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1. Introduction

Every Riemannian manifold has a unique affine connection without torsion,

which is necessarily invariant by any isometrical transformation of the manifold.

However, an affine transformation (i.e., transformation leaving invariant the

affine connection) is not necessarily an isometrical transformation. (Consider,

for example, the ordinary Euclidean space).

Let us denote by M an ^-dimensional Riemannian manifold and by KM)

(resp. A(M)) the group of all isometrical (resp. affine) transformations of M.

Then, in general, KM) is a closed subgroup of A(M). Yano [2] proved that,

if M is compact, then the connected component of the unit of A(M) is con-

tained in KM). Nomizu [1] obtained also some results concerning the relation

between A(M) and KM). The purpose of the present paper is to prove the

following theorem:υ

THEOREM. If M is an irreducible and complete Riemannian manifold, then

A(M) is equal to KM), except the case M is the 1-dimensional Euclidean space.

2. Reduction of the problem

Let ds2 be the Riemannian metric on M, which we are considering. If we

denote by <p*(ds2) the metric induced by an affine transformation ψ, then we

have the following lemma: [1]

LEMMA. If M is irreducible, then φ*(ds2) = c2 ds2, where c is a positive con-

stant.

Therefore we have only to show that the constant c is equal to 1. The

Received March 21, 1955.
* This theorem has been proved independently by T. Nagano for the connected com-

ponent of A{M), using the theory of infinitesimal affine transformations and Killing vector
fields (not yet published). J. Hano has also proved a similar result which generalizes
the theorem of Yano (see his paper in this journal).
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proof will be divided into two cases:

(1) ψ has no fixed point.

(2) φ has a fixed point.

3. The first case

Suppose that an affine transformation φ of M has no fixed point and that

the constant c is different from 1. Clearly the inverse transformation of ψ has

no fixed point hence we may assume that the constant c is less than 1. Take

an arbitrary point x in M and a geodesic g joining x and ψ(x). Then ψk(g)

is a geodesic joining φk(x) and ψk+1(x). If d is the length of the geodesic gy

then the length of the geodesic ψk(g) is ckd. Therefore the points φk(x), 0*=

k< oo, form a Cauchy sequence. Since M is complete, this sequence converges

to a point #*. Then it is easy to see that the point x* is left fixed by ψ. Now

we have proved that, if an affine transformation ψ of an irreducible and

complete Riemannian ?nanifold M has no fixed point, then it is an isometry.

This result is true even for the 1-dimensional Euclidean space.

4. The second case

Suppose that an affine transformation has a fixed point x and that the con-

stant c is different from 1. We may assume again c < l .

Let γ be a piecewise differentiate closed curve in M starting from x. Since

c<l, the sequence of curves ψk{γ) converges to the point x. Furthermore the

first derivatives (for the values of parameter for which the curves are differen-

tiate) of curves ψk(r) tend to zero, because the curves ψk{γ) are shortened

uniformly when k tends to the infinity. Let hk be the element of the homoge-

neous holonomy group associated to the closed curve ψk(γ) it is an orthogonal

transformation of the tangent space Tx to M at x. Then hk tends to the identity

transformation when k tends to the infinity.

Let δψ be the linear transformation of Tx induced by ψ. Since ψ is an

affine transformation we haye

By induction we obtain
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Let Pk be the characteristic polynomial of the transformation δφ~khk δφk,

which is equal to the characteristic polynomial of hk- As hk tends to the identity

transformaton, the Pk tends to the following polynomial:

where λ is the variable of the polynomial and n is the dimension of M. Since

the characteristic polynomial of ho is equal to all the polynomials Pk, it must

be (1 — λ)n. Hence ho is the identity transformation of the tangent space Tx.

Now we have proved that, for any closed curve γ starting from x, the element

of the homogeneous holonomy group associated to γ is the identity transforma-

tion.

Hence M is locally Euclidean (in the sense of differential geometry). As

M is complete and irreducible, it must be the 1-dimensional torus or the 1-di-

mensional Euclidean space. If it is the 1-dimensional torus, then it is easy to

see that A(M) =I(M). This completes the proof of the theorem.
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