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AVERAGING FORMULA FOR NIELSEN NUMBERS

SEUNG WON KIM, JONG BUM LEE anpD KYUNG BAI LEE

Abstract. We prove that the averaging formula for Nielsen numbers holds
for continuous maps on infra-nilmanifolds: Let M be an infra-nilmanifold and
f: M — M be a continuous map. Suppose Mg is a regular covering of M
which is a compact nilmanifold with m (M) = K. Assume that f.(K) C K.
Then f has a lifting f : Mgk — Mgk on Myg. We prove a question raised
by McCord, which is for any a € m1(M) with p(Fix(af)) an essential fixed
point class, fix(To) = 1. As a consequence, we obtain the following averaging
formula for Nielsen numbers

J— 1 d £
MO = o, > Mah

§1. Introduction

Let X be a compact connected space, and let IT be the group of covering
transformations for the universal covering projection p : X — X. For a
normal subgroup K of finite index in IT we denote X = X /K, p' : X — X
and p: X — X; thenp = pop’. Let f: X — X be a self-map. If
f«(K) C K, then f has a lifting on X. We will fix a lifting of f on X and
denote it by f:X — X. We will also fix a lifting of f on X and denote
it by f: X — X. Note that any lifting of f on X is of the form af where
« € II, and any lifting of f on X is of the form & f where a € IT/K.

The Lefschetz number L(f) of f is defined by

L(f) =Y (=1)F trace{(f.)r : Hx(X;Q) — Hp(X;Q)}.

k

To define the Nielsen number N(f) of f, we decompose the fixed point set
Fix(f) ={x € X | f(z) = 2} of f in a certain way into its subsets, called
fized point classes of f (see Section 2). To each fixed point class F, one
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can assign an integer ind(f,F). The fixed point class F is called essential if
ind(f,F) # 0. The Nielsen number N(f) of f is defined to be

N(f) = the number of essential fixed point classes of f.

The Lefschetz number and Nielsen number are homotopy invariants. If
L(f) # 0, then every map homotopic to f has a fixed point. The Nielsen
number N (f) has the property that every map homotopic to f has at least
N(f) fixed points. The Nielsen number gives more precise information
concerning the existence of fixed points than the Lefschetz number, but
its computation when compared with that of the Lefschetz number is in
general much more difficult.

The following averaging formula for Lefschetz numbers is well-known
[2, Theorem II1.2.12]:

1 -
LD =7 a;}(w»

In this paper, we will deal with the averaging formula for Nielsen numbers.
We prove in Theorem 3.1 that

N(f) > [H? S N@h.

K] acll/K

We prove further that if X is an infra-nilmanifold and K consists of pure

translations of II, the above inequality becomes the equality. That is, we
prove in Theorem 3.5 that the averaging formula for Nielsen numbers holds
for continuous maps on infra-nilmanifolds.

§2. Decomposition of the fixed point set
For the fixed liftings f and f of f, we have homomorphisms

@: /K — II/K defined by fa = @(a)f,
@ : Il — IT defined by fa:go(a)f,

so that ¢’ = p|kx : K — K and the following diagram is commutative:

1 K1 —% 10K —-1

|# |¢ |¢

1 K—‘~m—* mK — 1.




AVERAGING FORMULA FOR NIELSEN NUMBERS 39

The homomorphism ¢ : I — II defines the Reidemeister action of II on
11 as follows:
I x I — 11, (v,a) — ~ap(y) .

Similarly, the homomorphisms ¢’ : K — K and @ : II/K — II/K define the
Reidemeister actions of K on K and II/K on II/K, respectively. Denote
the sets of Reidemeister classes of K, II, IT/K determined by ¢', ¢, @ by
RI¢'], Rle], R|g], respectively.

The fixed point classes of f are the subsets p(Fix(a.f)) (a € IT) of the
fixed point set Fix(f) of f. Bach fixed point class p(Fix(af)) is determined
by the Reidemeister class [a] € R[p], because af ~ vago(v)_lf = ~vafy!
for all 4 € IT so that p(Fix(af)) = p(Fix(yafy~1)). The fixed point set
Fix(f) splits into a disjoint union of fixed point classes.

Now we have an exact sequence of sets

Rlp'] - Rlg] -5 Rlg] — 1,

i.e., ¢ is surjective and ¢~!([1]) = im(i). For each @ € II/K and o €
¢ (@), af is a lifting of af and f, and af is a lifting of f. They induce
homomorphisms 74, 74¢ and 74¢’, where 7, denotes the conjugation by
a, i.e.,

7o(B) = aBa.
We denote the subgroup of I fixed by a homomorphism v : II — II by

fix() = {a € IT | (a) = a}.

Then the following diagram

1 K e %, /K —— 1
lTago’ lTaGD lf&@
1 K e %, /K —— 1

is commutative, and the following sequence of groups
1 — fix(7a¢) e, fix(Tap) 5 fix(157)
is exact, and the following sequence of sets
Rlrat’] 2 Rira¢] £ Rirag] — 1

is exact.
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LEMMA 2.1. For each k € K and o € 1, we have

1) g~ (@) = lgz (@D,
(2) [Rlgll = i tal = X e ([I)l= X Jim(a)l,
[a]eR[7] [aleR[g] [a]eR[g]
3) [Rl@ll= X lia" (K],
[k]€im(ia)
(4) i ([K])] = [fix(ra®) : gra(fix(Tra))];
(5) [Rlray]| = . Z(A )[ﬁX(Ta@) D o (fiX(Tra®))]-
kleim(iq

Proof. The first three equalities follow from the exactness of the fol-
lowing sets

Rlg'] = Rlgl - Rig] — 1,
Rlrag] ~2 Riraw] 22 Rlra@] — 1.
To prove (4), first we fix o € IT and observe that
io ' ([K]) = {[] € Rlza¢] : [K'] = [k] € Rlrav]}.

Recall ~
p(Fix(kf)) «— [k] € Ry

where ¢ is induced by f . Since T, corresponds to « f , the above corre-
spondence becomes

p(Fix(kaf)) «— [k] € Rlray)].
Therefore

K] € 35" (k) <= K] = [K] € R[ray]
— p(Fix(Kaf)) = p(Fix(kaf)).

The commutative diagram
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induces the following commutative diagrams

k:ozf
—_

/
-
K ¥

N

X kaf X 7 TkaP II
Then we have a well-defined map p.,

Pere {7 (Fix(kaf)) | [k] € Rlragl} — {p(Fix(kaf)) | [K] € Rlra¢l},

which sends a fixed point class p/(Fix(kaf)) of af to a fixed point class
p(Fix(kaf)) of f. By the above observation, |ig!([k])| = |pL. ([kaf])|-
Since igq : K — II is injective and K is a normal subgroup of II, we apply
[2, Proposition III.1.15] to the above commutative diagrams and obtain

i ((KD)] = [P (R f D) = [ix(Ta) © gha(fx(Thas))]-

This proves (4), and (5) follows from (3) and (4). [

The fixed point classes of f are labelled by the Reidemeister classes
R]p] of ¢. We may relabel them in terms of the Reidemeister classes R[]
and R[r,¢']. This relabelling is useful in comparing the Nielsen number

N(f) of f with the Nielsen numbers N(af) of af.

LEMMA 2.2. (Decompositions of the fixed point sets) Let f : X — X
be a self-map. Then

(1) p(Fix(@f) = 11 »(Fix(kaf)),

(k] Eim(%a )

(2) Fix(f)= 11 I »(Fix(kaf)).

[A]€R[P] [k]eim(in)

Proof. Recall first that the fixed point set of f is the disjoint union
of the mod K fixed point classes of f, where the union ranges over the
Reidemeister classes [a] € R[g]. Le.,

Fix(f)= [[ a(Fix@rs).

[a]eR[g]
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For each o € ¢~ !(a),

Fix(af)= [] o @ix(kaf)).

[K]€R[Tay']

Thus

pEx@N) = |J »Exkaf),

[kK]ER[Ta ']
Fix(f)= [] U  p(Fix(kaf))
[AeR[P] [k]ER[Tay’]

= a union of fixed point classes of f.

In the proof of Lemma 2.1, |i5'([k])| = |prc([kO‘f])" By Lemma 2.1.(3),
the number of different fixed point classes p(Fix(ka f)) involved in the mod
K fixed point class p(Fix(af)) is [im(iq)|. Hence

pEx@f)) = [ »Fix(kaf)),

(%] Eim(%a )

Fix(f H H (Fix(kaf) f

[AeR[P] [k]eim(ia)

This proves the result. {

Remark 2.3. The group I1/K acts on the set [a] € R[p] by the rule
a +— Pap(f)~!. This action is transitive. The isotropy subgroup is

{8 | Bag(B)~" = a} = fix(rap).

Hence [IT : K] = |[@]| - |fix(Ta®)].

Remark 2.4. For each z € p(Fix(a f)) we fix Z € Fix(af) with p(z) =
z. Then Fix(af) N ﬁ_l(a:“) = {Bz | B € fix(7a¢)}. That is, there are
|fix(75%)| points in Fix(af) Np~t(x). Moreover,

L@h)= Y md@fa)=lixrae) Y, nd(f.a)

zeFix(af) zep(Fix(af))
= [fix(7ap)| - ind(f, p(Fix(af))).
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LEMMA 2.5. Letk € K and a € II. Ifx € p(Fix(kaf)), then there
are |qra(fix(Trae))| points in p'(Fix(kaf)) N p~1(x). Hence,

P (Fix(kof))| = lara(ix(Tha))| - [p(Fix(kaf))|.

Proof. Let & € p/(Fix(f)) and p(Z) = 2. Then there exists Z € Fix(f)
such that p(Z) = 5(Z) = z. If az € p/(Fix(f)), then there exists #’ € Fix(f)
such that p(#') = p(az) = p(z) = . Thus ' = af where a € fix(p) and
q(a) = @ Thus for each = € p(Fix(f)) if we fix one Z € p/(Fix(f)), then
P (Fix(f))Ng~'(z) = {az | @ € q(fix(¢))}. Thus for each z € p(Fix(kaf)),
there are |qa (ix(Tha))| points in p/(Fix(kaf)) N o~ (x). U

DEFINITION 2.6. Let k € K and « € II. Define €}, and €, as follows:

s {0, ' (Fix(kaf
ka . ( f~

) is an inessential fixed point class of & f;

1, p'(Fix(kaf)) is an essential fixed point class of af,

)
)
0, p(Fix(kaf)) is an inessential fixed point class of f;
€ka =

g 1, p(Fix(kof)) is an essential fixed point class of f.

Remark 2.7. The projections p’, p are local homeomorphisms, and the
index is a local invariant. Thus by Lemma 2.5, p(Fix(kaf)) is an essential
fixed point class of & f if and only if p(Fix(ka f )) is an essential fixed point
class of f. Thus €}, = €xq-

In all, we have the following natural one-to-one correspondences:

T II »Extal)

a€ll/K [k]eR[Ta¢]

— I I lasalixrag))| - plFix(raf))

a€cll/K [k]eR[Tay]
— m:x T I “‘[J’“T’(ﬁr;(za“’)))" (Fix(kaf))
a€cll/K [k]eR[Tay’]
(by Remark 2.3)
K] H 1 H [ p(Fix(kaf))

&eH/KHa | (K] R [rai] ﬁX(To?SE) : Qka(ﬁX(Tkaﬂo))]

— [l :K] H H (Fix(kaf)) by Lemma 2.1.
[AER[P] [k]€im(ia)
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83. Averaging formula for Nielsen numbers

Let g : X — X be another self-map such that g.(K) C K. Let g: X —
X be a fixed lifting of g, § : X — X a fixed lifting of g, and ¢ : [T — IT
the homomorphism induced by g. The coincidence set Coin(f,g) = {z €
X | f(x) = g(x)} of f and g can be decomposed into its subsets, called
coincidence classes, in a similar manner as in the fixed point case. When
X is a closed orientable manifold, one can assign to each coincidence class
the index. A coincidence class is essential if its index is nonzero. The
Nielsen coincidence number N(f, g) is, by definition, the number of essential
coincidence classes.

C. McCord proves in [5, Corollary 5.10] that if, for any k& € K and
o € IT with p(Coin(kaf,§)) an essential coincidence class, the subgroup
coin (g, ¥) = {0 € IT | Tkaw(B) = ¥ (B)} of II is contained in K, then

i X M@k,

acl/K

N(f,g) =

He also raises a question in [5] whether for any £ € K and a € II with
p(Coin(kaf,§)) an essential coincidence class, coin(Traw,) = 1 on all
infra-nilmanifolds.

In Theorem 3.1 below, we prove that the fixed point version of the above
is not only necessary but also sufficient. Furthermore, in Theorem 3.5 we
prove that McCord’s question for fixed point version is true and as a con-
sequence, we obtain an averaging formula for Nielsen fixed point numbers
on all infra-nilmanifolds.

THEOREM 3.1. Let f: X — X be a self-map on a compact connected

space X, and let K be a normal subgroup of II = w1(X) of finite index such
that f.(K) C K. Then

and equality occurs if and only if for each k € K and « € IT with p(FiX(kaf))
an essential fized point class, |qre(ix(Tkaw))| = 1.

Proof. Our proof uses the one-to-one correspondences of Remark 2.7.
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Then

2 2

[AER[P] [k]eim(ia)

1 1
D
G

aell/K [k]e o] [fix(7a9) : qra(ix(Traw))]

B ko (x(Ta))]
=2 2 [a]l - [fix(ra@)] "

aEH/K [kK]ER[Tae’]

|qka (iX(Tha)) | €ka

aGU/K [K]€R[Tay']

[U K Z Z ‘Qka(ﬁX(TkaW))‘ﬁka
]

aeH/K [K]ER[Tay’

HKZ >

aGH/K [klER[Tay’]

1 _
~ [ : K] >, N@P

acll/K

Moreover, the equality holds if and only if for each k € K and « € I1, either
€ka = 0 or |qra (fix(Teaw))| = 1. 0

COROLLARY 3.2. Let f: X — X be a self-map on a compact connected
space X with finite fundamental group II, then

N(f) = |H|Z|ﬁXTas0)|Naf |H|2Naf

acll acll

and equality occurs if and only if for each o € IT with p(Fix(af)) an essen-
tial fized point class, |fix(T4p)| = 1.

EXAMPLE 3.3. Let f: RP? — RP? be the _identity map and 52
S? be the identity map, i.e., f = idgp2 and f = idg2. Then we have a
commutative diagram

sz L g2

l |

rP2 S . rp2
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The group of deck transformations is IT = {1, a} = Zy. The homomorphism
¢ : I — IT corresponding to f is the identity map. In particular, fix(p) =
1I.

Note that « f = « is the antipodal map on S?. This map has no fixed
point; Fix(af) = 0; p(Fix(af)) is an inessential fixed point class of f and
N(af)=0.

Next we compute N(f) and find out whether or not p(Fix(f)) is an
essential fixed point class of Fix(f). By Remark 2.4 with K = {1}, we have

L(f) = Ifix()| - ind(f, p(Fix(f))). Thus
2 = L() = [fix(¢)| - ind(f, p(Fix(f))) = 2 ind(f, p(Fix())).

Hence p(Fix(f)) is an essential fixed point class of f and N(f) = 1.
In all, p(Fix(f)) is an essential fixed point class and p(Fix(af)) i is an
inessential fixed point class of f. Hence N(f) =1, but |H‘ Yoac N(af) =

3(N(f)+N(af)) = 5(1+0) = 5. This shows that N(f) # 7 Xaen N(@f)-

Now we prove the averaging formula for Nielsen numbers for continuous
maps on infra-nilmanifolds. First we recall the following.

LEMMA 3.4. ([4, Theorem 1.1]) Let II, II' C G x Aut(G) be two almost
crystallographic groups. Then for any homomorphism 6 : I — II', there
exists (d, D) € G x Endo(QG) such that for all o € II,

6(a) - (d,D) = (d,D) - a

THEOREM 3.5. Let M be an infra-nilmanifold and f : M — M be
any self map. Suppose My is a reqular covering of M which is a compact
nilmanifold with m(My) = K. Assume that f.(K) C K. Then

N(f) = —— S N(P),
(7 : K]

where the sum ranges over all the liftings f of f onto M. In particular,
N(f) = |[L(f)I-

Proof. Let M = II\G be the infra-nilmanifold. Then K C IT NG and
Mg = K\G. Now we fix a lifting f : G — G of f : M — M. Then f induces
a homomorphism ¢ : I — II on the group II of covering transformations
of p: G — M. Namely, for any o € II, @(oz)f — fa. Since ¢ : [T — IT
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induces ¢’ : K — K, there is a continuous map f : Mg — My which makes
the following diagram

f

G —

v |7

MK—f_)MK

pl lﬁ
M L m

commutative.
By Lemma 3.4, there exists (d, D) € G x Endo(G) such that

p(a)-(d, D) = (d, D) -

for all @ € II. This implies that the map (d,D) : G — G induces a map
®,py : M — M, and furthermore, ® py and f induce exactly the same
homomorphism ¢ on I1. Since M is a K(II,1)-manifold, ® 4 p)y and f are
homotopic. By the homotopy invariance of the Nielsen number, we can
replace f, f and f in the diagram by (d, D), ¢(a,py and @4 py, respectively,
in the following discussion.

Write E = 74D € Aut(G), where 74 is conjugation by d. The above
equality yields

o' (k) = p(k) = (14D)(k) for all k € K.

Thus the map E': G — G yields a map ¢p : Mg — M on the nilmanifold
My, and f ~ ¢p. By [1], N(f) = |det(I — Ey)|, where E, is the linear map
on the Lie algebra of the Lie group G induced by E. Since det(l — E,) =

det(I — Ad(d)D,) = det(I — D,) ([3, Lemma 1.2]), N(f) = |det(I — D.)],

and hence N (f) # 0 if and only if fix(D,) = {0} if and only if Fix(D) = {e}.

Now we observe the following: Let F': G — G be any homomorphism
on G and g € G. If Fix((g,F)) # 0, then there is a one-to-one corre-
spondence between Fix((g, F')) and Fix(F'). Let h € Fix((g,F)). Then
(h, [)"Yg, F)(h,I) = (e,F) = F and thus k € Fix((g,F)) — h7'k €
Fix(F) is the required correspondence. Therefore, Fix((g, F')) = h- Fix(F).

~ Since kaf = (k,I)(a, A)(d,D) = (k- a- A(d), AD) where a = (a, A),

af = ¢k.a-Ad),ap) and N(af) = |det(I — A,D.)|. Therefore if N(af) # 0,
the above observation implies that for all k£ € K, Fix(ka f ) has only one
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point. It follows that fix(7xa¢) = {1} and so |gra(fix(Tkap))| = 1 for all
k € K. On the other hand, if N(af) = 0, then €z, = 0 so that the fixed
point class p(Fix(kaf)) of f is inessential. Hence our result follows from
Theorem 3.1. [

Remark 3.6. In Theorem 3.5, we are assuming that f : M — M and
K is a finite-index, normal subgroup of II consisting of pure translations
of the infra-nilmanifold M so that f.(K) C K. However it is known that
such a K always exists. In fact, it is shown in [3, Lemma 1.1] that there
exists a fully invariant subgroup K C I" of 71 (M) which is of finite index.
Therefore for any f: M — M, f.(K) C K.

Remark 3.7. Let f : M — M be a continuous map on the infra-
nilmanifold M. Let K be a normal subgroup of 7;(M) of finite index
consisting of pure translations such that f.(K) C K.

As we have seen in the proof of Theorem 3.5, we may assume that
f is the map @4 py induced by an affine map (d,D) : G — G. Suppose
N(af) # 0. Then for all k € K, Fix(kaf) has only one point. Hence all
the fixed point classes p/(Fix(kof)) of &f : Mg — M on the nilmanifold

L(aj)
N(af)"

My have only one point and they all have the same index £1 =

Therefore, if some €) , = 1 then €, =1 for all k € K.

By Remark 2.7, €}, = €xqo. Hence if some €, = 1, then €, = 1 for all
ke K.

It is clear from the definition of mod K fixed point class that if every
essential mod K fixed point class coincides with an ordinary fixed point
class, then Ng(f) = N(f). We show that the converse is also true for every
continuous maps on infra-nilmanifolds.

COROLLARY 3.8. Let f : M — M be any self-map on an infra-nilmani-

fold M. Let Mg be a regular covering of M which is a compact nilmanifold
with m(Mg) = K. Assume f.(K) C K. Then

N(f) = Nk (f),

and equality occurs if and only if every essential mod K fized point class
coincides with an ordinary fived point class of f.
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Proof. By Lemma 2.2.(1), p(Fix(af)) = [] p(Fix(kof)). That is,
[k]€im(2a)
the mod K fixed point class p(Fix(a f)) contains exactly |im(i4)| ordinary
fixed point classes p(Fix(kaf)) of f. Define €5 as follows:

ix(af)) of f is inessential;
ix(af)) of f is essential.

{O, the mod K fixed point class p(

F
1, the mod K fixed point class p(F

By Remark 3.7, ¢5 = 1 if and only if all €}, = 1. Then ez < [im(ia)| - €,
Hence

NH= D D @a= D, Y.

[AJER[P] [k]€im(ia) [A€R[F] [k]cim(ia)
= Y [im(ia)l e > D ea=Ng(f).
[a]eR[2] [a]eR[p]

Thus Ni(f) = N(f) if and only if for e = 1, |im(is)| = 1 if and only
if every essential mod K fixed point class coincides with an ordinary fixed
point class of f. [

The next proposition tells us how to compute [im(ig)|.

ProproSITION 3.9. Let f : M — M be any self-map on an infra-
nilmanifold M. Suppose M is a reqular covering of M which is a compact
nilmanifold with m(My) = K. Assume that f«(K) C K. Then every essen-
tial mod K fized point class p(Fix(af)) contains exactly [im(iy)| ordinary
fized point classes of f, where

fix(ra@)| [T : K] '

[im (i)

Proof. By Lemma 2.1.(4) and by the last paragraph of the proof of
Theorem 3.5,

i (IKD)] = [fix(7a®) : gra(fix(Tha0))] = [fix(ra®)],

which is independent of k. Since, by Lemma 2.1.(3),

Rl = Y lia (K,

[k]€im(ia)
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and since, by Remark 2.3, [II : K| = |[@]| - [fix(7a®)|, we have

im(i,)| = el _ [Rlra¢]]
i (kD] Iix(ra)]

_ M@ _ Naf) o
fix(rap)|  [: K] 77

This completes our result. 0

ExaMpPLE 3.10. Let G be the 3-dimensional Heisenberg group. That
is,

1
G = 0 cx,y,z €ER
0

o O = 8
[l SR

We denote this general element by {z,y,z}. Let I' be the subgroup of G

which is generated by

{0,0,3}, {0,1,0}, {1,0,0}.

Then I' is a subgroup of G and in fact it is a lattice of G.
Let a = {0,0,3} € G and A : G — G be the automorphism of G given
by
A({l‘) Y, Z}) = {—.’L‘, Y, Z}-

Then A has period 2, and (a, A)? = (a?,1) = ({0,0,1},1) € G x Aut(G),
where [ is the identity automorphism of G. The subgroup

II =(I',(a,A)) C G x Aut(G)

generated by the lattice I' and the element (a, A) is discrete and torsion
free, and I' is a normal subgroup of II of index 2. Thus II is an almost
Bieberbach group, and I7\G is an infra-nilmanifold, which has a double
covering I'\G — II\G by its holonomy group, ¥ = II/T" = {1, A} = Zs.
Let D : G — G be the automorphism of G given by (cf. [6, pp.276-277])

D({x,y,z}) = {.T +y, T, —z+ %562 + $y}

Then DA = AD and the conjugation by ({0,0,0}, D) € G x Aut(G) maps
IT into IT (and T into I'). Thus, the affine map ({0,0,0},D) : G — G
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induces ¢p : I'\G — I''\G and ®p : II\G — II\G so that the following
diagram is commutative:

(I1,G) _({0.0.01D) (I1,G)
(11/T,T\G) —2— (II/1\T\G)
®p
nm\G II\G
We take an ordered (linear) basis for the Lie algebra of G as follows:
0 01 [0 1 0 0 00
ee=1(0 0 0|, e=|0 0 0|, e3=10 0 1
0 00 0 0 0 0 00
With respect to this basis, the differentials of A and D are
1 0 0] -1 00
A,=10 -1 o], D.=|0 11
0 0 —1] 0 1 0

Therefore by Theorem 3.5, the Nielsen number of the map ®p : II\G —
II\G is:

KT Z (vop) = K] Z]det D,)|

pew Pew
%(|det([ D) + |det(I — A, D))
1
=5(=2[+2)) =

Let a = (a,A). Since ({0,0,0}, D)a = (D(a) - a~,1)a({0,0,0}, D) and
D(a)-a! € T, we have ¢pa@ = a¢p. This means that ¢ : II/T — II/T
maps & to &. Hence ¢ is the identity map, and the Reidemeister classes of
 are singleton sets.
By Proposition 3.9,
(<Z>D) oy |det(d — D, |—2|

(ozqﬁD) |det(I — A.D,)| 2]
o) a)l = =
[IT : T] 2 2

-1=1.

‘im(%a)’ =
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Every mod I' fixed point classes contains only one ordinary fixed point class.
By Corollary 3.8,
Np(®p) = N(®p) = 2.

ExaMpPLE 3.11. Let G be the 3-dimensional Heisenberg group. Let
K be the subgroup of G consisting of all integral matrices of G. Let a =
{0,0, %} and A : G — G be the automorphism of G given by

A({J:)ya Z}) = {—l‘, -Y, Z}'

Then A has period 2, and (a, A)* = (a*,1) = ({0,0,1},1) € G x Aut(G),
where [ is the identity automorphism of G. The subgroup

T = (K, (a, A)) € G x Aut(G)

generated by the lattice K and the element (a, A) is discrete and torsion
free, and K is a normal subgroup of II of index 4. Note that ' = II NG
contains (a, A)? = (a?,I) so that K has index 2 in T

Let D € Aut(G) be given by

D({z,y,z}) = {3y, —z,3z — 3zy}.

Then ({0,0,0}, D)(a, A)({0,0,0}, D)~! = (a, A)3, and the conjugation by
({0,0,0}, D) maps II into II, and K into K. Therefore, the affine map
({0,0,0}, D) : G — G induces ¢p : K\G — K\G and ®p : [I\G — II\G.

With respect to the standard linear basis e, es, es for the Lie algebra
of G, the differentials of A and D are

1 0 0 3.0 0
A,=10 -1 0|, D.=|0 0 3
0 0 -1 0 -1 0

Let o = (a, A) € II. Then I1/K is the cyclic group of order 4 generated by
a. The Nielsen number of the map ®p : [I\G — II\G is, by Theorem 3.5:

T X M)
’ Yell/K

N(®p) =

(N(¢p) + N(agp) + N(a*¢p) + N(a*¢p))

N e S

(|det(I — D,)| + |det(I — A.D.)|
+ |det(I — D.)| + |[det(I — A.D,)|)

1
= =8l +[=8]+ -8 +|-8§|) =8.
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Observe that the homomorphism ¢ : I[I/K — II/K maps & to a~1. Its
Reidemeister classes are [1] = [a?] = {1,a%} and [a] = [a7!] = {a,a !}
By Proposition 3.9, [im(i)| = N(a¢p)/[II : K] - |[a]| = ‘_Tf‘ -2 =4. Every
mod K fixed point class consists of 4 ordinary fixed point classes. Hence

NK(QD) =2< SZN(@D)
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