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Introduction. Let X be a pointed 7-complex. The stable 7-homotopy
group m; (X ASL?) is the E'-term of the forgetful spectral sequence associated
with 7§ «(X) [1], and is isomorphic to z;,,(X) additively since S}° is an equ-
ivariant S-dual of itself [3]. Moreover, p acts as —1 on 75 (X AS3°) [2]. (See
[2], p. 365 for the definition of p). We define A to be the ring Z[p]/(1—p?).
The purpose of this paper is to prove the following theorem on the (unstable) 7-
homotopy groups 7, (X AS}°).

Theorem. Let p=1and q=2. If my(XxX, XVX)=0 for each k, g+2
Sk=p+q-+1, then there exists an isomorphism of abelian groups

b4t ”ﬁ,q(X/\Si'o)g”ﬁ*'q(X)@”qﬂ(Xr) .
Furthermore, the p-action on =, (X \S}°) is given by

P'(a)ﬁ)z(—a)ﬁ)r pgz
P'(C(, B) = ('—C{, a+B) ’ p:l

where (a, B) is an element of 7, (X N\ S%°) via ¢, ,.
See §1 for the definition of ¢, ,.
ExampLE. If p+q+2=<2n, then we have
7p,4(S"X A SY*) 2 72,1(S"X) B (S"X) ,
since 7(S"X X S"X, S" XV S"X)=0 for k<2n—1.

Corollary (cf. [2], Proposition 3.6). Let (p,q)EZ X Z. Then rj5,(X NSL°)
=, (X) and p acts as —1 on 75 (X A SO).

This follows from the above theorem, since 7,4,+,(S*X)=0 for sufficiently
large n.

Notations and elementary results in [2] are used freely.
The author would like to express his hearty thanks to Professors S. Araki
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and H. Minami for their kind advice.

1. Let Y be a pointed T-complex with involution 7. We recall first the
forgetful exact sequence ([2], (10.5)),

¢'r—1,s+l 8*

1) o= 7y (YY) > 7 (V) — 7, (Y)

xr.s ¢'r—-l,s

— ”r—l.s( Y) _ 71"'7"-3—1( Y) > e
where r=1. Moreover, by [2] Lemma 12.6, we have
2) 8,y =1—p  (times).

We denote by 74: 7,+(Y) = 7,+4(Y) the homomorphism induced by T.
Then we have

Proposition 1. ¢, 8% ,=1+(—1)"74.
Proof. Let aEm,+(Y). Since ¢, 8¥(a) is an element of

74 ¥) = [ZASYS YT,

we obtain
¢r,s8;k.s(a) (slv ety S byt sy "‘1)
oSy oy Spoyy 28,1, 8, oyt — 1), —1=s,<0,
- {a(sl, ooy Sy 1=25, 1y e, 2, 1), 0<s,<1,
_ {a(sl, ey Sy, 28,1, 8, 2 8, —1<5,<50,
(@) (—sp, vy —Syony 1=25,, 8, oy 8),  0=s,=<1.

This yields the result.

Let X be a pointed 7-complex. Hereafter, we shall consider the case
Y=XAS%}" Let XVX be a 7T-complex with involution defined by 7(x, *)=
(%, x). Since X AS}° is 7-homeomorphic to XV X ([2], p. 370), X A S%° may
be replaced by XV X in the 7-homotopy groups. Thus we may assume that
the involution on X is trivial.

As is well known, there exists an isomorphism

7y XV X) =y X)Dmy( X) B (X X X, XV X).

Here we forget the involution of X V X, as usual.
If 7 (X X X, XV X)=0, then we have

XV X)=my( X) Dy X) .
By this isomorphism, we identify 7z,(X V X) with 7zy(X) P zy(X).
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Let p=1 and ¢=2. In the following Lemmas 2 and 3, we assume 74,4,
(XXX, XVX)=0.
Lemma 2. ¢, ,8%(a, B)=(a+(—1/8, B+(—1)*a).

Proof. Let 7y: 7,4 (X V X) = 7,1,(X V X) be the map induced by 7. Then
Tx(at, B)=(B, ) where (ct, 8) E7pso( XV X) =71 o( X)P7p4o(X). Thus, Lemma
2 follows from Proposition 1.

Lemma 3. Let ucr, (XVX). Then ¢, (u) is of the form (a, (—1)*cx)
with A Exyy(X).

Proof. Put ¢, (u)=(a, B). Itis sufficient to prove B=(—1)’a. Apply
Pp.q t0 8F oy J()=u—p-u (2). Since ¢, o0p=—4¢, , ([2], (9.9)), Lemma 2 shows
that

(a+(—1)8, B+(—1)a) = (a, B)+(a, B)
and so B=(—1)?a as required.
Since 7, (X VX)=0, it follows from (1) with Y=XV X, r=1 and s=gq,
that there exists an isomorphism
Bet men(XVX) — m (X VX).

Suppose that 7,4,(X X X, XV X)=0. We then define the homomorphism
X0t 75,d( XV X) = 7,41(X) by the composition p,(8¥,)'X, -+ X, if p=2, and
define X, , by p,(8¥,)~", where p, denotes the projection to the second factor.

Moreover, suppose 74,41 (XXX, XV X)=0. Then we define the homo-
morphism

G0t 7y o XV X) = 7y (X)D7g41(X)
by
¢'P.q(u) = (Pl‘)bp.q(u)’ Xp,q(u)) ’

where p, denotes the projection to the first factor.

2. We shall prove the theorem by the induction on p. Let p=1. Put
(8% ) "(w)=(at, B), and we obtain

b1,0(1) = (D1¢1,o(%), Xy, q(1)) by definition
= (PlS[’l,qsalk.q(a: ;8), pAa, :8))
= (a—p, B) by Lemma 2.

Therefore, ¢, , is an isomorphism. When p=2, by the induction hypothesis,
we get an isomorphism
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Pp-1,0 Tp-1, XV X)) (X)Brai(X) .

Consider the forgetful exact sequence (1) with Y=XV X, r=p and s=q. Let
uEm, (XVX). Then ¢, (X, (4))=(0, X, ,()) since ¢,_; X, ,=0.

We assume ¢, ,(#)=(0,0). Then p,¢, ,(#)=0 and X, ,(#)=0 by definition.
Since ¢,-,,, is an isomorphism, we get X, ,(u)=0. Therefore, there exists an
element (a, B) E7p+ (X VX) such that 85 ,(a, B)=u. It follows from Lemma 2
that («, 3) is congruent to (@+(—1)?3,0) mod Im ¢, _, ,+,. Thus &% ,(a+(—1)?3,
0)=u. Applying p,J, , to this, we get an equality

a+(—1)28 = pp, (u) =0

which implies #=0. Hence ¢, , is a monomorphism.

We show that ¢, , is an epimorphism. Let (a, B8) €74 (X)Br,i(X). By
Lemma 3, ¢y, (bp-1.0)"(0, B)=(0, 0). Therefore, there exists an element v&
7, (X VX) such that X, (v)=(¢,-1,,)7*(0, 8). This implies X, ,(v)=8. Then

we have

¢p,q(8;’k.q(a) 0)+7)_‘82(.q(p1¢p,q(‘v); O)) = (a’ :8)

as can be easily checked.

We now turn to the p-action on 7, (X VX). Letucr, (XVX)and ¢, (u)
=(a, B). Then ¢, (u)=(a, (—1)?a) by Lemma 3. From (2), we obtain 8} ,(a,
(—1)ya)=u—p-u. Recall that (@,0) is congruent to (0, (—1)?a) mod Im ¢,_, ,4,
if p=2. Thus 2:8% (a, 0)=u—p-u. Applying ¢, ,, we obtain

2'((1’ O) = ¢p.q(u)'_¢’p,q(P‘u) .
This shows that ¢, (p-u)=(—a, B) for p=2. Let ucn, (XVX) and ¢, («)
=(a, B). Then ¢ ,(u)=(at, —a) by Lemma 3. The same method gives rise to
b1,0%d(t, —a) = (@0, B)—y,o(p¥) -

By the definition of ¢, ,, the left hand side coincides with (2c, —a). Hence
¢, (p-u)=(—a, a+pB) as required. This completes the proof of the theorem
stated in the introduction.

Remark. Let XXX be a 7-space with involution defined by 7(x,, )=
(%5 x,). 'Then we have an isomorphism of abelian groups

Epot o XX X)=myy (X) for p=1, ¢=2.

The correspondence is given by &, (u)=p,J, (u). Moreover, p acts as —1 on
7y, (X X X).
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