefficients in the (multiplicative) abelian group II. We assume that these cochains 

are normalized in the sense that they vanish on all degenerate cubes of Q(lr). 

(The map œ is called as a degenerate cube if t>O in above formula.) We could 

equivalently regard C"(lr; II) as the group of n-cochains a, coefficients in II, for 

the complex QN(lr) in which all the n-cubes are œ=e;1 ... e;8 • 
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Any map [3: JP-o>f' induces an S. Q. map (3#: Q(IP}--"Q(Ir) as (j#(œ)=(jœ for 

œ f Q(/') and hence a homomorphism 

In particular, the maps e~, el and TJ; yield operators 

el*=F~: Cn(Jr; II) -"·C"(lr-t; JI), 

ei*=F): O•(Ir; II) _,Cn(Jr-1 ; II), 

TJt=D;: C"'(/'; II)_, Cn(ln1 ; II), 

satisfying the identities (1. 1). (It follows from (2. 1) obviously.) 

The S. Q. complex F(II, n) is now defined as the complex F(II, n) = UrFr(II, n) 

m which F,.(JJ, n) is the integral group ring of Cn(Jr; II), and the FL F), D; 

homomorphisms are those induced above. An element a of Cn(Jr; II) will be called 

an r-cube of F(II, n). Clearly the r-cubes are free generators of the additive 

group Fr(II, n). 

The S. Q. complex K(II, n) is defined as the subcomplex K(II, n) = UrKr(II, n) 

of F(II, n) in which Kr(II, n) is the integral group ring of zn(Jr;II). An element 

11 of zn(Jr; JI) will be called as an r-cube of K(II, n), and for any map [3: Jn+l_,Jr 

=ai:?.::i( -1)i((jej-{je))=O, 

where ~: C''(Jr; ll)-»Cn+~(Jr; II) is the coboundary homomorphism. 

3. Suspension operators 

For any r-cube 11 of F(IJ, n) wo define an (r+1)-cube S(a) of F(ll, n+1) 

as follows 

(3. 1) =unit element of JI 

in the c~se ( 1 ), 

in the case ( 2 ), 

in the case ( 3 ) ; 

Case (1): œ is written as êi('"êir-n: J"'' 1-»1"'1, where r+L2:i1>···>i,._n>l. 

In thi>, ca:ë.e T/1œs1=e:;1-1"'êzr-.,-1: Jn->Jr. It is convenient to denote T/1œe1 as œ 

in the following. 

Case (2): œ is written as e;1 .. ·e;r-n-1e:: l"'L7 Jr+1, where r+12i1>···>ir-n-1>1, or 

œ is a degenerate cube. 

Case (3): œ is written as e;1--·e,r-n-1ei: 1""1-»Jr+l, where r+L:::i1>···>ir-n-1>1. 

In this case T/tœ=e;1-1''"êir-n-1-1: 1'""1-»/'. 

We shall prove in the following that S(11) is an element of Kr+l(Il, n+1). 
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Case (1): If œ=e;1···e;r-,-1 : J'n+'~f"+~, r+12it> .. ·>ir-n-t>l. then 

(D..S(a) )(œ) =S(a) L:~;<;f( -l)i(e;t'' ·eir-rHej-e;1" 'Eir-n-1el) 

= (D..a)(a) + L:l~l( -l)ia(œe~-œel) 
=(D..a)(a)- L:~.ti( -l)ia(aej-ael)=O. 

Case (2): If œ=e;1"·e;"_,_,d: /""~/Nt, r+l2i1> .. ·>ir-n-z>l, then 

(D..S(a) )(œ) =S(a) L:i'~i( -l)i(e;t' "<1 ei-e;1" ·e1 el) 

=S(a)I;j';<;f( -l)i(e;1'"<i+1 e:1-e;1"·e)+1e:1)=0. 

Case (2'): If œ=e;1·"e;;YJit""YlJt and t>O, then 

(D..S(a))(œ) =S(a)L:?!~( -l)i(œei-œeD =0, if f>2. 

(D..S(a)) (a) =S(a) I;j·,:~( -l)i(e;1· "êir-n1JJej-e;1· "êir-n11JED 

=S(a) 2::: ï<J( -l)i(e;1· · ·e;r-neir;;-1 -e;1· "eir-ne)r;;-1) 

+ ( -I)JS(a) (e;1·· ·eir-n -e;;· ··eir-n) 

= (D..a) 2::: i.t~( -I)i(e;1-1· · ·ei- e;,-1· · ·e)) 

= (D..a) L:?~;( -l)i(r;1œ•ej-r;1œ••D 

=(b.D.. a) (r;1œ) =0. 

We shall prove in the following that 

(3. 2) 

(3. 3) 

F;(Sa) =S(F;-ta) 

aS( a)= -sa(a) 

for i22, a E Fr(II, n), 

for 11 E Kr(II, n). 

If œ is sorne type in the case (1) or (2), (3. 2) follows from the facts; 

F;(Sa) (a)= (Sa )(e;œ), e;œ=e;-1œ, 

and if œ is a degenerate cube, e;œ also degenearte. 

and 

If œ=eh"'êir-n-zef: J'n'- 1 ~1" and r2i1> .. ·>ir-,.-z>l, then 

F;(Sa) (a)= (Sa) (e;1 +t" ·e;p+t€i e;p+t ... el) 

=(b.. a) (eh·· ·e;P e;-1€ip+t-1· · ·e;r-n-2-1) 

=(!la) (e;-1€;1-1· · · Eir-n-2-t) 

=(D..a)(e;-11/11X), if iP2i>ip+t, 

47 
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S(Fï-111) (a) =D..CFï-111) CYJ1a) 

= (Fï-111) I.;j::\( -1)i(F'J-F j) (r}la) 

If aE Kr(II, n), ~a=O therefore (3. 3) is the immediate consequence of (3. 2), 

c onsidering 

F~(Sa)(a)=Fi(Sa)(a)=unit element of ll 

for any map a: J'n+1-Jr. 

4. Minimal complexes 

Two singular r-cubes ao and 111 in a topologicial space X are called compatible 

if their faces coïncide: F1ao=F1a1, F~ao=Fia1 for 1::;::i::_::::r. If in addition !Jo and 

111 are members of a continuous one parameter family at, o::_::::t::;::1, of singular r­

cubes, ali of which are compatible, we say that ao and 111 are homotopie. For 

r=O any two cubes are compatible, and if X is assumed to be arcwise connected, 

they are also homotopie. 

A subcomplex M=M(X) of Q(X) will be called minimal provided: 

(4. 1) For each r the collapsed r-cube a: r-xo is in M. 

( 4. 2) If a is a singular r-cube al! of who se faces are in M, then M contains 

a unique singular r-cube a' compatible with and homotopie to a. 

The existence of su ch a su bcomple~: is obvious [1] and we have: 

If the homotopy groups ni(X) vanish for i<n then the minimal subcomplex 

consists of sorne singular cubes such that ali faces of a of dimensions >n are col­

lapsed. Consider an r-cube a in M. Let a: l"-Jr is any n-cube in Q(F), a-face 

aa of a determines an element 

The function 11--"'K(a) defined above becomes an S. Q. map 

(4. 3) K: M-i> K(nn(X), n). 

If the homotopy groups rr,(X) vanish for i<n and n<i<q (1<n<q), then 

there is an S. Q. map 

(4. 4) ïè: K(rrn(X), n)- M 

satisfying the following conditions : 

(4. 4.1) For each r-cube q, of K(nn(X), n), where r<q, there is a unique r-cube 



Semi cubical tkeory on homotopy classification 49 

"K:(t/1) in M such that K(Îë(q,))=t/1. 

(4. 4. 2.) For each q-cube tjJ of K(rrn(X), n) there is at !east one q-cube 11 of M 

such that K(a)=t/J. Any two such cubes are compatible. One of these 11 will be 

selected and denoted by Îë(t/1). Thus K(""K_(t/l))=,P. For the collased q-cube t/J, we 

choose K(t/1) to be the collapsed q-cube in M. 

(4. 4. 3) For each (q+l)-cube t/1 of K(rr,.(X), n), if we define a map fq:,: (IQ+!)'-'>-X 

such that fq,e;=Îë(t/le;), then we have 

k(t/1) =c(fq,) E Trq(X). 

The function rp-'>-k(q,) defined above depends upon the selection in ( 4. 4. 2) and 

becomes a cocycle 

k E zm(K(rr,.(X), n); Trq(X)). 

The cohomology class of this cocycle is a topological invariant (weil known as the 

Eilenberg-MacLane invariant [2]). 

5. Postnikov constructions 

Let X be a topological space, and the homotopy groups rr;(X) of X vanish 

without i=n, q. q', ... , q<ml(l<n<q< ... <q<ml). We shall denote rrn(X)=II, rrq(X)= 

G, rr Q'(X) =G', ... , rrq<ml(X) =G<ml in the following. 

Consider an r-cube 11 in M=M(X). Let {j: lq-'>-r be any q-cube in Q(lr). 

We have r-cube K(11) of K(II, n) as above, and r-cube o/=o/(a) of F(G, q) 

defined as 

Above pair (K(a), ,Y(a)) for any r-cube 11 satisfies the condition 

where r: Jm___,.p is any (q+l)-cube in Q(lr) and ,:1: Cq(Im; G)___,.CQ+l(Im; G) is 

the coboundary homomorphism. 

The S. Q. complex N=~(K(II, n), G, q, k) (simply denoted by K(II, n, G, q, k) 

in the following) is now defined as the subcomplex of the cartesian product 

K(II,n)XF(G,q) in which r-cube is à pair (q,,,Y) subject to the condition: 

(5. 1) k(t/lr)=L1o/(r) for any (q+l)-cube r of Q(lr). 

By the above definitions, we have obviously 

K;(Il, n, G, q, k) '"""'K;(Il, n) for i<q, 

K(II, n, G, q, k) =:J K(G, q), 

and K(II, n, G, q, k) is (q+l)-trivial (If 11 and a' are compatible r-cubes in 

K(II, n, G, q, k) and r:?:q+l then a=a'). 
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Generally, if M(X) "'NCHJ in dimensions less than qCO, and NCi-1) is qCiJ. 

trivial, there is a cocycle 

associated to a pair of S. Q. maps (~ï-1, "R') satsifying the following conditions: 

(5. 2) 

(5. 3) 

(5. 3. 1) 

_... NCi-lJ, 

ïi': NCi-1) - M , 

for r·cube c/1 E NCi-1), r~qCi), 

(5. 3. 2) For each (qCil+1)-cube c/J of NCi-1), if we define a map fq,: (Iq(i)+1)"-;.X 

such that fq,e;=ïi'(c/le;), then we have 

kCï)(c/l)=c(fq,) E nq(i)(X)=GCi). 

Consider an r-cube a in M. Let {j:lqCil-r be any qCO-cube in Q(Jr), we have 

r-cube o/=o/(a) of F(GCiJ, qCil) defined as 

o/(S)=d(K1(K1(a{3)), a{3) E nqw(X)=GUJ. 

Above pair (K1(a), o/(a)) for any r-cube a satisfies the condition 

kCO ("'(ar)) =tio/(ar) 

where r: IqCil+l-Jr is any (qCil+1)-cube in Q(Ir). 

The S.Q. complex NCil=IJ,S(NCi-1), GCiJ, qCiJ, kCil) is now defined as the:subcom­

plex of the cartesian product NCH) xF(G<0 , qCil) in which r-cube is a pair (c/J,~o/) 

subject to the condition: 

(5. 4) k<iJ(c/lr) =Llo/Cr) for any (qCil+1)-cube r of Q(Ir). 

These constructions make an S. Q. complex 

IJ,S(K(II, n), k, N, k', N', ... , k<rnl, N<rnl) 

inductively, and obviously this complex isomorphic to M(X). 

· 6. Representations of S. Q. maps 

We wish to classify S. Q. maps of an S. Q. complex K 

(6. 1) T: K -SJ,S(K(Il, n), k, N, k', N', ... , k<rnJ,N<rnl). 

Such a map determines a sequence 

(6. 2) 

of a cocycle and cochains 

Xn=T#bn f zn(K; II) 

Xq=T#bq E Cq(K; G) 
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In the above formula b, is the basic cocycle in Z"'(N<ml; II)~ zn(IJ, n; II) and b0 Cil 

is the basic cocha in in co<il (N<ml; GCil)-:::::cqCil (NCil; GCil) =CqCil (~(NCi-1), G<il, kCil); 

GCil) defined by 

for any n-cube q, of K(II, n), 

b0 Cil(,P,o/)=o/(eqCil) for any qCil-cube (q,,,Y) of NCil 

where e": l"~ l" and eqCiJ: IqCi)->-IqCi) are the identity maps, and q:0l=q, NC0l =N 

=K(II, n, G, q, k). 

It is weil known that there is a one to one correspondence between S. Q. 
maps· 

T: K->- K(Il, n) 

and cocycles x,E Z"(K; Il) [4]. It is convenient to make a one to one correspon­

dence between S. Q. maps 

T: K->-F(II, n) 

and cochains x, E C"(K; Il) by defining Xn = T#b.,. for the basic cochain b, E 

C"(F(II, n); II), and 

T(a) (tJt) =Xn(aœ) for any n-cube œ of Q(IdimCI). 

Generally, there is a one to one correspondence between S. Q. maps (6. 1) and 

sequence (6. 2) satisfying the conditions 

(6. 3) i=O, 1, ... ,m, 

where T(x"' X 0 , ••• , X0 CH)): K ->-NCi-1) is the S.Q. map which corresponds inductively 

to the subsequence (x,, X0 , ••• , X0 Ci-1)) of (6. 2): 

The map T corresponding in this fashion to the sequence (x,, Xq, Xo'• ... , x0 <ml) 

will be denoted by T(x,, x 0 , Xo'• ... , X0 <ml). Then, this map is characterized as that 

S. Q. map for which 

T(xn,Xo,Xo'• ... ,X0<ml)a=(,P,o/) for an r-cube a of K, 

where ,P=T(x,, X0 , Xo'• ... , X0Cm--1l)a E N$m--1) is the r-cube defined by induction and 

o/ is the r-cube of F(G<ml, qCml) defined by 

o/(fJ)=X0<ml(afJ) for any q<ml.cube fJ of Q(Ir). 

Consider the dia gram: 
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â (i) 
-----------;. No(i) 

lpm 
kCï) 

N (Ï-!) ---------- GCI) 
q(i)tl 

then (6. 3) is an immediate consequence of the commutativity of this diagram. 

Namely 

and 

(6. 4) 

In the above diagram pcil is the projection defined by 

pCil(q;, lfr) =r/J 
(i) 

for any cube (,p,lfr) E NoW+I, 

and if i=O, (6. 4) is rewritten as 

kP=bqâ 

p: Kq+1(II, n, G, q, k) ~ Kq+1(II, n). 

These formulas (6. 4) may be proved directly from (5. 1), (5. 4), for instance 

kp(,p, t )=k(if;)=t..lfr(eo+I)=lfr"2:,~!i(-l)i(F1-Fl)(eQ+I) 

=t"2:.7:':i( -l)i(ei-eD="2:.i:':(( -l)i {o/Cen -t(el)} 

="2:.[!1(-1) 1 {F1lfr(eq)-Fllfr(eq)} =bqâ(r/!, lfr ). 

7. Chain homotopies 

We make reference to chain homotopies between special S. Q. maps of an S. Q. 

complex K. 

th en 

Let w E C'<-~(K; II), ow E Z"'(K; II) indu ces the map 

T(ow): K ~ K(II, n). 

LEMMA (7. 1). T(ow)=T(O). 

PROOF. Put 

w(l&;;an-I)=W(d,.-1) for J&;;an-1 E (l@K)n, 

w(l&;;an) =ow(on) for l&;;a,. E (l@K)n, 

w(O&;;an) =0 for O~dn E (l@K)n. 
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ow(Ié?;11,.) =wCaJÇ?;q,.) -w(I&;a11,.) 

=w(lé?;I1,.-0Q9tJ,.) -w(IQ9811,.) =ow(dn) -w(811,.) =0, 

ow(l(;!;O',.+l) =w(1Q980'n+l) =ow(811n+l) =0, 

ow(Oé?;11,.+1) =W(0(;!;80'n+l) =0. 

Therefore, we have a cocycle ÏÜE Z'"Cl&/K; II) and also an S. Q. map 

T(w): I®K -K(II, n). 

Let /: K -I®K be a map defined by 

Th en we have a chain homotopy 

T(w)•l: Cr(K) -Cr+l(K(II, n)) 

between the maps T(ow) and T(O). The proof is complete. 

The commutativity of the following diagram is obvious: 

In the following, we shall denote T(w)•l=S•T(w) simply by D(w). 
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Let VECH(K; G) and cEC0 (î)_1(K; GCil), oVE Z 0(K; G) and OCE zqCi)(K; GCil) 

induce the S. Q. maps 

T(O, ov): K-K(G, q)CK(II, n, G, q, k) 

T(O, ... , 0, oc): K-K(GCiJ, qCiJ)CNCiJ 

respectively. 

LEMMA (7. 2). T(O, ov) ~ T(O, 0), 

T(O, ... , 0, oc) ""'T(O, ... , 0, 0). 

Proof of this lemma is similar to above. Namely we may define cocycles 

tXE Z"(l(i<)K; G), ëE zqCi)(l®K; GW) such that the commutativity of the following 

diagrams is satisfied 

Cr(K) T(v) -Cr(F(G, q)) 

li 
Cr+l(l®K) T(v! 

ls 
-Cr+l(K(G, q)), 

Cr(K)-_::T:__:C'-'-'c)'----Cr(F(GUJ, qCiJ)) 

1 I ls 
Cr+:CI®K) T(ë! -Cr+l(K(GCil, qCiJ)). 
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In the following, we shall denote T(v)·l=S•T(v) and T(ë)·I=S·T(c) simply by 

D(v), D(c) respectively. 

W e have considered the constructions of chain homotopies; con versely, we 

consider now the representations of chain homotopies. 

LEMMA (7. 3). Any chain homotopy 

between S.Q. maps T(xn. Xq, ... , xqCn) and T(x~, x~, ... , x~co) may be regarded as 

the combination T•l, where 

T=T(y,., yq, ... , YoCil) 

is an S. Q. map of l@K in N<il 

Cr+t(NCi>) 

PROOF. 

Case (7. 3.1); i=-1, namely NC-1)=K(ll,n). 

We define a n-cocycle y,. E Z"'(I@K; Il) by 

Yn(1 é?Jqn) =bn(Fi(D(11n))) =Xn(11.,.) for 11n E Kn, 

y,.(0@11n)=bn(F~(D(11n)))=X~(11n) for 11nEKn, 

y,.(I @11n-t) =bn(D(11n-D) for 11n-! E Kn-1• 

It is obvious D=T(Yn)•l. 

Case (7. 3. 2); i=O, namely NC0)=N=K(ll, n, G, q, k). 

Then 

We define Yn as (7. 3.1) and define a q-cochain YoECq(I@K; G) by 

Yo(1 @110) =bo(Fl (D(110) )) =Xq(l10 ) for 110 E Kq, 

Jq(O @11q) =bq(F1 (D(11q))) =x~(11q) for 11q E Kq, 

yq(I@ 110-t) =b0 (D(I1q-t)) for 110-1 E K 0-t. 

oyq(1 @110+t) =oXq(11q+t) =kT(xn)(110+t) =kT(y.,.)(1@ l1q+t), 

oyq(O @11q+!) =ox~(110+!) =kT(x~)(110+~) =kT(yn) (O@ 11o+t), 

oyo(l@qq) =yo(1@ a cO @ao-!@8110 ) =X(110) -x~(11q) -b0 (D(fl11q)) 

=Xo(110)-x~(110) +bo(CfJD-T(x,., Xq) + T(x~, x~))110) 
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=bq8D(aq) + Xq(aq) -x~(aq)-Xq(aq) + x~(aq) 
= (obq) (D(aq)) =kT(bn)(D(aq)) 

=kT(yn)(l&;Jaq). 

Case (7. 3. 3): i>O. 
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We may prove similarly as above. For instance we define a qCO-cochain 

Jq(i)E CqCi) (l&;JK; GCO) by 

JqCi) (l&;JaqCi)) =bqCi) (Fi (D(aq(i)))) =XqCi) (aq(i)) for IJq(i)E Kq(i), 

Jq(i) CD &;JaqCi)) =bqCil(F~ (D(aq(i)))) =X~.Ci) Ca<~:Ci)) for IJqCi)E KqCi), 

JqCï)(l(j!;)aq(i)-j) =bqCïl(D(aqCil-1)) for IJq(i)-1 E KqCil-1. 

8. Classifiaction of S. Q. maps 

For our purpose we shall define the internai products of S. Q. complexes 

F(II, n), K(II, n), K(II, n, G, q, k), ... ,NU>,··· as follows: 

(8. 1. 1) (lfro'-fr')(œ)=,Y(œ)+o/'(œ) for any n"cube oœ of ,Q(lr) for r-cubes '-fr, 'fr' 
of F(II, n). 

(8. 1. 2) (r/Jorp1)(œ)=r/J(œ)+r/J'(œ) for any n-cube œ of Q(Jr) and for r-cubes r/J, rp1 

of K(II,n). 

(8. 1. 3) (q,, '-fr) o(e, '-fr)= (r/J, '-fro'-fr1) 

for r-cubes (r/J, '-fr), (e, '-fr') of K(II,n,G,q,k), where e is the collapsed r-cube 

of K(II, n), then (e, '-fr') may be regarded as an r-cube of K(G, q). 

(8. 1. 4) (r/1, '-fr )o(e, o/')=(r/J, '-fro'-fr') 

for r-cubes (r/1,'-fr), (e,o/1) of NCi)='fs(NCi-1), GCi),qCi),kCil), where e is the 

collapsed r-cube of NCi-1), then (1, o/1) may be regarded as an r-cube of 

K(GCi), qCi)). 

THEOREM (8. 2). The cocycles Xn, x~E Z"'(K; II) are cohomologous if and only 

if the maps T(xn), T(x~) are chain homotopie. (Theorem 5. 2 of III [4]). 

PROOF. Since bnE zn(K('II, n); II) is a cocycle, T(xn)'''T(x~) implies that 

Xn=bnTCxn) and x~=bnT(x~) are cohomologous. Conversely, assume that Xn-x:. 

=ow, for sorne wECn-1(K; II), and construct a chain homotopy D(w) as in the 

proof of (7. 1). On the other hand, we define a map 

then we have a chain homotopy 

(8. 3) E=D'oD(w): Cr(K) ~ Cr+l(K(II, n)), 

where o is the internai product defined in (8.1. 2). Namely; 
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(âE +Eâ)a=â(D'(a) oD(w)(a)) + (D'oD(w)) (âa) 

= 2.:/:::i( -l)i(F1 D'(a) oFiD(w) (a) -F~D'(a) oF)D(w) (a)) 

+ 2.:~_,( -l)i((D'oD(w))Fia-(D1oD(w))F)a) 

=FiD1T(x~)(a)oFiD(w)(a)-F1D1T(x~)(a)oFW(w)(a) 

+ 2.:r:::1,( -l)i(Fï D'Ca) oFi D(w) (a)-F) D'Ca) oF; D(w)(a)) 

+ 2.:~_,( -l)i(D'(F1a)oD(w)(F1a) -D'(F)a)oD(w)(F)a)) 

=T(x~) (a) oT(ow) (a)-T(x~) Ca) oT(O) (a) 

=T(Xn)(a) -T(x~)(a), 

since FitlD'(a) oFitlD(w) (a) =;-F;tlDlT(x'r.)(a) oFitlST(w) Ca) 

=DlF;T(x~)(a)oSF;T(w)(a) 

=DlT(x:,,)(F;a)oST(w)(F;a) 

=D'(F;a)oD(w)(F;a). 

W e next consider two S. Q. maps 

T(xn, Xq), T(x~, x~): K- N=K(Il, n, G, q, k). 

If Xn and x~ are cohomologous, there exists a chain homotopy 

Note that in this case Xq-X~-kE is a cocycle, because 

o(Xq-X~-kE) =kT(x.,.) -kT(x~) -kEâ 

=k(Eâ+âE)-kEâ=O, 

since k is a cocycle. 

THEOREM (8. 4) S. Q. maps T(x.,., Xq) and T(x~, x~) are chain homotopzc if 

and only if Xn and x~ are cohomologous and Xq-X~-kE is cohomologous zero for 

arbitrary chain homotopy E:T(xn)=--TCx~). 

PROOF. Let E': Cr(K)-Cr+l(N) be a chain homotopy between T (Xn, Xq) 

and T(x~, x~); i.e. 

it is obvious that Xn=bnT(Xn, Xq) and x~=bnTCx~, x~) are cohomologous, and 

PE': Cr(K) -Cr+l(K(II, n)) 

gives a chain homotopy E: T(xn)"'(x~). 
Th en, 

Xq-X~-kE=bqT(Xn, Xq)-bqT(x~, x~)-kE 

=biâE' +E'â)-kPE' 

=o(bqE') 
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since b.B=kP (6. 4). 

Conversely, let E: TCxnY'-'T(x'n) be a chain homotopy and x.-x~-kE=ov for 

Vf.CH(K; G). We :first determine a cocycle YnE Z"'(I&;!K; II) as in Lemma (7. 3.1), 

and de fine a cochain :X~ E C•(I &;;K; G) as follows; 

:X~(1 é?)tJ.) = (x~+kE)(tJ.) 
x~(Oé?)tJ.) =X~(tJq) 

:X~(I@tJq-1) =0 

then we have a pair (y,, x~). and 

for tJqEK., 

for tJqEK., 

for IJq-1 E K.-1, 

o:X~C1 &;; IJq+1) =x~(1 &;; 81Jq+1) =ex~+ kE) (81Jq+1) 

=ex.- ov) (81Jq+l) =x.(81Jq+1) 

=ox.(tJq+l) =kT(xn) (tJq+l) 

=kT(Yn) (1 &;; IJq+I), 

ox~(O @tJq+I) =:X~(O &;; 8tJq+1) =x~(815q+l) = ox~(tJq•1) 

=kT(x~) (iJq+1) =kT(yn)(O @tJq+l), 

ox~CI®tJ.) =x~C1 &;; 15.-o &;; 15.- I &;;aiJ.) 

= (x~+kE) (15.) -x~(tJ.) =kE(a.) 

=kT(yn)CI&;; tJ.), 

therefore T(yn, x~) is regarded as an S. Q. map 

l&;;K --+ N=K(II, n, G, q, k). 

Finally we have 

D=T(yn, x~)· I: Cr(K) _,. Cr+1(N) 

with the following property 

8D+D8=T(xn, x~+kE)-T(x~, x~). 

The remainder of our proof is due to Lemma (7. 2) and (8.1. 3). Namely, we 

define a map 

D'col =D1T(xn, x~+kE) :Cr(K) _,. Cr+l(N), 

then we have a chain homotopy 

Inductively we sha11 consider two S. Q. maps 

T(Xno ... , Xq(H), XqCil), T(x~ • ... , X~Ci-'), XqCil): K _,. NCil='fs(NCi-'l, GCil, qCi), kCil). 
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Let the following conditions be satisfied: 

(8. 5. 1) 

(8. 5. 2) 

Xn and x~ are cohomologous, 

X0-X~-kE is cohomologous zero, 

(8. 5. 3) XoCi-1) -X~(i-1)-kCi-l) ECH) is cohomologous zero, 

where E(J):T(xn, ... ,X0CJ-I))~T(x~, ... ,x~CJ-I)) j=0,1, ... i-1 are thechain 

homotopy defined inductively. 

Then, there exists a chain homotopy 

(8. 5. 4) 

inductively. In this case note that Xq(i)-X~Ci)-kCi)ECi) is a cocycle, because 

iJ(Xq(i) -X~(i) -kCi) ECi)) 

=kCi)T(Xn, ... , Xq(i-1))- kCi)T(x~, ... , X~(i-1))- kCi) ECi)f} 

=kCï)(ECi)f}+fJECï)) -kCi) ECi)fJ=O, 

since kCO is a cocycle. 

THEOREM (8. 6). S. Q. maps T(xn, ... , X0 Cï)) and T(x~ • ... , X~Ci)) are chain homo­

topie if and on! y if (8.5.1), (8.5.2), ... (8.5. 3) are satisfied and X0(i)-X~cn-kCï)ECi) 

is cohomologous zero for arbitrary chain homotopy ECi) (8. 5. 4). 

PROOF. Let ECi+l): Cr(K)->Cr+!(N(i)) be a chain homotopy between T(Xn. ... , 

X0Ci)) and T(x~ • ... ,x~cï)); i.e. 

f}ECi+l) + ECi+!)f}=T(Xn, ... , X0Ci))-T(x~, ... , X~(i) ), 

then inductively (8. 5.1), (8. 5. 2), ... , (8. 5. 3) are obvious since 

pCi)ECi+l): Cr(K)->Cr+!(NCi-1)) 

brings a chain homotopy ECi): T(xn, ... ,X0Ci-I)/''T(x~, ... X~Ci-1)). And, 

Xq(i)-X~(i) -kCi) ECi) 

=bqcnT(xn, ... , X0Ci)) -b0Ci)T(x~ •... ,x~ Ci)) -kCi) ECO 

=bq(i) (fJECi+l) + ECi+1)f})- kCi) pCi) EU+!) 

=o(boCi)ECi+l)) 

since b0Ci)fJ=kCï)pcn (6. 4). 

Conversely, let ECi~: T(xn, ... , X0Ci-1))"'T(x~, ... , X~Ci-1)) is a chain homotopy 

and X0Ci)-X~cn-kCi)ECi)=àc for cEC°Ci)_1(K; GCi)). We first determine a sequence 

Yn• Yo• Yo', •.. , YoCi-1) 
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of a cocycle Yn and cochains y, Jq', ... , J 0 (i-t) associated to the chain homotopy ECil 

as in Lemma (7. 6), and define a cochain .X~cn EC0 (i)(I&;;K; GCil) as follows; 

x~ cil (0@ dqCil = ( X~(i) (aqCil) 

X'0(i) (I &;; dqCi)-D =0 

for dqCiJEKqCi), 

for dqCil-1EKqCiJ-~o 

then we have a sequence 

He re 

Yn, Jq, y~, ... , Jq(i-1), x~ en. 

ox~cn (l@aqCil+1) =x~ en (1&;;8a0 CiJ+l) = (x~cn + kCil E<il) (8a0 C•l+t) 

= (XqCi) -oc) (8a0 Ci l +t) =X0 <il(8a0 Ul+1) 

= OX0 (i) (dqCil+t) =kCilT(Xn, ... , Xq(i-1)) (dq(i)+l) 

=kCilT(Yn, ... , YoCi-ll) (l@a,(i)+l), 

ox~cil (OQ<;'a0 Cil+J) =x~cn (O(g8a0 Cil+D =x~cn (8aoCil+D 

=ox~Cil(a0Cil+1) =kCilT(x~ • ... , x~Ci-!J)(a0CiJ) 

=kCilT(yn, ... , YoCi-ll) (O@aoCil+l), 

ox~cn (l@a0 CiJ) =x~ Ci) (l&;;a0 Cil) -x~Ci) (O&;;a0 Cïl)-x~ en (l&;;8a0 Cil) 

= (X~(i) + kCil ECiJ) (dq(i))- X~(i) (dq(i)) 

=kC•l ECil (aqCïJ) =k<ilT(yn, ... , J 0 Ci-ll) (l@a"cn), 

then (Yn ,'J0 , ... , J 0 Ci-l), x~ co) satisfies the condition (6. 3), therefore T(Yn, Yo, ... , 

J 0 Ci-ll, x~cn) is regarded as an S. Q. map 

Finally we have 

with the following property 

8D+ D8=T(Xn, ... , X0 Ci-1), x~cn +kCiJECil)-T(x~, ... , X~(i-1), x~cn). 

The remainder of our proof is due to lemma (7. 2), (8. 1. 4). Namely, we 

de:fine a map 

then we have a required chain homotopy 
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9. Applications to additive cases 

It is obvious from the theorem (8. 3) that there is a one to one correspondence 

between chain homotopy classes of S. Q. maps 

T: K ___,_ K(II, n) 

and cohomology classes of Hn(K; II). 

Now, we assume that the Eilenberg MacLane invariant is additive, namely 

kEHq+1(K(II,n);G) induces the additive internai operation k!--[4]. If the space 

X is a space of loops, it is weil known that k is in the image of the suspension 

map 

S: Hm(II, n+1; G) ___,_ Hm(JI, n; G) 

therefore k is additive (Theorem 16. 2 of III (4]). 

THEOREM (9. 1). Chain homotopy classes of S. Q. maps 

T: K->-K(Il,n,G,q,k) 

are calculated by elements of pairs of classes 

[kernel (k !-- )nHn(K; II), Hq(K; G)!k !--Hn-r(K; JI)]. 

PROOF. We consider two chain homotopies 

induced by two chain homotopies between the chain homotopie maps T(xn, Xq), 

T(x;' x~). Then, we have two cochains W!' w2 E cn-l (K; II) defined by 

i=1,2. 

It is obvious that E; is represented as 

E;=D'oD(w,). 

He re 

and 

iJ(kE2-kE1) =kE2â-kE1â 

=k(âE1-T(xn) + T(x~))-k(âE2-T(xn) +T(x~)) 
=0, 

then kE2-kEr is a q-cocycle of Zq(K; G). 

On the other hand, 

lJ(w2-WI) = (Xn -x~,)- (Xn-X~) =0 

then w2-W!=U is an (n-1)-cocycle of zn-l(K; II). 
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Since k is additive, the cohomology class of kE2-kE1 is uniqely determind by 

k(E2o(E1)-1), here 

E 2o(E1)-1 =(D' oD(w2)) o(D' oD(w1) )-1 

=D(w2)o(D(w1))-1=D(w2-w1) 

=D(u)=ST(u), 

therefore the cohomology class of kE2-kE1 is the class determined by (Sk) t--u. 

Conversely, if x0-x~-kE1 is in B 0 (K; G)u(Sk) J,zn-1(K; Il), we may 

represent Xq-x~-kE1=ov+kST(u) for sorne pair (v, u) of VECH(K; G) and 

uEZn--1(K; II), then we have a chain homotopy 

such that X0-x~-kE2 is cohomologous zero. The remainder of our proof is due 

to Theorem (8. 4). 

Generally, we consider the Postnikov invariant kCil, which is the cohomology 

class of kCil E zqCil+1(NCi-1l; GCil). In this case there exists an injective S. Q. map 

j: K(GCi-ll, qCi-1l) ~ NCi-1) ='if5(NCi-2l, GCi-ll, qCHl, kCi-1l) 

then kCil induces a cohomlogy class 

j* kCi) E HqCiJ.1(K(GCi-ll, qCi-1) ) ; GCil). 

Now, we assume that these invariants are additive. If the space X is a space 

of loops, it is well known that our assumption is satisfied. 

THEOREM (9. 2). Consider an S. Q. map 

T(Xn, ... , Xq(i-2)): K ~ NCi-2) 

and its prolongations 

Then, chain homotopie classes of S. Q. maps T, pCil-image of .which are chain 

homotopie mutually, are calculated by cosets of 

PROOF. W e consider two chain homotopies 

induced by two chain homotopies between the chain homotopie maps 

T(Xn, ... , X0 '--,·-z), X0(i-1), Xq(il), T(Xn, ... , X0 (i-z), X0 (i-1), X~Cil). 
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Then we have two cochains c1>C2 t:CqCi-lL1(K; GCi-1l) de:fined by 

j=1,2. 

It is obvious that ECil is represented as 

E)il=(DIT(X1., ••• , Xq(i-2), X~(i-1))) oD(cJ). 

Here 
(XqCil-x~cn-kCil Ejil)- (xqCil -x~ en -kCil El il) =kCilE~n -kCil E;n, 

and 

On the other hand 

(}(c2-CI) = (Xq(i-1)-X~(i-1))- (Xq(i-1) -X~(i-1)) =0. 

Sin ce kCil is additive, the cohomology class of kCil EF>- kCil Eiil is uniquely 

determined by kCil(Elilo(E]il)-1), 

then, the cohomology class of kCilE5il-kCilE(il is the class determined by 

S(j*kCil) 1-- (c2-c1). 
c> Conversely, if XqCil-x~ciJ-kCiJE(il is in Bq' CK; GCil) u [S(j*kCil) r-

zqCi-Il_1(K; GCi-ll)], we may represent XqCi)-Xq(i)-kCilE]il=ov+kCilj·S·T(u) for 

sorne pair (v, u) of VECq(i)_1(K; GCil) and u E zoCH)_1(K; GCi-ll), then we have a 

chain homotopy 

such that X0Cil-X~Cil-kCilEgn is cohomologous zero. The remainder of our proof 

is due to Theorem (8. 6). 
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