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DESCENT FOR [-ADIC POLYLOGARITHMS

JEAN-CLAUDE DOUAI anND ZDZISLAW WOJTKOWIAK

Abstract. Let L be a finite Galois extension of a number field K. Let G :=
Gal(L/K). Let z1,...,zny € L*\ {1} and let m1,...,my € Q. Let us assume
that the linear combination of l-adic polylogarithms ¢, = Y1 | miln (i),
(constructed in some given way) is a cocycle on Gr and that the formal sum
Zf.v:l m;[z] is G-invariant. Then we show that ¢, determines a unique cocycle
sn on Gi. We also prove a weak version of Zagier conjecture for I-adic dilog-
arithm. Finally we show that if ¢z is “motivic” (m1,...,mny € Q) then sz is
also “motivic”.

§0. Introduction

Studying polylogarithms one meets a lot of fascinating identities.
Among them there are the following ones

p—1
p”_l (Z LZn (627rik/p)> - (]‘ - pn_l)LZn(l)7
k=1

() 4 (150) < Laiy

2 5

and many more of the similar type (see [14] and [4]). We shall describe
common features of all these identities in the following conjecture.

CONJECTURE 0.1. Let L be a finite Galois extension of a number field
K. Let G := Gal(L/K). Let z1,...,zn € L*\ {1} and let mqy,...,mpy €
Q. Let us assume that Zf\il m;Lin(z;) is a regulator of an extension in
Ext}\/lMSWL(Q(O),Q(n)), where MM gpec 1, is the category of mized Tate
motives over Spec L. Let us assume further that the formal sum Zi\i N
1s G-invariant. Then Zfil m;Lin(2;) is a regulator of an extension in
Ext i, . (Q0),Q(n)).
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We recall that in [10] we have defined l-adic polylogarithms. For a given
z € L, an l-adic polylogarithm [,,(z), is a function from G, to Q;(n), which

depends on a choice of a path on ]P’% \ {0, 1,00} from O_i to z.

The l-adic realization of mixed Tate motives over Spec L

real; : Exthpg,,. , (Q(0),Q(n)) — H'(Gr; Qi(n))

associates to an extension of Q(0) by Q(n) over Spec L a cohomology class in
H'(G1;Qi(n)). Hence we have the obvious question when a linear combina-
tion of [-adic n-th polylogarithms evaluated at elements of L is a cocycle rep-
resenting a cohomology class real;(F) for some E € Extl,, spee £ (Q(0),Q(n)).

In fact in [10] we have also asked a weaker question, when a linear
combination of [-adic n-th polylogarithms evaluated at elements of L is a
cocycle belonging to Z'(Gr;Q;(n)) and we have given an answer to this
weaker question (see [10] Theorem 11.0.11).

The l-adic analog of Conjecture 0.1 is the following conjecture.

CONJECTURE 0.2. Let L be a finite Galois extension of a number field
K. Let G := Gal(L/K). Let z1,...,zy € L*\ {1} and let my,...,my €
Q. Let us assume that the formal sum YN m;lz] is G-invariant. If
Eﬁil miln(2i)~, s a cocycle representing real;(E) for some E in Ext}\/l/\/lspew

(Q(0),Q(n)) then there is F € Ext}\AMSpecK(Q(O),Q(n)) such that

*(realy(F E Miln (2i)~

in HY(Gpr;Q(n)), where 1* : Hl(GK;Ql(n)) — HYG1;Qi(n)) is induced
by the inclusion v : G, — Gg.

Our main result is a weak form of Conjecture 0.2.

THEOREM 0.3. Let L be a finite Galois extension of a number field K.
Let G := Gal(L/K). Let us assume that | does not divide the order of G
and that LN K () = K. Let us assume that the formal sum Ef\il mi[zi]
1s G-invariant. If the linear combination Ef\il miln(2i)~;, constructed in
the way which will be described below, is a cocycle on Gy then there is a
cocycle s, on Gg such that

N
= Z miln(2i)y
i=1
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in HY(Gr;Qi(n)), where v : G — G is the inclusion.

Next we are studying Zagier conjecture for [-adic dilogarithm. First
we define a Q-vector subspace of “motivic” cocycles of the (Q;-vector space
ZYGr;Q(2)) of one cocycles on Gy, with values in Q;(2). Let us set

21,28 € L*\ {1}, m1,...,mny € Q,

N
Po(L) := {02 = Zmib(%)%
=1

N
S mie) A(1=2) =0 I AL 8 Q. € 2/(Griu(2) .
=1

Let [P2(L)] be the image of Po(L) in H'(G;Q;(2)). In [10] we have shown
that l-adic dilogarithm satisfies the Abel functional equation. Using this
result we show the following theorem.

THEOREM 0.4. Let L be a number field. Then we have
dimg[Py(L)] < ra(L),
where ro(L) is a number of complex places of L.

Observe that if H'(Gp;Q;(2)) # 0 then it is an infinite dimensional
vector space over (Q, so the result of the theorem is far from being obvious.

Now we state our last result.

THEOREM 0.5. Let L be a finite Galois extension of a number field
K. Let G := Gal(L/K). Let z1,...,z2y € L*\ {1} and let mqy,...,mpy €
Q. Let Ef\il mi(z) AN(1 —2z) =0in L* N L* ® Q. Let us assume that
co = Zfil mila(zi)y; € ZYG1;Qi(2)) and that formal sum Zfil m(zi] is
G-invariant. Then there is a cocycle so € Po(K) such that 1*(s2) = co in
HY(G1;Qi(2)), where « : G, — G is the inclusion of Galois groups.

The present note has it source in the work of the second author (see
[11]). In [11] the descent problem for Galois representations arising from
actions of Galois groups on torsors of paths is studied.

Finally the second author would like to thank very much Herbert Gangl
who pointed to him that the fact that l-adic dilogarithm satisfies 5-term
Abel equation implies some form of Zagier conjecture.
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81. Action of a finite Galois group

Let [ be a fixed prime number. Let L be a finite Galois extension
of a number field K. Let G := Gal(L/K). Let z € L. We denote by

m (P} \ {0,1,00}; O—i) the maximal pro-I quotient of the étale fundamental
group of P}\{0,1, 00} based at 01 and by 7(P1\{0,1,00}; 2, O_i) the 7 (P} \
{0,1,00}; O—i)—torsor of [-adic paths from O—i to z. The Galois group Gy, acts
on w1 (P} \ {0,1,00}; O—i) and on 7 (P} \ {0,1, 00}; 2, O—i)

DEFINITION 1.1. (see [11] Definitions 2.0 and 2.2, [12] Definitions 17.4
and 17.5) Let z € L\ {0,1}. (resp. Let 2 € {0,1} and let z = zy be
a tangential point on P} \ {0,1,00} defined over L.) We say that a triple
(P} \{0,1, 00}; 2, OT) has good reduction at a prime ideal p of Op, if v, (2) =
0 and vy(1—2) = 0 (resp. vp(y—2) = 0), where vy, : L* — Z is the valuation
associated with the prime ideal p.

Let S be a finite set of prime ideals of O containing all prime ideals

lying over [ such that the triplet (P} \ {0,1,00};2,01) has good reduction
outside S.
We have the following important result.

PROPOSITION 1.2. (see [11] Proposition 2.3 or [12] Theorem 17.7) The

—

action of G, on the torsor of paths 7T(]P’1E\{O, 1,00}; 2, 01) is unramified out-
side S.

Proof. One repeats arguments of the Ihara proof of Theorem 1 in [3],
that the action of Gg on m (IE”(%—2 \ {0,1,00};01) is unramified outside [ (see

[11] or [12] for more details). 0
Let us assume also that S is G-invariant.

Let M(L)s be a maximal, pro-l, unramified outside S extension of
L(pe). It follows from [3] Theorem 1 and from Proposition 1.2 that the

action of G, on m (P} \ {0,1, c0}; O—i) and on (P} \ {0,1,00}; 2, O—i) factors
through Gal(M(L)s/L).

Throughout all this paper we shall assume that

a) [ does not divide the order of G;
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b) LN K () =K.
It follows immediately from a) and b) that
(13) Gal(L(ju=)/K (=) = Gal(L/K).

Let us consider the following three exact sequences and morphisms between
them:

5!

1 — Gal(M(L)s/L{u~)) — Gal(M(L)s/K (=) = Gal(L(u=)/K (u=)) — 1

l l -|

s
&

1 — Gal(M(L)s/L) — Gal(M(L)s/K) — Gal(L/K) —s 1
1 — GL — Gk — Gal(L/K) — L

The assumption a) that [ does not divide the order of G implies that the
upper exact sequence has a section

'+ G — Gal(M(L)s /K (pee)).
Therefore the midle exact sequence has also a section
s:G— Gal(M(L)s/K),
which is the composition of the isomorphism
Gal(L/K) ~ Gal(L(us)/K (<))

and s’
Let g be a lifting of s(g) to Gx. Then § induces an isomorphism

gi M (Pg\ {0,1, 00} O—i) — m (PE\ {0, 1, 00}; O—i)
and a bijection

Go s T(PL\ {0,1,00}; 2,01) — m(P% \ {0,1,00}; g(2), 01),
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Let us fix a path ~ from O_i to z. Let us consider the following diagram
(PL\ {0,1,00};2,01) —— a(PL\ {0,1,00}; g(2), 01)
twl téo(’v)l
m(Py\{0,1,00}01) —E—  m (P {0,1,00};01)
| .|
Q{{X,Y}}* — Q{{X, Y}
Diagram 1

We recall that t,(q) = v~! - ¢ (see [9], Section 1). We choose standard

generators of i (P \ {0,1, 00}; O_i) Let x := 29 and let y := p~1-yo - p (see
Picture 1).
X0 0 o] Yo
p
Picture 1

Then k (resp. k;) is a continous multiplicative homomorphism given by
k(z) = eX and k(y) = €¥ (resp. ky(j«(x)) = X and ky(G«(y)) = e¥). Ob-
serve that with these choices of k and k, all squares of Diagram 1 commute.

LEMMA 1.4. Let zo (resp. yo) be a small loop around 0 (resp. 1) based
at 01 (resp. 10) (see Picture 1). Then we have

G«(xo) =20 and  §«(yo) = yo-

Proof. The assumptions a) and b) imply that § acts as the iden-
tity on K(me). The action of Gx on mi (P \ {0,1};v) factors through
Gal(K (u~=)/K). Hence g acts as the identity on (P} \ {0,1};0). [

For a number field K we denote by {K/l} the set of prime ideals of Og
lying over [.
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LEMMA 1.5. Let p be a path from O—i to R), an interval [0,1] (see Pic-
ture 1). Then we have

9o(p) = p-
Proof. We recall that the section
s:G— Gal(M(L)s/K)

is the composition of the isomorphism Gal(L/K) ~ Gal(L(u)/K (pe))
and the section s’ : Gal(L(p~)/K () — Gal(M(L)s/K (pye0)). There-
fore the restriction of s(g) to K () is the identity. Hence it follows that
the image of s(g) in Gal(M(K){x/y/K) by the epimorphism

Gal(M(L)s/K) — Gal(M(K)x/y/K)

is trivial because Gal(M (K)x /K (<)) is a pro-l group and I does not
divide the order of G. oo
The action of Gg on w(PL \ {0,1,00}; 10, 01) factors through

Gal(M(K) {3/ K) because the triple (Pj \ {0,1,00}; 1_(3, O_i) has good re-
duction at every prime ideal of Ok . This implies that § € G acts as s(g)

on (P \ {0,1,00}; 1—(), O—i) and therefore it acts as the identity. Hence we
have g.(p) = p. U

COROLLARY 1.6. The isomorphism
gs M (Pg \ {0,1, 00} O_i) — m (PR \ {0, 1, 00}; O_i)
is the identity. Consequently the embedding kg = k. 0

§2. [-adic polylogarithms

We start by recalling briefly the definition of l-adic polylogarithms.
First however we introduce the following notation.
Let a, b € Q{{X,Y}}. The Lie bracket is defined by [a,b] := a-b—b-a.

We set [V, X°] := Y, [V, X!] = [V, X] and [Y, X"] := [[Y, X" }], X] for
n > 1. We use the similar notation for successive commutators of elements
of a group.

We denote by
x:Gr — 7

the cyclotomic character.
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We denote by 771(]P’1E \ {0, 1, 00}; ()_i) ® Q the rationalization of the pro-I,
pronilpotent group (]P’IE \ {0, 1, c0}; O_i) and by W(]P’IE \ {0, 1, 00}; 2, O_i) ®Q
the 7T1(IP’1E\{0, 1,00}; O_i) ® Q-torsor deduced from the 7T1(IP’1E\{0, 1,00}; O—i)-
torsor of paths 7T(IP’1L \ {0,1,00}; z, O_i) (see [10], 10.3). Elements of W(Pli \
{0,1,00}; 2, O_i) ® Q we shall call Q;-paths on IP’% \ {0,1,00} from z to 01.

DEFINITION 2.0. (see [10] Definition 11.0.1) Let z be an L-point of
P} \ {0,1,00} or a tangential point defined over L. Let vy be a Q-path

on Pli \ {0,1,00} from 01 to z. Let 0 € Gr. Then we set

A (0) == k(3" - o (7))

and we define [-adic polylogarithms by the congruence
log Ay(0) = 1(2)4(0)X + > 1n(2)4(0)[Y; X"7'] mod I,
n=1

where I, is an ideal of @Q;{{X,Y }} generated topologically by monomials
with two or more Y'’s.

The [-adic polylogarithms depend on a choice of a path v. We have the
following result which we shall need later.

LEMMA 2.1. Let S € m (Vg; O_i) ® Q, where V. =P\ {0,1, c0}.
i) Let S = 2% y* mod I'’my(V5; O_i) ® Q. Then
(2)y.s =1(2)y+alx —1) and 11(2)y.s =1l1(2)y +b(x —1).
ii) Let n > 1 and let S = (y, 2" 1)* mod F”*lwl(VE;()_i) ® Q. Then
l(2)y.s = lk(2)y fork<n and 1,(2)y.s = l(2)y +a(x" —1).

Proof. The point i) of the lemma is already proved in [10] (see [10]
Lemma 11.0.10), hence we shall prove only the second part of the lemma.
Let 0 € GGi,. Then

Ays(0) = k((y-S)7h oy 8)) = k(S)™" - Ay(0) - k(a(S)).
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Let I := ker(Q{{X,Y}} — Q) be the augmentation ideal. One shows
easily by recurrence on n that k((y,2" 1)) = 1+ [V, X" 1] mod I"*! and
k(o(y,2" 1) =1+ x(o)"]Y, X" 1] mod I"*!. Hence we get that

Ay s(o) = (1 —alY, X" ) - Ay(o) - (1 +ax(o)"[Y, X" ') mod It
After taking logarithm we get
log A.5(0) =log Ay (o) + a(x(a)" — D[V, X" ] mod 1"+

Hence it follows that l(2)y.5s = lk(2)y for & < n and [,,(2).5 = ln(2)y +
a(x" = 1). 0

In [1], assuming the existence of the category of mixed Tate motives
over Spec L, one gives a condition when a linear combination of n-th poly-
logarithms evaluated at elements of L is a regulator of an extension of Q(0)
by Q(n) over Spec L. In [9] we are presenting an l-adic version of the prob-
lem. As in a case of classical complex polylogarithms, one wants to know,
when a linear combination of [-adic polylogarithms is an [-adic regulator
(we should rather say “an [-adic realisation”) of an extension of Q(0) by
Q(n) over Spec L. The l-adic realization induces a map

real; : Ext}\/lMSpecL(Q(O),@(n)) — HY(Gr; Qi(n)).

Hence we can ask a weaker question, when is a linear combination of [-adic
polylogarithms evaluated at elements of L a cocycle? We recall here a result
from [10] .

PROPOSITION 2.2. (see [10] Theorem 11.0.11) Let n > 2. Let z,...,
zy € L*\{1} and let my,...,myn € Q. Let Z be a subgroup of L* generated
by z1,...,2v and 1 — z1,...,1 — zx. Let us assume that there are Q;-paths

~i from 01 to z; (i=1,...,N) such that

i) the map
zi — U(zi)y, € ZY(Gr; Qu(1))
and
1— 2z — l(2)y € ZHGL; Qu(1))
is well defined on the set {z1,...,2n, 1 —21,...,1—2zn} and it defines

a homomorphism from Z to Z*(Gr; Qi(1));
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ii) ifn > 2 then Zf\il mivy(2i) -+ vp—2(2i) (zi) AN(1—2;) = 0 in LXAL*®@Q;
for any homomorphisms vj : Z2 - Q; (j =1,...,n—2) and if n =2
then Zf\il mi(zi) AN (1 —2z) =01dn L* ANL* @ Q;

iii) if n > 2 then Zf\il miv1(2) - Vn—k(2i)lk(2i)y, =0 for 2 <k <n—1
and any homomorphisms v; : 2 — Q; (j =1,...,n —2).

Then the map Zf\il miln(2i)y; from Gp to Qi(n) is a cocycle. U

We explain how this result is related to motivic considerations in [1]
and also in [9]. In fact we shall repeat in l-adic situation considerations
from [1].

Let L be a number field. In [1], and also in [9] in l-adic case one
defines in an inductive way some groups Ly (k = 1,2,...), operators dj :
L, — N@®F!L) (k = 1,2,...) and homomorphisms ¢ : kerd;, —
Exth i spee £ (Q(0),Q(n)) with the following conjectural properties.

Let SN mi{zi}n € Ly, be such that d,, (XN mi{z}n) = 0. Then the
cohomology class reall(gpn(zij\il mi{zi}n)) in HY(GL;Q;(n)) restricted to
the subgroup ﬂf\il H,(P} \ {0,1,00}; 2, O_i) of G, is equal to the function
Zf\il m;ly(z;) restricted to the same subgroup of G,. (The l-adic polyloga-
rithms restricted to this subgroup of Gy, do not depend on choices of paths,
so we drop out subscripts indicating paths along which one calculates them.

Subgroups H, (P} \ {0,1, 00}; 2, O_i) of G, are defined in [9], Section 3.)

Assuming motivic formalism as in [1] we shall show the following result
(compare it with Proposition 4.6 in [1]).

THEOREM 2.3. Let SN mi{zi}n € L, e such that dy(SN  mi{zi}n)

= 0. Then there are Q;-paths §; from 01 to z; such that Zf\il miln(2i)s, is
a cocycle representing the cohomology class reall(gpn(Z?il mi{zitn)).

The next two lemmas are technical. We need these lemmas in order to
show Theorem 2.3. In the first lemma we show that we can always choose
Q-paths in such a way that the assumption i) of Proposition 2.2 is satisfied.
The second lemma shows that in the motivic situation described above the
assumption iii) of Proposition 2.2 will be satisfied.

LEMMA 2.4. Let z1,...,z2y € L*\ {1} and let Z be a subgroup of L*
generated by z1,...,z2y and 1 — z1,...,1 — zn. Then there are Q;-paths ~;
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from O—i to z (i1 =1,...,N) such that the map
% — U(2i)y, € Z'(Gr; Qu(1))

and
1= 2 — h(zi)y € Z'(Gr; Qu(1))

is well defined on the set {z1,...,2ny, 1 — z1,...,1 — 2y} and it defines a
homomorphism from Z to Z1(Gp;Q(1)).

Proof. The subgroup Z of L* is a finitely generated abelian group,
hence
Z = Zy @ torsion(2),

where Zj is a finitely generated free abelian group and torsion(Z) C u(L).

Let z1,...,z, € L* be free generators of Zy. The group torsion(Z2)
is cyclic. We present it as a product of two cyclic subgroups A and B
such that the order of A is prime to [ and the order of B is a power of [.
Let £ be a generator of A. For & we choose a compatible family of {"-th
roots (§l/ln)neN such that &Y/ e L for all n € N. Then the corresponding
Kummer character is zero.

Let ¢ = exp(27mi/I™) be a generator of B. Then the Kummer character
corresponding to the family (exp(27i /1" "™)),en of ["-th roots of ( is l%o(x—

1) and it is calculated along a certain path v from O_i to (. Hence we have
1(¢)y = 75 (x — 1). Calculating the l-adic logarithm [(¢) along the Q;-path
v - V" we get

l(C),y.zfl/l"O =1(() + (—i) (x=1)=0

[no

by [10] Lemma 11.0.10.

We define the compatible family of ["-th roots of ¢ to be the constant
family (1)nen and this family corresponds to the path ~ - =1/,

We also choose a compatible family of ["-th roots (le / ln)neN for any x;
(i=1,...,7). If z; (vesp. 1 — z;) is equal ¢" - €¥ - T[/_, 2% then we choose
compatible family of {"-th roots of z; (resp. 1 — z;) by taking ((ﬁl/ln)k .
[T (M) e

The choice of a compatible family of /"-th roots of z; and 1 — z; deter-
mines a Q;-path 7., from 01 to z; modulo F2(7T1(P1E \ {0,1,00}; O_i) ® Q).
The l-adic logarithm [(z;),, (resp. l1(2;),,) is the Kummer character corre-
sponding to given above compatible family of ["-roots of z; (resp. 1—2;). [
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LEMMA 2.5. Let z1,...,2y € L*\ {1} and let mq,...,my € Q. Let
n > r be two natural numbers greater than 2. Let v; be Q;-paths on IP’%\

{0,1,00} from O_i to z; fori=1,...,N such that

i) Lemma 2.4 holds for paths ~;;
ii) Zfil miv1(2i) - Vn—k(2i)lk(2i)y = 0 for 2 < k <1 —1 and for any
homomorphisms vs: Z2 — Q; (s =1,...,n — 2);

iii) Zfil miv1(z;) - Un—r(20)lr(2i)y; € BY(GL; Qu(r)) for any homomor-
phisms vs: Z2 - Qp (s=1,...,n—r).

Then there are Q;-paths 7; from O—i toz (i=1,...,N) such that

1) 7 =% mod I"(my(PL \ {0,1,00};01) ® Q) fori =1,...,N;

2) Zfil miv1(2i) - Vn—k(2i)lk(2i)5, = 0 for 2 < k < r and for any ho-
momorphisms vs: Z — Q; (s=1,...,n—2).

Proof. In a Q-vector space Maps(Gr;Q;) we consider a subspace A,
generated by l,(z),, (i = 1,...,N) and by x" — 1. Let {z1,...,2p} C
{#1,...,2n} be such that I.(z;),, (j=1,...,p) and x" — 1 is a base of A,.
Then for any 1 <i < N we have

P

(2.5.1) e(2i)y, = Y able(x5)y; +ai(X" — 1)
j=1

for some aé- (j=1,...,p) and a; in Q.

Let ; := ; - (y,2"~1)~%. Then it is clear that
%= mod I'(m (P \ {0,1,00}:01) © Q).
It follows from Lemma 2.1 that
I (2i)y: = U (2i),

for k <randi=1,...,N. This implies that 2) holds for 2 < k < r.
Let us observe that

(zi)3 = 1r(2i)y —ai(X" — 1)

by Lemma 2.1. Hence it follows from (2.5.1) that the point 2) also holds for
k=r. 0
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Proof of Theorem 2.3. Let Z 1 mi{zi}n € Ly be such that d, (ZZ 1
mz{zz}n) = 0. By the very definition of d,, we get

N N
(*n-1) dn, (Z mi{zi}n> = mi(z) ® {zi}n1 = 0.
=1 i=1

n [,1 & ['n—l-
Let 1 <k <n — 2. Let us suppose that

N
(*n—) > mi(z)®F @ {zi}n—k =0
i=1

in (®f:1 El) ® L,_r. Let d be the prolongation of dj on tensor products.
Then

N

= d(Z m;(z)%* ® {Zi}n—k> Zm D) @ {2} n k1

i=1

in (®k+1 El) ®Ly_k—1. Hence we have got the equality (*,_r_1). Therefore
the equality (%,_x) holds for 1 <k <n — 2.
Let k =n — 2. Then we get

(Zm )0 @ ) = Zmz 2202 8 (2) A (1 - 20)) =0
in (®?:_12 £1) ® (L1 A L1). Hence we have
N
(1) Do mi(z)*" D @ () A (1= 21)) = 0.
i=1
The equalities (*,_x) (1 < k < n—2) and (*;) are equivalent to the equalities

N
(**n—k) > mivi(z) - vg(z){zitnk =0
=1

for 1 <k<n-2and

N
(*x1) Zmil/l(zi) o Up—2(2i)(z) AN(1—2) =0
i=1
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for any homomorphisms vy, ...,v,_o from Z to Q.

We chose Q;-paths v; (i = 1,..., N) from O_i to z; such as in Lemma 2.4.
It follows from Proposition 2.2 ii) and the equality (x+1) that

N
> mivi(z) - vnoa(zi)la(2i)y,
=1

is a cocycle. In Ly we have the equality (xx3), i.e. the equality
N
Z miul(zi) e I/n_g(zi){zi}Q =0.
i=1

Applying real; to the element QDQ(Z?LI mivy(2;) -+ vp—2(2i){zi}2) we get 0
in H'(G1;Q;(2)). Hence the cocycle Zfil miv1(z;) - Vn—2(2i)l2(2i)~, 1s a
coboundary.

Observe that the conditions i), ii) (trivially) and iii) of Lemma 2.5 are

satisfied for » = 2. Hence there are Q;-paths fyi(Q) such that

1) v = ')/1(2) mod I'?(m (P} \ {0, 1, 00}; O_i) ®Q) fori=1,2,...,N;
2) Zfil mivy(2;) - Vn_Q(Zi)ZQ(ZZ')’Y'(z) = 0 for any homomorphisms

Vl,...,Vp_o from Z to Q.

Let r <n —1 be such that

N
> mav(z) - Vn—k(2)lk(2i) -1 = 0
i=1 ’

for 2 < k <r <n—1 and for any homomorphisms v1,...,v,_9 from Z to
Q. Then Proposition 2.2 implies that

N
Z m;l1 (ZZ) s Vn—r(zi)lr(zi),y(r—l)
i=1 ‘

is a cocycle for any homomorphisms v4,...,v,_o from Z to Q. Applying
real; to the element gpr(Z?il mivy(2i) - vo(2i) -+ - Upn—r(2i){zi}+) we get that
the cocycle Zf\il miyl(zi)---yn_r(zi)l,«(zi)ygr_m is a coboundary because

of the equality (*%,_,). Lemma 2.5 implies that there are Q;-paths ’yz-(r)
(¢=1,...,N) such that
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1), ,yi(r) = %‘(r—l) mod F’“(m(]P’li \ {0,1,00}; O_i) ®Q) fori=1,2,...,N;
2)r ke Zfil mivy(2;) - - yn_k(zi)lk(zi)ﬂ/'(r) =0 for 2 < k < r for any homo-
morphisms vq,...,v,_o from Z to Q.

Hence after a finite number of steps we get equations 2),_; ; for all
2 < k <n —1. Then Proposition 2.2 implies that

N

Z miln(zi)vgn_l)

i=1

is a cocycle. We recall that the map

N
(G Qu(n)) — Hom () (P 0. 1,00} 21,00 o)

i=1

is injective. Hence it follows from the motivic formalism developped in [9],
Section 7 that the cohomology class reall(gon(zijil mi{zi}n)) is represented
by the cocycle SN miln(zi)’y(n—l)- a

83. Action of G and [-adic polylogarithms

Let L be a finite Galois extension of a number field K. Let G =
Gal(L/K). We recall that we assume that

a) [ does not divide the order of G;
b) LN K(ue~) =K.

In this section we shall study a G-equivariant version of results from
Section 2. Let g € G. We start with a relation between [-adic polylogarithms
evaluated at z and g(z). We denote by g a lifting of g € G to G constructed
in Section 1.

PROPOSITION 3.1. Let L be a finite Galois extension of a number field
K. Let G := Gal(L/K). Let z be an L-point of P} \ {0,1,00} and let ~ be

a path from O_i to z. Then we have

n(2)(57" 7+ §) = 1n(9(2)) () (7)

for any 7 € G, and any g € G.
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Proof. Let 0 € G, and let ¢ € G. Then it follows from Corollary 1.6
that Ay(0) = k(v -0(7)) = k(@G(y" - 0(7)) = k(@) " - alo() =
k@G(y) ™ (G- )G0)) = Mgy (G-0-G1). For o= g1 -7 g we get
AAY(Q_1 -7 +g) = Mgy (7). The proposition follows immediately from the
definition of l-adic polylogarithms. []

Let z1,...,2y € L*\ {1} and let mq,...,my € Q;. We shall assume
that the set {z1,...,zy} and the formal sum SN m;[z] are G-invariant.
We shall show that the family of paths {v; | 1 <i¢ < N} from Lemmas 2.4
and 2.5 and from Proposition 2.2 can be chosen G-invariant.

Let S be a finite set of prime ideals of O containing all prime ideals
lying over [ and such that for any 1 <i < N a triplet (P} \ {0,1, 00}; 2;, O_i)
has good reduction for any prime ideal of O, not belonging to S. We assume
also that S is G-invariant.

Observe that then the action of G on a disjoint union of torsors of

paths Hlj\il 7T(IP’1L \ {0, 1, 00}; 2, O_i) factors through Gal(M(L)s/L).
LEMMA 3.2. Let L be a finite Galois extension of a number field K.
Let G := Gal(L/K). We assume that
a) | does not divide the order of G,
b) K(u~)NL=K.

Let z1,...,zny € L*\ {1}. We assume that the set {z1,...,z2n} is G-

invariant. Then there are paths v, from 01 to z; fori = 1,...,N and
liftings g of g € G to Gk such that

g(/yzi) = Yg(z)
for 1 <i< N and for any g € G.
Proof. The action of Gx on the disjoint union of torsors of paths

Hf\il 77(]P’1E \ {0, 1, 00}; 2, O_i) factors through Gal(M(L)s/K). The assump-
tions a) and b) imply that the exact sequence

1— Gal(M(L)s/L) — Gal(M(L)s/K) — G — 1
has a section s : G — Gal(M(L)s/K). Let g be a lifting of s(g) to Gk.

Then in Aut([]X, 7(P1 \ {0, 1,oo};zi,0_i)) we have §; - g2 = g1g2 for any
91,92 € G.
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Let z € L and let K(Gz) be a subfield of L generated by elements g(z)
for g € G. It is clear that K(Gz) is a Galois extension of K.

Let us fix a path v, from 0l to z1. If K(Gz1) = L then we take
Yo(z1) = G(7z) for g € G. So let us assume that K(Gz) = L' # L.
Observe that

i) in the commutative diagram

Gal(M(L)s/K) —— G = Gal(L/K)
Gal(M(L)s/K) —— G':= Gal(L'/K)
we have ker(m o s) = ker pr;

ii) the action of Gk on [[ ¢ m(P} \ {0,1,00}; 9(21), O_i) factors through
Gal(M(L"s/K).

Hence we set vy(.,) := 7(s(g)) () for g € G.
Now we take an element with the smallest index in

{le"?ZN}\{g(Zl)‘gEG}

and we repeat the construction. It is clear that the constructed family of
paths is G-invariant. 0

From now on we denote ., by v; and 4.,y by v4zi)-

LEMMA 3.3. Let L be a finite Galois extension of a number field K.
Let G := Gal(L/K). We assume that

a) | does not divide the order of G;
b) K(u~)NL=K.

Let z1,...,2ny € L*\ {1}. Let us assume that the set {z1,...,zn} is G-
mwvariant. Let Z be a subgroup of L* generated by z1,...,zy and 1 —

21,...,1 —2zn. Then there are Q;-paths ., from 01 to z; such that
i) the map
2 = 1(zi)y, € Z'(Gr; Qu(1)),
1— 2 — l1(2)y € ZHGL; Qu(1))

is well defined on the set {z1,...,z2n ,1—21,...,1—2n} and it defines
a homomorphism from Z to ZY(Gr; Qi (1));
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ii) for any 1 <i < N and any g € G we have
9(vz) = Yag(z:)-

Proof. 1t follows from Lemma 3.2 that there are paths v; from O_i to z;

such that
9(vi) = Yg00)

for 1 <i < N and g € G. We shall modify these paths in such a way that
the condition i) will be satisfied.

Let V := ({(zi)~;, li(2i)y;, x — 1|1 <4 < N) be a j-vector subspace
of Maps(Gr,Q;) generated by 1(2)~,, l1(2i)y, (1 < i < N) and by x — 1.
It follows from Proposition 3.1 that V is also a Q;[G]-module. Let I(G) be
the augmentation ideal of Q;[G]. Then

V=IGVeaeV-

is a decomposition into a direct sum of two Q;[G]-modules. Let vy,...,vs,
x — 1 be a base of V&, Then for any 1 <i < N we have

U(zi)y; = w? + u? +ai(x —1)

and
l(2i)y = wi +uj +bi(x — 1),
where w?, w} € I(G)V and u, u} belong to a subspace generated by
v1,...,Vs. Observe that
(3.3.1) agiiy = a; and by =b;
forany 1 <i < N and g € G.
If Hlj\i 1 27 (1 — z;)% =1 is a multiplicative relation between z1,.. ., zn,

1—21,...,1— 2y then

N

> wil(zi)y + ili(20),) = alx = 1)

i=1

for some o € Q;. Hence we get Eﬁil(piai + ¢;b;) = a. Let us set 7; :=
vi -y 7P -27% for 1 < i < N. It follows from Lemma 2.1 that I(z;)s, =
1(2i)~;, — ai(x — 1) and l1(2;)y, = l1(2i)y; — bi(x —1). Hence we get that
Y i1 (Pil(2i)5, + il (2i)5,) = 0 for any multiplicative relation [[;Z; 2z - (1 —

z;)% = 1. Tt follows from Corollary 1.6 and from (3.3.1) that §(%;) = 7,0
for 1 <i<N.
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LEMMA 3.4. Let L be a finite Galois extension of a number field K.
Let G := Gal(L/K). Let z1,...,zy € L*\ {1} and let my,...,my € Q.
Let us assume that the formal sum Zf\il milz] is G-invariant. Let n > r
be two natural numbers greater than 2. Let ~; be Q-paths on ]P’IE \{0,1, 00}

from O—i to z; fori=1,..., N such that
i) the family of paths {v; | 1 <i < N} is G-invariant;
ii) Lemma 2.4 holds for the family of paths {v; | 1 <i < N};

iii) Zf\il miv1(2i) -+ Vn—k(2i)lk(2i)y, = 0 for 2 <k <r —1 and for any
homomorphisms vs : 2 — Q (s =1,...,n — 2);

iv) Zf\il miv1(zi) - Un—r(2)lr(2i)r; € BY(GL; Qu(r)) for any homomor-
phisms vs: Z2 — Q; (s=1,...,n—r).
Then there are Q-paths 7; from O—i toz; (i=1,...,N) such that

1) 7 =% mod I"(my (P \ {0,1,00}:01) © Q) fori =1,...,N;

2) Zf\il miv1(2i) -+ Vn—k(2i)lk(2i)5, = 0 for 2 < k < r and for any ho-
momorphisms vs: Z — Q; (s =1,...,n —2);
3) the family of paths {%; | 1 <i < N} is G-invariant.

Proof. Let A, be a Q-vector subspace of Maps(Gp;Q;) generated by
l-(2i)~, for 1 < i < N and by x" — 1. It follows from Proposition 3.1 that
A, is G-invariant. Let us decompose A, into a direct sum

Ar = 1(G)A @ (V@ (X" - 1)),
where AS =V @ (x" — 1). Hence we can write

lo(2i)y = L, +vi + (X" — 1),
where I, € I(G)A, and v; € V. It follows from Proposition 3.1 that
(3.4.1) (9(2i))g(v) = Lg(z) +vi + (X" — 1)

for g € G.
Let us set
Vi = - (y,a" )TN
for 1 < ¢ < N. It follows from Corollary 1.6 that the family of paths
{%i]1<1i< N} is G-invariant. It follows from Lemma 2.1 that

lr(zi)’% = Izi +v; and lr(g(zi))g(%) = Ig(zl) + v;.
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Hence it follows immediately from (3.4.1) that conditions 1 and 2 of the
lemma are satisfied. 0

Now we shall formulate our main result.

THEOREM 3.5. Letn > 2. Let z1,...,z2y € L*\{1} and let my,...,my

€ Q.

Let Z be a subgroup of L* generated by z1,...,z2ny and 1 —2z1,...,1—

zn. Let us assume that there are Qp-paths v; from 01 to z; (i =1,...,N)
such that

i)

ii)

the map
2i — U(z)y, € ZH(Gr; Qu(1))
and
1— 2 — l(2)y € ZHGL; Qi(1))
is well defined on the set {z1,...,2n, 1—21,...,1—2N} and it defines

a homomorphism from Z to Z*(Gp;Q(1));

if n > 2 then Zf\il mivi(z) -+ Un—2(2i)(zi) N(1=2;) = 0 in L*NL*@Q;
for any homomorphisms vj : Z — Q; (j =1,...,n—2) and if n =2
then Zfil mi(z) AN (1 —2z)=01in (L*NL*) @ Qy;

iii) if n > 2 then Zf\il miv1(2) - Vn—k(2i)lk(2i)y, =0 for 2 <k <n—1
and any homomorphisms v; : 2 — Q; (j=1,...,n —2).
Let us assume further that the set {z1,za,...,2n} and the formal sum

Zf\il m;[z;] are G-invariant. Then there are Qq-paths 7; from 01 to z;
(it=1,...,N) such that

)
2)

the family of paths {¥; | 1 <i < N} is G-invariant;

the map
2i — U(z)5, € ZH(Gr; Qu(1))
and
1— 2 — l(2)s € ZHGL; Qi(1))
is well defined on the set {z1,...,2n, 1—21,...,1—2N} and it defines

a homomorphism from Z to ZY(Gr; Qi(1));
if n > 2 then Zfil miv1(2i) - Vn—k(2i)lk(2i)5, =0 for 2 <k <n-—1
and any homomorphisms v; : Z2 — Q; (j =1,...,n—2).
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For the family of paths {7; | 1 <i < N}, ¢, := Zf\il miln(2:)5, s a cocycle
on G satisfying c,(G7' -7+ §) = cu(7) for any 7 € G and any g € G.
Consequently there exists a cocycle s, : Gxg — Qi(n) such that

Sp O L = Cp,
in HY(Gr;Qi(n)), where v : G, — Gy is the inclusion.

Proof. Tt follows from Lemmas 3.2 and 3.3 that there exists a family
of paths {0; | 1 < i < N} satisfying conditions 1) and 2).

The assumption ii) and Proposition 2.2 imply that Zfil mivy(z;) - -
Un—2(2i)l2(zi)s, is a cocycle for any homomorphisms v; : 2 — Q; (j =
1,...,n—2). The assumption iii) implies that this cocycle is a coboundary.
It follows from Lemma 3.4 that there is a family of paths {(52-(2) |1<i< N}
satisfying conditions 1) and 2) and such that

N
Z miv1(zi) - Vn—2(2i)l2(2i) 520 = 0
i=1 '

for any homomorphisms v; : Z — Q; (j = 1,...,n — 2). Repeating this
reasoning for 3,4,...,n — 1 we finally get a family of paths {62-(n_1) | 1<
i < N} satisfying conditions 1), 2) and 3).

We set 7; := 5i("_1) for 1 <i < N. It follows from Proposition 2.2 that

N
Cp = Zmiln(zi):ﬁ
i=1

is a cocycle on G. It follows from Proposition 3.1 that for any 7 € G,
and any g € G we have c, (g7 -7-3) = Zf\il miln(2i)5, (g7 -7+ §) =
Sl miln (9(2))ga,) (T) = Zily miln (20)5,(7) = en(7), Le.,

~—1

en(g™ -7 g) = calT),

because the family of paths {; | 1 <i < N} is G-invariant.

Therefore the cohomology class [c,] belongs to H'(Gr;Q(n))®. The
inclusion of Galois groups ¢ : G, — Gx induces a homomorphism of Ga-
lois cohomology t* : H'(G;Q(n)) — HY(GL;Q(n)). It follows from the
Lyndon spectral sequence of the exact sequence of Galois groups

1— G, — G —G—1
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that
HY(Gg;Qi(n)) ~ HY(GL; Qi(n))C.

Hence there exists a cocycle s, € Z'(G;Q;(n)) such that
Sp oL =Cp
in H'(Gr; Qu(n)). [

84. Zagier conjecture for /-adic dilogarithm

In this section we shall prove a part of Zagier conjecture for [-adic
dilogarithm. We shall use F' instead of L to denote a number field.

DEFINITION 4.0. Let n be a natural number greater than 1. Let F' be
a number field. We set

N
P,(F) := {cn = Zmzln(zz)% 21y...,2N € F*,
i=1
mi,...,mMmnN S Q7 Cp € ZI(GFan(n))}

We define [P, (F)] to be the image of P, (F) in H(Gp;Q;(n)).

It is clear from the definition that [P,(F')] is a Q-vector subspace of
HY(Gp;Q(n)). Observe that if H'(Gp;Q;(n)) is non null then it is an
infinite dimensional vector space over QQ, because already Q; is infinite di-
mensional over Q. Hence [P, (F)] considered as a vector space over Q can
have a priori an infinite dimension over Q. Below we state a conjecture that
[P, (F")] is a finite dimensional vector space over Q. We view this conjecture
as an analogue of Zagier conjecture for polylogarithms (see [14] and [1]).

We denote by 71 (F) (resp. r2(F)) the number of real (resp. complex)
places of F'.

CONJECTURE 4.1. Let F' be a number field. Then
dimg[P,(F)] < ro(F) ifn is even

and
dimg [P, (F)] < ri(F) +ro(F) ifnis odd and n > 1.
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DEFINITION 4.2. We define P, (F') to be the set of ¢;, := Zi\ilmiln(zi)%,
where z1,...,28y € F*, m1,...,mny € Q and ¢, is a cocycle obtained by
the way of Proposition 2.2. We define [P,,(F)] to be the image of P, (F) in

HY(Gp; Qi(n)).

Observe that for n = 2 we have

*
Z1y...,28N € F* mq, ... ,my € Q,

N
Py(F) := { > mily(z:)s,
i=1

N
Zml(zz) AN(l—=2%)=0in F* A F* ® Q and the paths
i=1

v (i =1,...,N) are such that {(z;),, and l;(2;), respect all

k3

multiplicative relations between z¢,...,25, 1 —21,...,1 — zN}.

Observe that Conjecture 4.1 implies the following conjecture.
CONJECTURE 4.3. Let F be a number field. Then
dimg [P (F)] < rma(F) if n is even

and
dimg [P (F)] < m(F) +r2(F) if n is odd and n > 1.

We recall here the definition of the Bloch group (see [6]). Let D(F') be
a Q-vector space with basis [z] (z € F*\ {1}). Let

A:D(F) — (F*ANF)®Q

be the homomorphism [z] — (z A (1 —x)) ® 1. Let R(F) be the Q-vector
subspace of D(F') generated by elements of the form

~1
~w+ 2] - ]+ [
A=+ 2] - [T=a) + i,

(z # y belong to F* \ {1}). We define the Bloch group by setting

B(F) := ker \/R(F).

Remark 4.3.1. The group B(F') defined here is equal to the correspond-
ing group in [6] tensored by Q.
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We define a tower of fields
F CF = F(u) C Fy:= B2/ |z € F)
and a corresponding tower of Galois groups
Gr, C Gp, C GF.

Let us set
I':= Gal(F(ue)/F).

PROPOSITION 4.4. The restriction homomorphism
HY(Gr; Qu(2)) — Homr(Gry; Qu(2))
1S injective.
Proof. We have an isomorphism
HY(Gr; Qu(2)) — Homr(Gp (e ); Qi(2))

induced by the inclusion Gp( C Gp. Hence it is enough to show that

the restriction map

Hioo)

Homr(Gr(uyeo); Qu(2)) — Homr(Gry; Qi(2))

is injective.

Let c2 : Gp(ye) — Qi(2) be a I'-homomorphism such that the compo-
sition

Gr, — Grue) — Qi(2)

is the zero map. Passing to the quotient group Gp(,,)/GF, = Gal(Fy/F1)
we get a I-homomorphism ¢z : Gal(Fy/F1) — Q(2). Let x € F* be
not a root of 1. Observe that then we have an isomorphism of I'-modules
Gal(F(puee ) (2Y') JF (o)) ~ Zy(1). Therefore the map & must be zero
because weights are incompatible. Hence c3 is also the zero map. 0

For any z € F' we denote by L£5(z) the restrictin of l3(z)~ to the subgroup
Gp, of Gp. Observe that L2(z) does not depend on a choice of a path v and
that £2(z) is a I-homomorphism from G, to Q;(2) (see [9] Lemma 3.2.1).
We define a homomorphism

D : D(F') — Homr(Gr,; Qi(2))
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by setting
N N
i=1 i=1
LEMMA 4.5. The subgroup R(F') of D(F') is contained in kerD.

Proof. We must show that the [-adic polylogarithm Lq(z) satisfies the
functional equation

-1

(45.1)  Lo(z) — La(y) + Lo (%) . Lg(%:;_l) + ﬁg(i - ;“’) —0.

This is of course one of the forms of the Abel functional equation.

Let f:P'\ {0,1,00} — P'\ {0,1,00} be given by f(z) = -%;. Then
one has id, + fi. = 0 in Hom(I'*7/I3m; %7 /T37), where 7 := 711(]}”%\
{0,1,00};v). Hence it follows from [10] Theorem 11.2.1 that

Lo(2) +£2(z i 1) =0.

In [10] we have shown that the l-adic dilogarithm satisfies the functional
equation

L‘,g((lm__tix) — .Cg(tx) + ﬁg((xl__lt)t) — Lo (%) + [,2(1’) =0.

Substituting ¢ by y~! and using functional equations Lz(2) 4+ L2(271) = 0

(see [10] Corollary 11.2.6) and Ly(z) + L2(z%7) = 0 we get the equation
(4.5.1). a

THEOREM 4.6. Let F' be a number field. Then we have
dimg[P2(F)] < ro(F).

Proof. 1t follows from Lemma 4.5 that D : D(F) — Homr(Gr,; Qi(2))
induces a homomorphism

D : ker \/R(F) = B(F) — Homr(GFr,; Qi(2)).

It is well known that B(F') ~ K3(F) ® Q (see [7] Theorem 5.2). It follows
from the Borel theorem that dimg(K3(F) ® Q) = ra(F) (see [2] Proposi-
tion 12.2). Therefore we get that

(4.6.1) dimg(Image D) < ro(F).
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It follows from Proposition 2.2 that to any element x of ker A we can asso-
ciate a cocycle in Z1(Gp;Q;(2)). It follows from Proposition 4.4 that the
corresponding cohomology class in H'(Gr;Q;(2)) is uniquely determined
by the class of x in B(F'). Let us denote by clp(z) this cohomology class.
Observe that we have a commutative diagram

clp

B(F) HY(Gr Qu(2))

= J{ restriction l

B(F) —2— Homp(Gry; Qi(2)).

It follows from Proposition 4.4 and the already proved inequality (4.6.1)
that dimg[P2(F)] < ra(F).

CONJECTURE 4.7. For a number field F we have
dimg[Pa(F)] = ra(F).

Remark 4.8. To show Conjecture 4.7 we only need to show that the
following diagram commmutes (perhaps up to a multiplication by a constant

in Q)
HY(Gp; Qu(2))

:T CQJ

B(F) «—— H3(SL(2,F);7Z)

where the map from H3(SL(2, F);Z) to B(F) is induced by sending the
homogenous 3-simplex (9o, 91, 92,93), ¢i € SL(2,F) onto the cross-ratio
[g0(c0) 1 g1(00) : g2(0) : g3(00)] of four points of P1(F) and ¢ is deduced
from the morphisms ¢y : H3(SL(2, F); Z/I") — HYGp;Z/1"(2)) (see [5]
p. 258).

The Bloch-Wigner function D(z) defines a continous cocycle on
SL(2,C) which is the universal class from which one gets all generators
of H3(SL(2,F);Q) for any number field F.

We shall define a cohomology class

D(F) € H3(SL(2, F); Homr(Gr,; Q(2))
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by setting

D(F)(90,91,92,93) := L2([go(o0) : g1(00) : g2(o0) : g3(00)])

on the homogenous 3-simplex. D(F') is a cocycle because L9 satisfies 5-term
functional equation (see [10] Theorem 11.1.14). Evaluating the cocycle D(F')
on H3(SL(2,F)) we get a homomorphism

H3(SL(2,F); Z) — Homr(Gry; Qu(2))
which factors through
D(F) : H3(SL(2, F); Z) — H'(Gr; Qu(2)).

We do not know if this map is co 1.

Let F’ be a finite extension of F. We have two maps
(jF’/F)* : H3(SL(27F)aZ) - H3(SL(27F/)7Z)
and
(tpryp)* - HY (G Qu(2)) — HY(Gr; Qu(2))
induced by the inclusion F' C F’. One easily sees that

(tpr/p)" 0 D(F) = D(F") 0 (jpr/F)s-

§5. Action of G and Zagier conjecture for /-adic polylogarithms

We return to our study of descent properties of [-adic polylogarithms.
Let L be a finite Galois extension of a number field K. Let G :=
Gal(L/K).

DEFINITION 5.1.  We define P, (L/K) to be the set of ¢, := SN m;
In(2i)vy;, where z1,...,2n € L*\ {1}, my,...,mn € Q, the set {z1,...,2n}
and the formal sum S~ | m;[z] are G-invariant and ¢, is a cocycle obtained
by the way of Proposition 2.2. We define [P, (L/K)] to be the image of
Pn(L/K) in HY(Gp;Q(n)).

It follows from Theorem 3.5 that

(5.1.1) [Pn(L/K)] € HY(GL; Qu(n))C.
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It follows from the Lyndon spectral sequence that
(5.1.2) H'(Gr;Qu(n)® =~ H' (Gr; Qu(n)).
Hence we get that

(5.1.3) [Pa(L/K)] € HY(Gr; Qu(n)).

DEFINITION 5.2. Let [P, (K /K)] be the Q-vector subspace of H(G;
Qi(n)) generated by subspaces [P, (L/K)] of H (Gf;Q(n)) for all finite
Galois extensions L of K.

CONJECTURE 5.3. Let K be a number field. Then
dimg [P, (K /K)] <re(K) if n is even

and
dimg[P,(K/K)] < ri(K) +ro(K) if n is odd and n > 1.

THEOREM 5.4. Let K be a number field. Then we have
dimg[P2(K/K)] < ro(K).

Proof. Let L be a finite Galois extension of a number field K. Let
G := Gal(L/K). We have the following commutative diagram

B(L) «—— K3(L)®Q

B(K) «—— K3(K)®Q
where the vertical maps are induced by the inclusion K C L and the hor-
izontal maps are isomorphisms (see [7] Theorem 5.2). The group G acts

on B(L) and on K3(L) ® Q and the upper horizontal map is G-invariant.
Hence we get the following diagram

B(L) «—— (K3(L) ® Q)¢
[ I

B(K) —— K3(K)®Q
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For the K-theory of fields we have K3(K) ® Q ~ (K3(L) ® Q)“. Hence we
get

(5.4.1) B(K) ~ B(L)“.

Let ¢ € Py(L/K). Then ¢ = Zfil mila(z;)~, for some Ef\il m;zi] €
B(L), such that the set {z1,...,zx} and the formal sum Zf\il m;[z;] are
G-invariant. Therefore there exists Z]Ai1 1il¢;] € B(K) corresponding to
Zi]il m;[z;] via isomorphism (5.4.1). The cocycles cand s = Z]Ail wil2(C5)s;
represent the same cohomology class in H'(Gp;Q;(2)). The cohomology
class of s belongs to H'(Gx;Q;(2)), hence [Py(L/K)] C [P2(K)]. Now the
theorem follows from Theorem 4.6. [
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