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There are many uses of Fourier analysis in the analytic number theory.

In this paper we shall derive two fundamental theorems using Cramer's method

(Mathematical methods of statistics, 1946). Let E, E* be unit cubes in the

whole w-dimensional Euclidean space X such that

£•* = I (Ux - un) Xi — 2 — Ul — Xι + "9"' * * " ' Xn — o —Un — Xn

We define F(u) as follows

F(u)=0(u<x-t), ^~{u = x-ί), l(x-t<u<x+t),

for fixed x and t>0.

LEMMA 1. For fixed x and t ίθ< t <^-j the function

sim 2 πm(x -f t — u) Λ̂ sin 2 πrn(χ— t — u)

is boundedly convergent to F{u) as k-+ °°, where x—ψ ^u^x-\- γ

Proof. Since (1) is equal to

S
x+t-u ,,x-i-u

(cos 2 πz + + cos 2 Trfcε) dz - 2\ (cos 2 τr2 + + 2
o Jo

TΓ&Z) dz

ί-M s i n ( A + - s - ) 2 π 2 - s i n - s ~ 2 7r2 rx+t-u c / 9 *,, -,Λ ̂
: ^ 2 ^ = sin(2^+l)^

ί 1 Jχ-t-u smπzo . 1 _
2 sin ^-2 πz

the lemma is obtained by proving that
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Ca sin (2& + 1) πz , /, , . . , 1
i _^^— ^ 2 I I Λ I S r + 9̂
Jo s im 7i\2 \ z

is boundedly convergent to - ^ ( « > 0 \ 0(<2 = 0), — S - ( Λ < 0 ) a s ^~* °° ^ w e

put 2 π2 =a y, then

Γα sin (2 & +1) 7Γ2 , 1 Γ2πβ \ 2 / ,
Jo 8ΪS7S Λ s s T J β ί Γ ~ *

2 s i n τ

1 j r(2^+1)Λfl

 sin v . , Γ2Λa/ 1 1 \ . Λ , 1 \ , \
= — s \ dv + \ / — -— \ s i n [k+ -ϊ>)vdv\*

π Uo v Jo I . v v ] \ ώ / J
\ 2 s i n τ /

whence follows the result by the theorem of Dirichlet's integral.

LEMMA 2. Let f(uu . - , un) be a function with period 1 for each variable

and be L-integrable over E. If we write

then

V* . . . v* / s * n ^ πm^1 s ^ n ^ πrnntn

is convergent to

Γxn+*n1 1 CXί + t l Γxn+tn

. . . _ ^ \ \ /(Λi * Un

Z Γi άtn JXl-tL J Xn-tn

as k-* oo, provided that 0<ti< γ> . . . , 0< tn< γ

Proof. By making use of Lebesgue's dominated convergence theorem, it

follows from Lemma 1 that

fΛί v f*imh{Uh-*h) sin 2
Π 2

J/ι=i

- { f Γr

" Π 2 J — \AUL' - -ujdur -dun

l 1 sin 2 πmhixh + th - ?/̂ ) __ yi sin 2 πmhixh -th~

i un) du\' - - dun (by translation)

f(uι - - un) dui - - dun (as k-+ °° ).

On the other hand, it is easy to verify that (2) = -~-j -^-r- (3). Hence we
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get the lemma.

THEOREM 1. Let f(uχ- un) and a(mι* mn) be the same as in Lemma

2. //

Σ * •• Σ Iβtwii mn)\ (4)

ί's convergent, then there exists

lim ^r— - ^ - l \ /(«#!• -ujdui ύtaw (5)

and equals

• Σ Σ e-t^^-^^aimr ι»n).

Proof. Since

= - oo j n n = - oo

. . V* / sin 2 7rmifi s i n 2 πnintn \/,-2πi(mιχι+ -+mnχn)-(/M . ,*~ \
2-Δ \ o—ZZΓΊΓ— * * o—Z^Γ~l Ie a \ W i ' f/ln)

mn=-oo\ ^ πmϊΐi ΔπWlntn /
W l =-oo mn=-oo\

is convergent absolutely and uniformly in the neighbourhood of (ίi •*«) =

(O 0), we have

lim *(fi ••*„)= Σ ••• S r 2 " ^ " ' ^ ) ^ ' ' ^ ) ,

whence follows the result by Lemma 2.

Firstly we note that if /(«i w») is continuous at (#i ΛΓrt), then (5) is

equal to /(#i ΛΓn). Secondly we note that if

are continuous in X, where pid^i^n) is 0 or 1, then (4) of Theorem 1 is

convergent. This can be obtained by the device of using BesseΓs inequality.

THEOREM 2. Let f(uim •«») ̂  L-integrable over X. We write

g(Vi' - Vn)= J j > * * ^ + " '"*"*> f(ui Wn) Λ*! ' rf«Λ,

assume that g(υr vn) is L-integrable over X. Then, there exists

lim -s-T- -H-T- " ' \ Aui -Un)dur rfww (6)
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Proof. Instead of (1), we use the formula

π J-z v

J

By the assumption, the integral

L • • L^-

exists and equals

*
by Fubini's theorem. Letting z

vergence theorem, we obtain

(boundedly convergent)

* •

U n ) d U l -

and using the Lebesque dominated con-

1 1 f*1 + ί l ςXn + tn

ύtί Δtn *f Xί-ti Jχft-tn

by (7). By the same manner as in Theorem 1, we can prove the theorem, and

if f(ui- -Un) is continuous at (xι* x»), then (6) is equal t o / ( ^ * x»). It

should be noted that g(vι> vn) is always continuous in X by the Lebesque

domominated convergence theorem.

Finally we add the Poisson summation formula as an application of Theorem

1. Let /(ΛΓI xn) be continuous and Z-integrable over X and

Σ Σ
l=~oo fcrt=-o

•*„ + *„)

be uniformly convergent in E. We put

a(mr wi») = Γ Γ β

ϊ« ί^^ + +-'»y(ί1
• ' — 00 •/ — 00

oo oo

and assume that Σ * * Σ l« rnn)\

is convergent. Then
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Σ * * * Σ /I m\' ' ' win) = Σ * * * Σ a{nii * mn)

To prove this, let

00 CO

Since

a{ni\ - - rrin)

= Σ Σ [*+ * {n+1

 e

2^m^-k^' ' ^^--^fi^- tn)dtι ' -dtn
fci = - oo kn = - <

00 CO

kχ = _ oo Jen = - =

it follows from the assumption and Theorem 1 that

F(xi vΛΓn) = Σ * Σ abni m n ) e - 2 n i { m ^ + - - + m n X n )

= Σ ••• Σ Γ ••• Γ β l Λ / C W l ( ί l-* l ) + " + w " ( ί n -* n ϊ } /(ί i ί»)Λi rfί«
nn= — Co mn= — oo • ' — oo J — oo

CO 00 pCO pCO

w h e n c e f o l l o w s t h e r e s u l t b y p u t t i n g # ! = • • • = # » = ().
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