SOME RESULTS IN THE FOURIER ANALYSIS

TIKAO TATUZAWA

To Tapasi Nakavyama in memorial

There are many uses of Fourier analysis in the analytic number theory.
In this paper we shall derive two fundamental theorems using Cramer’s method
(Mathematical methods of statistics, 1946). Let E, E™ be unit cubes in the

whole n-dimensional Euclidean space X such that

E={us*us): 0=y =<1,...,05us =1}
E*:{(ul---un): xl—%éulgxl—l-%—, ,xn—é—éungxn—f— é}

We define F(u) as follows

Flu) =0 (u<x—1t), %« (u=x—1), 1(x —t<u<x+t),
%(u:x-}—t), 0(x+t<u),

for fixed x and +>0.

LEmMMA 1. For fixed x and t<0< t < %—) the function

S osim2am(x+t—w) _ 2" sin2 rm(x—t—u) 1)

m=—k 2 nm m=—k 2 nm

E/w

is boundedly convergent to F(u) as k— o, where x— % Susx+ é

Proof. Since (1) is equal to

xtt-u wX—b—1
2t-+2g0 (coserz-i—---+cos27rkz)dz—23 (cos2nz+ - - - +2mkz)dz
o 0
. 1 1
Xrt-u sm(k—l— & |27z —sin-52nz xFb-u s
=2t+2j - 2> 2 ‘d’-=§ ﬂ'ﬁk_f_llfidz,
x—t-u Jx—t-u Sin nz

2 sin —%—2 nz

the lemma is obtained by proving that

Received March 10, 1965.

95



56 TIKAO TATUZAWA

“sin (2k+ 1) nz 1
e de (lalst+ )

is boundedly convergent to —%—(a>0), 0(a=0), — %(a<0) as k- . If we

put 2 nz = v, then

dv

Jo sin 7z

[*sin 2B+ ms 10 sin £+ 3 )0
’ Zsin%
2 "2

=_71r.{S:2kaa‘Si,r)lvdv+j° (2 1 Pl %)sin (k+ %)vdv},
Sin-5-
2

whence follows the result by the theorem of Dirichlet’s integral.

LemMma 2. Let f(uy, ..., us) be a function with period 1 for each variable

and be L-integrable over E. If we write

a(my, ...,ms) ..—.j‘F .. Sezm(mxun.. M) (e ) Aty - dttn,
then

Kk k . .
.. (E!,nz_ﬂ’”i@_ e ﬂﬂﬂ%)e-zni<m1x1+--~+mnxn>

2 wmuty 2 TMntn alm- + ~mn) (2)

my=—k mp=—k

is convergent to

1 1 Xty Xty
2_t1_ P Zt" le—t‘. . Sx“_t“f-(ni. . .un)dul. . .du”

as k- o, provided that 0<t; < é—, e, 0L, < —é

Proof. By making use of Lebesgue’s dominated convergence theorem, it

follows from Lemma 1 that

an K 2 miMp(Up=Xp) o3
L. . Shnl{ Ek e ”mShIHZTrmhth }f(ux' ) dugc c c dun (3)
=1 "my=-

n o k H k .
(... sin 2 wmn(xn+ s — un) sin 2 wma(xn — th — un)
- j‘E“ hl-_—:]:l{mh;-k 2 Tmh mn;—k 2 TMmp }

f(oys s~ wn)dug - - dun (by translation)

X+ Xpti,

—>j S Sy - ~un)duy - -+ dty (as B> ).
L7 2 Zn—¥n

1

T (3). Hence we

On the other hand, it is easy to verify that (2) = *l—t{ ..
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get the lemma.

TueoreM 1. Let f(u;- « “un) and almy+ - - my) be the same as in Lemma
2. If

©

> - i la(my - ~mp) | (4)

my=—~x mp=—0

is convergent, then there exists

. 1 1 Xty Xptiy
lim T2 S S S(uys s -un)duy: - - dtn (5)
110, ..., tn—0 2t in X -t Xn—tn
and equals
) -] .
2 .. 2 e—z'm(mlxﬁ‘ +m,x,,) a(mj.' . ,mn).
my=~— 00 mp=~o

Proof. Since

g(tl' c o tn)

_ z‘”} L. i (sin27rm;t1 L Sin2"m"tl)e—zﬂi<m1x;+'“+m,.xn>
my=—e mp=—o 2 77.'m1t1 2 ﬂmntn

a(my- * - my)

is convergent absolutely and uniformly in the neighbourhood of (#i- « *¢x) =

(0-++0), we have

«© «©
lim g(tl’ o ly) = 2 “ e E e—2m(mlx1+-..+m,,xn)a(ml, ),
10, ..., tn—0 my=—o Mp=—

whence follows the result by Lemma 2.

Firstly we note that if f(u,* - ‘- #») is continuous at (x;° * - %), then (5) is

equal to f(% - - *%,). Secondly we note that if

Pt tha

A —— ) .x)
ap,x’.. . ‘ap"xnf( 1 n

are continuous in X, where p;(1<i<=#n) is 0 or 1, then (4) of Theorem 1 is

convergent. This can be obtained by the device of using Bessel's inequality.

ToEOREM 2. Let f(uy- * *un) be L-integrable over X. We write
gvi- - va) = S .- -jez""‘”‘““""'”"""’f(ul' “Un) dus - - dn,
X
and assume that glv,- « -v,) is L-integrable over X. Then, there exists

ZyHEy Xptity
lim oﬁ.élt_”j S Fe - ) dity -+ + it )

410, .. %1-4 Xn—¥n
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Proof. Instead of (1), we use the formula

.1 (% sin2nto -
hm_s . g2 Um0 g
-z

zso T

z H - r4 H —_F —
_ lim{S sin 2 7v(x + ¢ — %) dv~S sin 2 nv(x—¢ — %)
-z -z

] A do) =Fw) (D

2>

(boundedly convergent)

By the assumption, the integral

: © Yyl Sin2 ntavs s iz,
j‘—z j-znl;Il{-ﬁzﬁn'thv/; ¢ }g(”‘ Un)dvi - dvn.

exists and equals

1 ... 1 (... . lei_nZmeh—xmvh Ce
—Z‘—tl— 2 tn&\’ jhl;ll { - S‘—z Un e dvh}f(uy. un)dul dun

by Fubini’s theorem. Letting z—» » and using the Lebesque dominated con-

vergence theorem, we obtain

1 1 x,+Ey Xn+itn
*2—{; A Ttu-’x,—t, b 'Sx“_tnf(ul‘ ° '%n)dlﬁ‘ « < dun
(7 o (7 [ SIR2atah ) i e mom o, .
= S_m j_wh:l{ % nihon }e g(v vn)dv, dvn

by (7). By the same manner as in Theorem 1, we can prove the theorem, and
if f(a1+ + *us) is continuous at (#- * -%,), then (6) is equal to f(x;* * *%,). It
should be noted that g(v,- - -v,) is always continuous in X by the Lebesque
domominated convergence theorem.

Finally we add the Poisson summation formula as an application of Theorem
1. Let f(x;- - - %) be continuous and L-integrable over X and

2 R Ef(xl+k1"'xn+kn)

k1= =~ kpn=—®

be uniformly convergent in £. We put

a(ml. o .m”) . g PR S e2“i(7n1t1+...+mntn)f‘(t1, . 'tn) dtl‘ . 'dtn

© £

and assume that >, -+ 3} |a(my: - +my)]

my=—eo mp=—o

is convergent. Then
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DV s XD fime crma) = 2 -0 20 a(mye - omy)
my=—c0 mp=—x myp=-—0 mp=-—o
To prove this, let
Flx %)= > "'kE FiCTR TR PR AN
ky=—o n=—x

Since

alm- - - M)

0 ® ky+1 Rn+1 . fmk &
E .« .. X’ g “ .. Sk e“"("u( 1=k + e tmalla- n))f(tl' . ‘tn)dtl‘ s o din
n

ki=— kp=-—0 =

1l

o ©

I
M

S e Se“"""“"”“‘“"“""’f(xl+kl- < %n+ kn)dXyc c c dkn
E

k= —® kn=—o

[ (ermiommeommpie . pan - - dx,
E .

it follows from the assumption and Theorem 1 that

© 0

F(xl. . .x”) —_ 2 ... 2 a(ml. . .mn)e-z RE(M Xy + oo + MipXn)

my=—20 mpy=—x0

il

2 .. Z_ .\~ Y. S— ezni(ml(tl—x,pr...+m,.(t7.—xn))f(tl_ . 'tn)dh‘ R 'dt”

©
my=— 0 mnp

©

I
K]
1M
8
M

-
[ (7 g gyt ) -,

whence follows the result by putting %=+ - - =%, =0.
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