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In [1], M. Auslander and O. Goldman introduced the notion of a
Galois extension of a commutative ring. Galois theory for separable
extension of a commutative ring has been developed by S. U. Chase,
D. K. Harrison and A. Rosenberg in [3]. The author, in [6] and [7],
generalized the notion of a Galois extension of a commutative ring to
the case of non commutative ring, and developed the Galois theory for
separable algebra over a commutative ring. We call here an algebra
A over a commutative ring R a Galois algebra if A is a Galois extension
of R. The study of Galois algebra over a commutative ring has been
done by F. R. DeMeyer in [4] and [5], and Y. Takeuchi in [11]. In
this note we investigate the structure of such Galois algebra over a
commutative ring.

In §2 we prove that if A is a Galois algebra over a commutative
ring R with group G and if C is the center of A then A is a direct sum
of C-submodule J, of A with o =G where J,={ac=A|o(x)a=ax for every
x in A}. Using this fact, we give shorter proofs of the results of
F. DeMeyer in [4] and [5] and Y. Takeuchi in [11]. In §3 we prove
that if A is a Galois algebra over R with group G then, for each o in
G, ¢,=J,J,-1 is an idempotent ideal of the center of A which is generated
by an idempotent element. As corollary to this theorem, we reduce the
following Harrison-DeMeyer’s theorems. If A is a Galois algebra over
R with group G and if the center C of A is indecomposable then A is
a Galois algebra over C and C is a Galois algebra over R. If A is a
Galois algebra over R with cyclic group G, then A is commutative.

The author wishes to gives hearty thanks to Professor H. Nagao
and Prefessor M. Harad for helpful discussion and their advice.

Throughout this note we assume that every ring has an identity
element.

1. Definitions and Preliminary results.

Let A be aring, G a finite group of ring automorphisms of A, and
let A=A(A, G)=2IPAU, be the crossed product of A and G with trivial
[X=Te
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factor set, i.e. {U,} is a A-free basis of A and U,U,=U,,, Urx=c(\)U,
for neA. We let A® denote the totality of elements of A which are
left invariant by G. For A in A, we let A, (or A,) denote the right
(or left) multiplication by A on A and T, (or T';) denote the totality of
A, (or ;) with Ae€T. In [6] we generalized the notion of Galois ex-
tension defined first by M. Auslander and O. Goldman [1] to the non
commutative case. Our definition of Galois extension is as follows. A
ring A is called a Galois extension of a ring I' relative to G, if the
following conditions are satisfied ;
I T=AS,
II. A is finitely generated projective I',-module.
III. §: A(A,G)—Homr (A, A) is and isomorphism where § is defined
by S(AU,)=n,s for AEA.

If A is an algebra over a commutative ring R, and if A is a Galois
extension of R relative to G, then we call A a Galois algebra over R
with group G. If A is a Galois algebra over R with Group G, and if
R is the center of A, then we call A central Galois algebra over R with
group G. In [3], Chase, Harrison and Rosenberg gave another definition
of Galois extension for the case of commutative ring which is equivalent
to the definition by Auslander and Goldman [1]. We consider the
following Deffinition the case of non commutative ring; A is called
a Galois extension of I" with group G, if the following conditions are
satisfied ;

I T=Tr(A), where Tr(x)=>)c(x) for xA,

oceq
II. there exist x,, x,, -+, x, and y,, ¥,, .-, ys in A such that for c€G

s 1, if o=1
Z:xx"’(y’)“‘{o, if o+1.
In [7], we have seen that if A is an algebra over R then “Galois ex-
tension A of R” in our sense and that in their sense are equivalent.

Now, let A be an arbitrary ring, and C the center of A. We gener-
alize the argument for J, in [107], §3. For any ring automorphism o of
A, let J,={a=A|o(x)a=ax for every x=A}. Then J, is a C-submodule
of A and we may show easily the following properties. If o« and r are
ring automorphisms of A, then

1 J.J.CJ,

2) (J)=Jww1,

3) J,LA=AJ, is a two sided ideal of A,

4) for the identity mapping 1 of A, J,=C.
For a central separable algebra A over C, using the result in Rosenberg
and Zelinsky [10], we have
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Lemma 1. Let A be a central separable algebra over C and o a ring
automorphism of A which leaves C element wise fixed. Then we have
1) J.A=AJ,=A,
2) J.J,a=J,-1],=C,
3) o is an inner automorphism of A if and only if there is an element
x in J, such that xC=], (cf. Lemma in 5 in [10]),
4) if C is a semi-local ving then o is an inner automorphism of A.

Proof. 1). By Theorem 3.1 in [1], the homomorphism g: AQJ, — A,
c

defined by g(x®a)=na for n€A and a¢<]J,, is an isomorphism as
C-module. Therefore, we have AJ,=A. 2). ¢,=],J.-1 is an ideal of C,
and ¢,A=].J,-1A=],A=A. Since A is central separable, ¢,=¢c,ANC=C.
3) is calear by 1). 4). We suppose that C is semi-local. Let p,, p,, -+, b,
be the maximal ideals of C. We first show that there is an element x
in J, such that xep,/, for every maximal ideal p; of C. Since J,J,-1=C,

we have p,p, - P;_Piyy - P, 1. EP; ], for i=1, 2, .--, 7. For each i, there
is an element x; in J, such that

xiep1p2 pi—1pi+1 te pr]o- and X eEpi]o- .

Put x:X’} x;. Then x is contained in J,, but is not contained in p,J,

for every p,. Now, we shall show xC=],. Since, by Proposition 4 in
[10], J, is a finitely generated projective and rank one C-module, we
have []c,%@C/p,-:C/p;]:l for every p;. Since xCap;J,, J,=xC+p;], for

i=1,2,.-,r. By Nakayama’s Lemma, we have J,=xC. By 3), this
completes the proof.

2. Structure theorem.

Proposition 1. If A is a Galois extension of T relative to G, then

VA(P) :a‘é @]o'

where V(') is the commutor ring of T in A.

Proof. From our definition of Galois extension, we may identify
A=A(A, G)=2®AU, and Hom (A, A) by the isomorphism 8. Then we
ce6
may denote A(A, G)=>1PBA,0. It follows that V,(A)= Vigmp ca a(A)=
=11 ro
Hom,,r (A, A)=(V(T")),. On the other hand, an easy computation shows
ViAN) =3P, 1U, =P J,-1),. Therefore, we have V, (IN=3SJ..
ceR TEG

ceq

From this proposition we have immediately
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Theorem 1. Let A be a Galois algebra over a commutative ring R
with group G. Then we have A=3"P],.

=123

Proposition 2. Let A be a Galois algebra over R with group G, G
the center of A, and let ¢,=J . ANC for each o in G. Then c, is an ideal
of C and ¢c,A=]J,A. For o, v in G, we have the following properties ;

1) ¢,=0 if and only if J,=0,

2) J.J.=¢Tm=C o,

3) J.J.-1=],-1],=c,, therefore c,=c,-1,

4) . J.=/,,

5) co'zzco"

6) ¢,=C if and only if o leaves each element of the center C in-

variant, i.e. o|C=1,
7) if o|C=1 or v|C=1 then J.].=],..

Proof. Let A be a Galois algebra over R with group G. Then A
is separable over R (cf. Proposition 4 in [6]), therefore A is central
separable over C and C is separable over R. From the central separa-
bility of A, we obtain c,A=J,A for ¢,=CNJ,A. Since A:a‘j-‘(;@]‘” we

have ¢,A=>'P¢, J, and J,A=>"],J.. Since J,J.CJ,, and c,A=],A, we
TER TEG
have J,A=>®J.J,and ¢, J,,=],.J.. Similarly, ¢.J,.=J.J.. In paticular,

taking r=¢"' or =1, we have J,J.-i=c,=c,-1 or ¢ J.,=],, and c¢/’=
¢S, Jo-1=J,.J.-1=¢,. If o is an automorphism of the central separable
algebra A over C which leaves C element wise fixed, then by Lemma 1
we have AJ,=A, therefore ¢,=CNAJ,=C. Conversely, if ¢,=C, then
by definition of J, we have (¢(x)—x)a=0 for every x in C and « in J,.
Since ¢, =], /-1, (c(x)—x)C=(c(x)—2x)c,=0 for every x in C. Therefore
a(x)=x for every x C. If ¢|C=1 then by 6) and 2) J,.J.=¢,Jor=Js-.
From Theorem 1 and Proposition 2, we obtain easily the following

Corollary 1. If A is a central Galois algebra over C with group G,
then A=>®J,, JI,J.=J.. and ¢,=],].-1=C for every o in G.
TEG

Corollary 2. (De Meyer and Takeuchi) If A is a central Galois
algebra over C with group G, and if every element o of G is an inner
automorphism of A associated with a unit u, in A, then J.=Cu, and
A=21PCu,.

TER

Proposition 3. Let A be a Galois algebra over R with group G, C
the center of A, and H={oc=G|o(x)=x for every x in C}. Then A is a
central Galois algebra over C with group H if and only if J.=0 for every r
in G such that r£H, and then C is a Galois algebra over R with group G/H.
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Proof. Let A be Galois algebra over R with G. Then AzZ@GB]G.

If A is acentral Galois algebra over C with group H, then A#=C and
C is a Galois extension of R with group G/H (cf. proof of Theorem 3.1
in [3], or Theorem 1 in [117]). If A is a central Galois algebra over
C with group H, then, by Theorem 1, A:OZHEB J-, therefore J.=0 for

r& H. Conversely, if J.=0 for every & H, then A=>'®J,. Since by
CeHd

Theorem 3 in [6] A is a Galois extension of A¥ relative to H, by
Proposition 1 we have V, (A®)=3"J,. therefore A=V, (A¥), and A¥
ceHd

cC. Since CCA¥, we have A#=C, thus A is a central Galois algebra
over. C. This completes the proof.

Proposition 4. Let A be a Galois algebra over R with group G, and
let N(o)=1{r€G|ro =0o7} for each o <G, then we have the following
statements ;

1) for J.%0 and J., J.=]. if and only if o=,

2) each element of N(o) induces an automorpxism of C-module J,,

and if J,+0 then t is contained in N(c) if and only if +(J,)=],,

3) for o1 in G and x in J,, if +(x)=x for every v in N(c), then

x=0.

4) for o=x1 and for every x in J,., > (x)=0,

EN ()

5) for o+1 in G and for every x in J,, Tr(x)=0.

Proof. 1) and 2) are clear. To prove 3), let =, r,, -+, 7, be the
right coset representatives of G modulo N(s). If x in J, satisfies w(x)=x

for every = in N(o), then we put y=31r/(x). Since »(y) = vr(x)=

SVri(x)=y for every v in G, y is contained in A =R, and therefore

ye],=C. On the other hand, r(x)er{/J,)=]o,-1%],, and by 2) 7.(J,) =+
7 J,) if i%j. Since A is a direct sum of J, for =G, we have 7,(x)=0
i=1,2,.-,7 and therefore x=0. 4) is easily proved by 3). Now, for

every element x in J,, Tr(x)= Zo(x):f‘_, i ( ;;,‘ v(x))=0, therefore we
i=1 VEN(0)

have 5). e
Using this proposition we have

Proposition 5. Let A be a Galois algebra over R with group G, C
the center of A, and let H={c=G|c|C=1}. Then the order |H| of H
is a unit in R.

Proof. By 5) in Proposition 4, Tr(J,)=0 for o<1 in G. Therefore
Tr(A)=Tr(X J,)=2Tr(J,)=Tr(J,)=Tr(C), and R=Tr(C). Then there
fEG ceq
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is an element ¢ in C such that Tr(a)=1. Let G=o,H+ - +0o,H be
the right decomposition of G modulo H. We have Tr(a)=> o(a)=
=1~

,

|H |(2 oi{a))=1. However, >)o,(a) is contained in A =R. Therefore

i=1

|H| is a unit in R.

Corollary 3. (De Meyer and Takeuchi) Let A be a central Galois
algebra over C with group G. Then the order |G| of G is a unit in C.

Corollary 4. Let A be a central Galois algebra over C with group R.
Then A is a strongly separable algebra over C in the sense of [9].

Proof. By Theorem 1 in [9], A is a strongly separable algebra
over C if and only if A/pA is a strongly separable algebra over C/p
for every maximal ideal p of C¥, For a maximal ideal p of C, A/PA
is a central simple algebra with minimum condition over C/p, and
[A/pA: C/p]=[A<§>Cp: Cp]=|G|. Therefore the degree of the central

simple algebra A/pA is a unit in C/p. Thus the degree of A/pA is
prime to the characteristic of C/p. By definition of strongly separbility
in [8], A/pA is a strongly separable algebra over C/p for every maximal
ideal p of C, which complets the proof.

3. Main theorem.

Proposition 6. Let A be a Galois algebra over R with group G, C
the center of A, and c, the ideal defined in Proposition 2 for each oc<=G.
Then we have the following statemements ;

1) cC=CCer =CCon,y

2) ¢, Cci for any integer i, therefore c¢,==0 implies c,i=0,

3) for reG, (c,)=cp.-1,

4) for H={c=G|c|C=1}, if o=7 (mod H) then c,=¢c,.

Proof. 1) and 3) are clear by Proposition 2, and 2) and 4) are easily
proved by 1).

Lemma 2. Let C be a commutative algebra over R, and ¢ an ideal
of C such that ¢ is idempotent and finitely generated over R. Then c is
generated by an idempotent element v C.P

Proof. Let c:ﬁ Rx;. Since ¢ idempotent, czzczi] ¢x;. Then, we

i=1

i=1

1) Let A be a central separable algebra over C. Then A is strongly separable over C
if and only if A/pA is strongly separable over C/p for every maximal ideal p of C. (Cf.
proof of Theorem 1 in [9].)

2) This lemma suggested to me by M. Harada, I express here my thapks to him,
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have x;=32a;;x; with some a;; in ¢. Let be the deteriminant of the
J

matrix E—(a;;), where E is the unit matrix. Then, we can easily see
that d=1—¢ with some ¢ in ¢ and xd=0 for every x in c¢. Therefore,
we have ¢’=e¢ and ex=x for every ¢, thus c=eC.

From this lemma, we have the following main theorem ;

Theorem 2. Let A be a Galois algebra over R with group G, C, the
center of A. Then c,=].J.-1 is gemerated by an idempotent element e,
in C for each o in G.

As a corollary of Theorem 2, we have

Theorem 3. (Harrison, De Meyer) Let A be a Galois algebra over
R with group G, and let C be the center of A. If C is indecomposable,
then A is a central Galois algebra over C with group H, and C is a Galois
algebra over R with group G/H, where H={c=G|s|C=1}.

Proof. Since the idempotent elements in C are only O and 1, for
each c=G, by Theorem 2, ¢, is either 0 or C. Therefore, if £ H then
J.=0. By Proposition 3, the proof is completed.

Proposition 7. Let A be a Galois algebra over R with group G, and
let a,={x=C|xc,=0}. Then we have the following statements ;

1) a,=a,-1Da,i for any integer i,

2) a,A={xeA|x],=0},

3) aANJ.=a,],

4) for x=J,, x=0 if and only if x]J,=0 (or xc,=0).

5) if xJ, and x],i=0 for some integer i, then x=0.

Proof. 1) and 2) are clear by 4) in Proposition 6. Since A=>1PJ.,
ceER
we have a,A=>'Pa./,, therefore a,ANJ,=a,/J,. In particular, taking

TER
o=7, we have a,AN J.=a,]J,=a.,],=0, which proves 4). 5) is clear
by 1).
For a Galois algera with abelian group, we have the following pro-
position with a weaker assumption than Theorem 3.

Proposition 8. Let A be a Galois algebra over R with abelian group G.
Then A is a strongly separable algebra over R. If R is indecomposable,
then A is a central Galois algebra over the center C and the center C is
a Galois algebra over R.

Proof. We prove first the second part. Since G is abelian, for every
r in G, 7(¢,)=Crpr-1=¢,. If ¢,+0, then there is a non zero idempotent
element e, in C such that ¢,=¢,C, and for every = in G, (e,)=¢,.
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Therefore, ¢, is contained in AS=R. It must be e, =1. Thereforec ¢, =C.
By Proposition 3, this completes the proof of the second part. By
Theorem 1 in [9] and the second part of this proposition, we can prove
the first part; for every maximal ideal p of R, A?Rp, is strongly

separable over Ry, therefore A is strongly seprarable over R®.

Proposition 9. Let A be a Galois algebra over R with group G. If
A is a strongly separable algebra over R, then we have the following
statements ;

1) for each oG, o|]J,=1, ie. o(x)=x for all x in J,,

2)  for each integer i, if ac< ], and b ]J,i then ab=ba.

Proof. If A is a strongly separable algebra over R, then by Pro-
position 1 in [9], A=CH[A, A] where C is the center of A and [A, A]
is a C-submodule of A generated by xy—yx for every x,y in A. For
any x,y in J, and z in J,-:, it follows that o(x)yz=yxz=xzy. Since 2y
and yz are in J,J,-1=],-1J,=c¢,CC, we have zy—yze[A, AJnC=0, and
therefore zy=yz. Thus o(x)yz=xyz, and (c(x)—x)yz=0. Therefore,
(e (x)—2x)],J,-1=(c(x)—x)c,=0, and hence o(x)=x. Thus we have 1).
By 1), we obtain the statement 2); for every a<], and be],i, ab=
ai(a)b=ba.

We now obtain the following Harrison- De Meyers, Theorem.

Theorem 4. (Harrison-De Meyer) Let A be a Galois algebra over R
with cyclic group G. Then A is commutative.

Proof. Since G is abelian, by Proposition 8, A is strongly separable
over R. Now, suppose A is non commutative. Let G=(o). Since
A=3>1®J,i, there is J,i+0. Let k=min(i>0]/,:=+0). If £ {7 then, by 1)

in Proposition 6, c,x¢,i =c #,i-»=0 where #z is an integer such that
0<i—nk<k. Therefore, if £ Vi then J.iJ.r=],x],i=0. If k|i, ie. i=Fkr,
then by 2) in Proposition 9, ab=ba for every a< J,» and b€ Jor=],i.
Thus J,#+0 is contained in the center C=],, this is a contradiction.
Therefore A is commutative.

Now, let A be a Galois algebra over R with group G, and C the
center of A. Then for each c=G, there is an idempotent element e,

such that ¢,.C=c,. Let eG:ZV ab;, a,],, b, J.-.. Then we have
i—1

Proposition 10. Under the above assumption, e;:i] b;a; is an element
. o . oy i=1
in ¢,, and satisfies the following conditions ;

3) By Theorem 1 in [9], if A4 is a separable algebra over R, then A is strongly separable
over R if and only if AQrRyp is strongly separable over Rp for every maximal ideal p of R,
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1) o(x)=e.x for every x<=],,

2) el’=e, and e.C=c,, therefore o°|J,=1.

Proof. Since o(x)e ], for every x=J,, we have o(x)=¢,0(x)=
z_: a;bio(%) = g} bio(x)a; = g ba;x = ex for x J,. Now, el’=3bJa;b;)a;
=S (@b, =S abbia) =3 akbiab,~ci=c,. It follows that e/C=c,
an;i] az(x)za(a(;))=e;a(x)=e’{:2x=e,,x=x for all x in J,.

OsakA GAKUGEI DAIGAKU
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