Kawabata, S.
Osaka J. Math.
23 (1986), 55-67

A “NON-STANDARD” APPROACH TO THE FIELD
EQUATIONS IN THE FUNCTIONAL FORM

SHiGerToku KAWABATA

(Received June 1, 1983)
(Revised May 10, 1985)

1. Nonlinear functional equations

Schwinger [1] gave a couple of equations for the Green functions of the
nucleon and meson fields with interaction, in the form of functional differential
equations in terms of an ordinary external field. For neutral pseudoscalar
mesons, they are

(1.1) [—lw—+m—gvs¢(x)+zgvsngA(x E; ) ——1G(x, x'; p) = 8(x—x"),

3¢(§)
(1.2) (_**H?z)A(f E'; ¢) = 8(E—E")+1gT, fySSd-,;A(E ”; ¢)w

3¢(n)
gT,vsp(E)GE, E'5 ¢) .

Equations (1.1) and (1.2) form a system from which the Green functions G
and A may be determined as functionals of the external field ¢(x). By using
these equations it is possible to obtain closed expressions for the complete
Green functions. In electrodynamics these equations are usually treated by
expanding in powers of the coupling constant. But in meson theory, this
procedure is inapplicable. Edwards and Peierls [2] simplified equation (1.2)
to a linear one by assuming A to be a given function of x and x’ independent
of ¢. Starting from these equations, they obtained the Green function in
an explicit form by using Fourier transform of functionals. They used a sort
of functional integrals but they did not give mathematical definitions of integ-
rations or measures with respect to which integrations are performed.

Paul Lévy [3] has developed a potential theory on an infinite dimensional
space. He used “la méthode du passage du fini 4 I'infini”’ in which an infinite
dimensional Laplacian and harmonic functions are defined by a limiting pro-
cedure of finite dimensional potential theory.

Recently, Hasegawa [4], [5] introduced the following space of sequences

N
(1.3) E— {x = (x, %, -, %y, ) ER", sup = 5 x2< o0}
¥ N =1
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with semi-norms
15 ., 12 -
%y = (ﬁE %;)”? and ||x||. = lim ||x]| ,
n=1 N oo

and reformulated the results of Lévy in terms of an infinite dimensional Brown-

ian motion B on the space E with the infinitesimal generator %A“. In the deri-

vation of Schwinger equations, for example in [6], a product of distribution
is used and it does not seem to be treated very conveniently in the space (1.3).
This paper is an attempt to give mathematical foundations of the calcula-
tions which have been done by Edwards and Peierls in solving Schwinger equa-
tions. The method of non-standard analysis developed by A. Robinson [7]
is applied to give a mathematical definition of functional integrals. A passage
to limit similar to that of Lévy is used in a much bigger space than (1.3). Usu-
ally, the functional (continuous) integral is defined as the appropriate limit

of certain finite dimensional integrals with respect to II dx; which is the volume
j=0

element of integrations in the discrete function space. But the limiting transi-
tion to the continuous function space has been carried out formally. One
must justify the transition to the limit for #—>oco. Non-standard analysis offers
a new approach to definition of functional integrals.

2. Ultra numbers and ultra Euclidean spaces

In this section, we give definitions and notations which will be used
throughout this paper.
1) Let N be the set of all non-negative integers. Take and fix an ultra filter
%, on N which does not contain any finite subset of V. Let R be the set of
all real numbers, and let @ and b be elements of R¥. We use notations a=(q,,
ay, - )=(ap)peny and b=(by, b, ---)=(b,),en, Where a, and b, are real numbers
and called the #n-th coordinate of a and &.

The relations and operations a=b, a<b, a-+-b and a+b are defined to be
{i; a;=b} € F,, {i; a;<b} € F, (@t by)ney and (a,b,),cy, respectively. The
relation = is an equivalence relation compatible with <, 4, and .. *R is
defined to be R¥/= which is also written as R¥ /5 (*R is called ultra real numbers
and its element is written as [4,]). An imbedding isomorphism j from R to
*R is defined by j(ay)=(ao, ay, --). We consider R as a sub-field of *R by
the isomorphisms j.” Ultra complex numbers *C is similarly defined.

Similarly, we define the ultra-power of R**, E=] R*"*'/¥,, where R"*!

nenN

1) An element in R is called a ‘“‘standard’’ number.
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is the real n+1 dimensional space. For a,b€I] R**, and a=[a,|]E*R, we
rEN

define a=b, aa, (a, b), and a-+b as {n; a®=>H™ in R"*} €F,, [a,a™], [(a®™,
b™M)], [a™+b™], respectively, where a™ is the n+1 dimensional vector in
R*, e a™=(al’, af”, ---, af”). The space of real sequence a=(a,),ey, OF
the product space R¥ can be considered as a subspace of E, R¥ being im-
bedded into E by the injection a=[(ay, a;, -+, a,)]. Now by a similar way we
can consider the space of slowly growing sequences?, s’, as a subspace of E.

if) the space E,

Now let {%,(x)} ey be the Hermite complete orthonormal system;

/2
B = gt H)
Hw) = (—1petd oo
To any element of the space of E defined in (i), there corresponds a *R-

valued function r(x) such that yr(x)=[yr,(x,)] = gg aPhy(x,)] for a=[a™]

€FE and x=[»,]€*R. The totality of these functions forms a linear space
isomorphic to E. We denote this space by E, or E,(*R). Clearly, for map-
pings a — ¢(x), b —r(x), we have

(@, 0) = [[ dulrhbamds] = (6, ¥

We note the Hermite expansion #—> (u,),ey is an isomorphism of the space of
slowly increasing distribution in R, §'(R), onto the space of slowly growing
sequences. Hence we can imbed S’(R) into E,(*¥*R). The algebraic operations
are defined naturally in this space.

Set E‘=nng”+‘/.Cfo and define the space Ej(*R) of *C-valued functions

isomorphic to E° similar to above.
Here we have restricted ourselves to case of the one variable, but our for-
mulation can be easily generalized to the case of several variables.

DerFINITILN 1. Let a, b&*R and, let ¢(x), Jr(x)€E,. Then the sum
5
¢(x)++r(x) and the integral S ¢(x)dx are defined as follows:

@) B+ () = [Bulm )],
22) [Lots = I “gusn).

Let A(x, y) be the standard Green’s function. The non-standard version

2) A sequence a=(a,),ex is said to be slowly growing if there is a constant =0 such that
the sequence ((1+p) *a,),cx is bounded.
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of the Green’s function defined by A(x, y)=[Au(%4 ¥4)], Where A,(x,y) is the
Cesaro mean of the first order of Hermite expansion of the Green’s function,

M=, 3 DD b i) [ [ A, o) (oo

DEerFINITILN 2 (a nonstandard version of the Green’s function and its in-
verse). We introduce the inverse of the Green’s function defined by the equation

@3)  (Awm a7, y)d = (A7 #)AW, P = 865, 3)
where 8(x, y) is the nonstandard version of the standard Dirac function such that
(2.4) 8(x, ) = [Z 15y (Y| EE,(*(R: X R,)) -

ReMArk 1. A number a=*R will be called infinitesimal if |a] <€ for all
positive numbers € in R. For any rER the set of all numbers a€*R which
differ from 7 only by an infinitesimal amount is said to be monad of 7, u(r).
If as u(r), then we write r="°a and we call 7 the standard part of a. We say
that a property holds & a.s. (almost surely), if the set of elements of N for which
the property holds is contained in F,. We define a subspace E, of E, as fol-

lows: For each ¥ €S(R), E,={¢; Sgb,,(x)x]r(x)dx is bounded &, a.s.}. For
any ¢ E,, we can define a linear functional Ty over S by putting lim {¢, ¥>
g

=°[K¢n ¥D]=T4yr. If the map »—Tyyr is continuous on S(R), ‘then Ty
defines a distribution.

Remark 2. Instead of the Hermite complete orthonormal system, we
can choose a complete system of normalized eigenfunctions of the symmetric

integral operator A«p(x):SRA(x, Y)(y)dy, where A(x, y)=A(y, *).

3. A formulation of functional integral

If F,(x, y; ¢; A) (n=0, 1, ---) is a sequence of C-valued standard functions
of (x, ¥; ¢3 A) in the domain

RXR, RR, RRXR
then we define a ¥C-valued functional by
F(x’ Ys ¢, A) = [Fn(xm Vns 4)5; An)] .

F'((RXR), E,(*R), E,(¥*(RXR))) or, in short, F°(E,) will be used to denote
the set of such *C-valued functionals. From the definition, F,(X,, V,; ¢u;
A,) can be considered as a function of a®. Hence we can identify a functional
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defined on E, with a function defined on E.

The nonstandard analogue of the space L?(R) is the space L(E,) (CF°
(E,)), consisting of all functions whose p-th powers are Lebesgue integrable
Foa.s. Similarly, we shall use the notations S'(E,), C"(E,) and so on.

Our way of introducing integration on E, is clear and simple. We shall
define an integral over E, and a functional derivative by the following way:

DeriNiTILN 3. If F(¢p)EF(E,) is integrable in the sense of the improper
Riemann integrable &, a.s., then we define

3.1) SEhF(qs)scp - [S  F(a®)da .- dag]e*C..

R"

DrrinNiTION 4. If F(p) €F°(E,) is differentiable & a.s., then we define

(3.2) B—I;—;%)—) = [Ea%) hy(t)]EE,(*R),

where p=[3 a{"h,], t=[t,]E*R.
<

DerFINITION 5. Let F(¢)EF(E,) be rapidly decreasing &F, a.s. We define
Fourier transform (4F) () by

(3.3) (FF)(\) = SF(¢)eiI¢(S)h(S)ds3¢ _

We also the Fourier transform of a tempered distribution functional &, a.s.
as a tempered distribution functional & a.s.

We note that the integral (3.1) by definition reduces to an ordinary finite
dimensional integral and its evaluation does not involve any difficulties in princi-
ple. By using these definitions, we can easily show the following properties.

Theorem 1 (properties of the integral).
(1) If F(¢) and G(¢p) are integrable F, a.s., then aF(¢p) and BG(¢p) is integ-
rable F, a.s. and

(3:4) [@r@)+oG@)s = alFe)86+8{c4)08

(i1) If F(¢) is integrable & a.s., then under the following translation of functions
n E,

b(+) = Q(+) = (+)+o(*)
(po(*) s a fixed function) the integral is invariant, i.e.,

(3.5) [Feo+9086 = [Foys0.
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(i) If we introduce a change of variable
$(t) 1) = [Kt, 9p(ds=Ko,
then we have
- -1 _ () -
(3.6) SF(K¢)8¢ — |det K ISF(A)Sx — SF(L)—GESSX (symbolically),

where K(t, s)=[ >3 Kk, (t,)h,(s,)], K(2, 5) is invertible (i.e., matrix (K§%) is

max(p, g)<n
invertible) and |det K~'|=[|det K§}| "]€*R.
(iv) (integration by parts).
For G(¢)=CYE,), F(¢p)=Ci(E,), we have

OF() 54 — 0G(9)
(3.7) o) s o0 =—F@) T8 80
(v) (the functional Fourier transform). For F(¢)eS'(E,)
(3.8) 9(%&?) — —NOF(F(3)) -

Theorem 2 (properties of the functional derivative).
(i) If G(¢), F(¢p) are differentiable f, a.s., then

8 _ Fg)36(8) 4 G()2F (@)
(39) 5o COP@) = Py B+ ).

(ii) (chain rule). Let F be differentiable F, a.s. If u is of class C(E,—E,),
then the following formula holds:

0F(u(¢)) _ ( Su(e) (¥) SF(w) (.
(3.10) S g P ) W
(iii) If f(x) is a standard function f € C*(R) and G(¢p) = CY(E,), then
3/(G(9)) _ ¢ 0G(9)
(3.11) 56(2) F®) | s-c@» S6(0)
By definition, we can easily evaluate the functional derivatives:
Sp(?) _
(3.12) 56() 3, s),
(3.13) % S§¢(t)K(t, )b (t')dedt’ = 2S¢(t')K(t, £\t

whenever K(t, t")=K(t', t).
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We will show now that the evaluation of the integral can be done in some
special cases.

ExampLE 1.
(3.14) [rmswnsy = | ermevag) = [2eym
R’l+l
Symbolically, the expression (3.14) can be written in the form

Se"‘/’fd”(')d‘aqf, — TI2x)"".

ExampLE 2. We examine the integral S exp(— SS b (D)A(L, 5)P(s)dsdt) 8¢,
where A(2, )=[3,, ;<205 0h,(t),(s,)] and (a}}) is positive definite. By making
use of the well known formula

S---gexp(—zﬂs afix;x,)dx, - dx, = z"[det (af?)]72,

we easily obtain the result

[exp(—{ (o0t s)p()dsdeysp = [1det(a) | i
— |det A|PTI(x?) .

In the case that A(, 7) is a nonstandard version of the Green’s function of
Klein-Gordon equation, it is necessary to evaluate the integral of the functional

exp(i%SS¢(El)A(El, £)b(E)dEdE,) (i=v/—1). The calculation is slightly

more complicated. By definition the integral becomes an ordinary Fresnel
integral. If (a%)) is a positive definite Hermitian matrix and det(a%)=0, then
we have

(3.15) [exes {(ora, B)s(EIaE 8N4+

[exp(—L{[oE)46E, B)s(EIEE)SS
= [|det(a$))| }(27)"*"] = |det A|'II(2x) .

We shall use this formula later.

4. A justification of calculations

In the section we will give mathematical foundations of the calculations
which have been done by Edwards and Peierls. We simplyfy the equations
of Schwinger as same as they have done to linear one by assuming that A(x,
x'; ¢) is independent of the external ¢, and hence that (1.2) reduces to
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62 no__ ’
(—5-x—2+kz)A(x, x') = d(x—x").

Then we need only consider the equation (1.1). First of all, we will give a
rigorous definition of the linearized Schwinger’s equation as follows:

DEerFINITILN 6. For neutral pseudoscalar mesons, the linearized Schwinger’s
equation is

(1) (i Odm—gragpa(w) g ol £2) 3 yE D]

xﬂ',n 5;;7)

X Gn(xm xrlt; a(”); An)’ 1l"(xm x,’,)) == <8(x,,~—x,’,), \I"(xna xt,l)>g0 a.s.
for all y&S(R;, X R;:), where A(x, §) is nonstandard version of the Green’s
function, G(x, x'; ¢; A) is of class C*(E,) and absolutely integrable &, a.s.,

Gu(%y %43 da; A,) is a standard tempered distribution for fixed ¢,, A,, ¢(&)
=[30512405°k4(E4)], 8(x,—x;) is the standard Dirac function and p=(p,, ps, ps

.P4)) |PI :maX(Pl’ D2 Pss P4)

In the frame of our theory (4.1) can be expressed in the following form.

5

o) 3 8) = B—).

(42) [0 tm—grsd () -igvs{ dEAG &)
Secondly, if we put

(4.3) G(x, 2’5 ¢) = Gy(x, x"; P)RT'() ,

where Rl‘l(¢)=exp(—%gScl)(E)A'l(E, E")(E)dE E"), then from (4.2) we get

_8_
56(£)
here we have made use of (2.3), (3.9) and (3.11). If we put

(=il fmigmdEAGs, ) 2 Gi(x, o5 §) = B(a—)Ry,
G, 3'50) = F(Gl, s $)) = [ G, s p)exp i [ pEMEIEN B9,
then from (3.8) we get

(44) {—i')’ya—?c—%—m—g')'sSdEA(x, EWNE Gy, x'; N) = S(x—x")Ry(N)

where Rz(h):Sexp {%HME)A“‘(E, E')b(E")AEAE'} ~exp {ij¢(§)x(§)d§}a¢. To

evaluate R,, we write

B(E) = ¢'(E)— | AE EMENE" .
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Q

Then from (2.3) and (3.5) we have
(45) R0 = expi—L{MEIAE, EMEIEE
x Jexp 2. [6 a7, 719 (0 )ndn' v
= exp{—%Sh(’g‘)A(E, EWE)IEE}C.
Returning to G,
(46) [ m—gys [dEAGs, EMEIGS 5 2)
— S(x—x)C exP{__’zLSn(E)A(E, E"QUE)IEDE} .
The A on the left can be absorbed by introducing
o) = [ae enenae,
giving
47) [—ma%qum—g«ysn(x)]as(x, *'; Q)
— S(x—x)C exp{—%SQ(E)A“(E, ENQEIEAE} ,

where Gy(x, x'; Q)=Gy(x, x"; ©).
It is also useful to introduce G, by

4.8) Gy, x'; Q) = CGy(x, x'; .Q.)exp{——SQ.(E)A i€, E')QE)EDET} .

Combining (4.8) with (4.7), we get

(4.9) [—ivn&+m—gvsﬂ(x)]G4(x, x'; Q) = dx—a') .

Thus, now returning to equation (4.1), from (3.6) and (4.8) we see that
G, x'; ¢) = Rl'l(qb)H(Zn)"‘SGZ(x, X' x)exp{—igx(’g‘)cb(’é)df} Yy

=Rr1(¢)ﬂ(2n)"‘SG3(x, x5 Q)exp{— SQ(E)A YE, ENP(E )dzdg}a((x))m

= CR($)TI2r) " |det A7 (G, o' Q) exp{—i[QUEIAE, E)p(E")E A"}
xexp{—~L[QE)ATYE, £)0(EMEE 0.
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Here we will treat the function S’ (S’ is the S# of Dyson),
S'(x, ' )=G(x, x'; 0)
Since Rr'(0)=1,
(410)  S'(x ) = CldetA™ |12 G, o' )
xexp{—L [a®)a~E, £)0@ e 80

Hence the function S’(x, x") can be obtained from G, by integrating over all
Q with the weight factor. In case we have an explicit solution G, to (4.9),
the Green’s function S’(x, x’) is expressed in closed form. Our formalism
can be extended without difficulty to more complicated Green’s functions,
corresponding to many-meson many-nucleon systems.

To illustrate our method we shall consider the case of the scalar mesons
when nucleon recoil is neglected. In this case (4.2) and (4.9) become

. 9 . 3 b)) — S(t—t'
(h11) {6 g bm—gg(o)+Hig [dEAG, B) g T} Gl 5 ¢) = 8(e—t)

and
4.12) (i5%+m~—gﬂ(t))G4(t, t'; Q) — 8(t—1"), respectively.
The latter immediately gives
(4.13) Gt t'; Q) = S(t—t’)exp{—gis:,ﬂ(s)ds} :
where S is defined by
(ia_at+m)S(t—t') — 8(t—1).
S’ is now given by
@14) S, ') = S(t—t')C | det A H(Zyr)TISSQexp{—igS:,_Q(E)dE
—-%SQ(E)A"(E, eya@aeazy .
To evaluate the functional integral, put

) = E) 4| AE ndn,
giving

¢ a®a+fagaE eae)asa
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= Ho®ae e — o[ 4 aeac 6.
Now applying (3.15) we have
(4.15) S'(t, ¢') = S(t—t')exp {%' & ae( aga ey
% CTI(2z)~! | detA~!| Sexp {—%SQ’(&')A"‘(E, ENQ(E)dEdE'} 80

— TI(2z)"|det A~Y] | det A~ -ln(zn)S(t—t')exP{Lz' g’S:/dEj:,dE’A(E, £')}

= se—ryesptf o at[ agae
that s,

St 1), Vr(ty 1)
= <S(t—texpt L ¢ a8, BN E), Wit 1>
Fyas. for all Yy ES(R,, X Ryr).
If we put S’'(t—2t")==S'(2,t") | g, then
(416) (S (1), it )> = <St—t)exp(L 7| e[| dE'BE, E), Wity 1))

Gy as. for all SR, X Ry).
To evaluate {S'(¢—1t"), Y(¢, t')> further, we insert the one-dimensional Green’s
function A

d? |
a” — ") = §(t—t' — ") = Re(— -1y
(dt2+k’)A(t t')y=98@—t"), A(E—t) e(ike )

When A(t—t’):Re(% eh-t1), exp(S% gZS' dgg' dE'A(E, £1) is bounded T, as.
z 4 24
Thus, by taking standard parts of both side of the equation (4.16) we have
(4.17) lim S' (=), v(t, t)>
[}
, t t
= °KS—expts gzs‘,dfgt,df’A,,(E, EN} vt )] -

In this simple case lim {S'(¢2—t"), yr(¢, ¢')> becomes a distribution.
g

0
Theorem 3. We now have the equality
parss
ik

418)  °S(t—1) = S(t—t')exP{;; gZS:,dES:,d’é' Re( B}

in the tempered distributions space S’.
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Before proving this, we need a lemma for the Cesaro sum:

1
cw — SO
(n+1)? max(p, gy e

where S§;=the partial sum of Hermite expansion, 33¢_0 33%.0 f;;#:(%)h;(y).

Lemma. If f(x, y) is continuous in R® and there exist constants v, K such

that | f(x, y) | SK(1+ 2|1+ | 3", 2>9=0 for all (x,y)ER?, then the (C, 1)

sum of Hermite series of f(x, y) converges uniformly to f(x, y) on any compact sets
in R%.

Outline of Proof.
The formal expansion of a function in a Hermite series is

S, D~ byl | S, Myl e)dudo
If we put f(x, y) = fo(%, y)e**P-0*A then

(419)  filn)~3 ﬁ{%@’—%ﬂgﬂu o)H, (u)H,(v)dudo .

The series (4.19) is called of type H, according to Charlier. For the (C, 1)

sum of Hermite series of type H we have
(4.20) FO(x, y) = SS‘"“Z"” (1, 0)SD(x, w)SL(y, 0)dudv

where

o — s n—(p—1) Hy(x)H,(u)
S W) = R T Pl

By the using the estimations in the paper of Kogbetliantz [8] for the Hermite
series in one variable, we have the following formulas for asymptotic approxima-
tion of the S{(x, u).

for |u|=<O0O(v/n)

22+
#21) |59 0]l =0 enA )

lu—x|*v/n
x| SbSO(/)
(4.22) IS;I)(x, u)| = O(Ie“ r3> for 0<a=<|u|
u

x| =b=vn—a.

We begin by proving the pointwise convergence of the (C, 1) sum of the Her-
mite series of type H. In particular if fy(x, y) is continuous, then series (4.20)
converges uniformly to fy(x, ¥) on any compact sets.
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It is easy to see that the series is (C, 1) summable for the Green’s function
ikl x=y] . .
A(x—y):Re((' = ) and is uniformly convergent on any compact sets. There-
i

fore the Theorem is proved.

RemMARK 3. In (3.15) the assumption det(A%)=0 is not essential for
this problem. When det(A%)=0, we can choose §,>0 such that (A%(E,))=
(AS)+E,1, det(AW)==0 and (A%(E,))— (AR) as €,—0. We apply (3.15) to
A%(g,) instead of AY) and take standard parts. This gives the same result,
(4.17).
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