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ON THE UPPER AND LOWER CLASS
FOR GAUSSIAN PROCESSES
WITH SEVERAL PARAMETERS

TAKAYUKI KAWADA

1. In the study on Hélder-continuity of Brownian motion, A.N.Kol-
mogorov introduced the concept of upper and lower classes and presented
a criterion with the integral form to test whether some function belongs to
upper or lower class; the so-called Kolmogorov’s test (I.Petrovesky [10]).
P.Lévy considered the upper and lower class with regard to the uniform
continuity of Brownian motion. We shall recall the definition of the upper
and lower classes. We shall call ¢(¢) a function belonging to the upper
class with regard to the uniform continuity of Brownian motion x(¢) if there
exists a positive number ¢(w) such that, for almost all w,

[t — ¢t < e(w) implies
(1. 1) lo(t) — =) < [t —¢"|V2- (11t — t']).

On the otherhand, we shall call ¢(¢#) a function belonging to the
lower class with regard to the uniform continuity of Brownian motion x(t)
if, for almost all w and for any positive number 4, there exist a pair (¢,¢')
such that [t —¢#'| <6 and (1. 1) does not hold.®

P.Lévy showed that the function

o(¢) = ¢+ (2log #)/2

belongs to the upper class if ¢ >1 and to the lower class if ¢ <1 (P. Lévy
[8]). Further, K.L.Chung, P.Erdés and T.Sirao [3] proved that a continuous,
non-negative and non-decreasing function ¢(¢#) belongs to upper or lower
class according as the integral
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*> It turns out that every continuous positive and non-decreasing function belongs to
either upper class or lower class.
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{"e ) + exp(— L g(t))dt

is convergent or divergent. T.Sirao [11] extended these results to the case
of Brownian motion with several parameters of P.Lévy (P.Lévy [9]).
Recently T.Sirao and H.Watanabe [12] have studied Hélder-continuity of a
class of Gaussian processes and obtained a similar criterion of upper and
lower classes. Their result is an extension of Yu.K. Belayev [1] in some
sense.

In this paper we shall try to extend the result of T.Sirao and H.Wata-
nabe [12] to the Gaussian processes with several parameters:
Consider the Gaussian processes {#(A,w); A € D} such that

E{s(4) =0,
. 2) E{a(A)- a(B)) = 5 1d*0, 4) + d*0, B) — d*(4, B},

where

D={A=(a, a, * v 4 € R, la| £1, i=1,2, «+++, N

.o,a
N
0<a=1l, d4,B)=3}(a—b) and 0=(0, - - -, 0).

The right-hand side of (1.2) becomes a positive definite kernel (R.
Gangolli [6]). From (1. 2) we have
(1. 3) E{(2(A) — 2(B))*} = d*(A, B)

and this condition implies the continuity of almost all sample paths (X.
Fernique [5], R.M.Dudley [4]). We define, after P.Lévy and T.Sirao, the
upper and lower class for the above Gaussian processes. Set

(4, B) = E{(x(A) — =(B))*}.
If there exists a positive number e(w) such that, for almost all w, d(4, B) < e(w)
implies
(1. 4) [2(A4) — x(B)| = o(A, B)- ¢(1/d(A, B)),

then ¢(#) is called the function belonging to upper class with regard to the
uniform continuity of this process.

On the otherhand if, for almost all w and for any positive number 4,
there exists a pair (4, B) such that d(A4,B) <4 and (1. 4) does not hold, then
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¢(t) is defined as the function belonging to lower class with regard to the
uniform continuity of the process. Denoting the upper and lower classes
with regard to uniform continuity as U* and L* respectively, we have;

THEOREM. Let ¢(¢) be a positive, continuous and non-decreasing function of
t € [e,0). Set

AN,
(1. 5) K[z]=2 * .exp(—x?2)
and
(L. 6 Itg) = [" 71 Klo(t)dt.
Then otyeU* if Ip<o
and o(t) e L* if  I(p)= 0.

As the consequence, we have the following:

CoRroOLLARY. If we set for any positive number e,
0,(t,e) = {ZN log ¢ + (% + 14 (—1)". 5) -log log t}»l/z, i=1, 2,
then ot e) € L%, ¢,(t,e) € U* and ¢,(¢,0) € L*.

If we set for any positive number ¢ and for any integer n =3,

?j(t, 5) =
4N . ces 1) v
{2N log ¢ + (-2 + 1) log t+2(log ¢+ - «+log _p+(2+(~1) e)log(”t)} ,

then ot e) e LY, o,t,e) € U* and ¢4t,0) s L*.

The contents of the paper are as follows; In section 2, we shall show
that it is enough to prove the theorem only for some restricted class of
functions, which have, roughly speaking, the same order with (log )2
The first half of section 3 is devoted to define the sequence of events and
to order them with a numbering. This device is convenient throughout
the proof, in particular, in referring Borel-Cantelli lemma and K.L.Chung-
P.Erdés lemma. In the second half of section 3, Lemma 2 is stated, which
is the key lemma in the proof of the theorem. Since many other lemmas



112 TAKAYUKI KAWADA

are necessary for the proof of Lemma 2, it is postponed in section 5. The
proof of theorem will be completed in section 4.

The author is greatly indebted to Professors T. Sirao and H. Watanabe
who proposed the problem with several suggestions and communicated their
result [12].

2. Let F be the class of functions:

F={f@t); filt)= f(t) < f(t), for t =e}

where fit) = «{ZN log ¢t + (% — 2) log(z)t}l/2
and falt) = {2N log ¢t + (—401% + 2) log(z)t}l/ ‘.

A computation shows that
(2. 1) If)=o0 and I(f,)<o.
Then we have
Lemma 1. The theorem holds under the gemeral situation if it is valid only

Jor f(t)e F, i.e. it suffices to prove it only for f(¢t) € F.

Proof. For a function ¢(t) cited in theorem, set

@(2) = (o(t) V f1() A fol2)®.
We see easily that ¢(¢) € F.

Case 1: I(p) <. For any monotone increasing sequence {¢,} it holds
for all sufficiently large m

(2. 2) O(tm) > fi(tnm).

In fact, if there exists a monotone increasing sequence {f,} such that for
any m  9(t,) < fi(tn), it yields a contradiction as follows. Set

t, = min{t; o(t) = (éi—\’_ — 1)1’2},

tn= (2, V €).
Evaluate the integral

Sc YKot

* gV b=max(a,b), d\b=min/(a,d)
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which is not greater than I(p). Since K[x] is monotone decreasing for

1 .
= (% — 1) 2 , we have by the assumption that

1(9)= -1 (7 — ). KLf,(t)]

N
LgAN
;71\,_(21\1)2( ) -<1—%)-(logt,,)1/2—+oo, n— o

which contradicts the assumption, I(¢) < . Hence, for large ¢, we obtain
(2. 2), which implies

(2. 3) ¢(t) = 9(2).

Moreover, we have
(2. 4) I(¢) < oo,

Really, separating the domain of integration of I($) into two parts; {¢; ¢<<f,}
and {¢; o= f,}, it holds

1(¢) = I(9) + 1(/f2),

where both in the right-hand side are finite. Therefore, from (2. 3) we can
conclude ¢(¢) € U* if we can show that (2. 4) implies ¢(¢) € U™

Case 2: I(p) =, In this case I(¢) = co., Actually, if there exists a
monotone increasing sequence {¢,} for which ¢(¢,) < f,(t,) holds for all
sufficiently large », the fact I(¢)— co is similarly shown as well as in the
Case 1. On the other hand, if f,(¢) <o(t) for large ¢, then we have
#(t) = o(t).  Using the monotone property of the function K[z] for
xg(—%i—lyﬂ, we evaluate by Lemma 5 (a) below

1(g) = r 1Y Klg(1)1dt

= (", v Klondt

/0

Itg)— | vt Klo(t)at

=OO.

Thus we have I(¢) = co in either case. In the sequel it suffices to prove
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that ¢(¢) € L* implies ¢(¢) € L*. The assumption ¢(¢) € L* implies that for
almost all w and every positive ¢, a pair (4,B) can be found such that
d(A,B) <e, and

(2. 5) [#(A, w) — x(B,w)| > a(A, B) - $(1/d(4, B))

happens. On the other hand, since I(f,) <o and f,(t)e F, we know
fo(#) € U* in view of the assumption of Lemma 1. This means that for
almost all w, there exists e,(w) >0 such that if d(4, B) < ¢,(w), then

(2. 6) [2(A4, w) — 2(B, w)| = o(A, B)- f,(1/d(A, B)).
From (2. 5) and (2. 6) we obtain that for d(A,, B,) <e(w) for all large » it
holds
¢(1/d(Aqn, Br)) < f5(1/d(An, B,)).
Relying on the definition of ¢(¢) we have for d(A, B) < ¢(w)
¢(1/d(Aqn, B,)) = 9(1/d(Ax, Ba)),
which implies o(t) e L*.

3.  We define the point-sets as follows, which are really the set of
partition-point of D. Using these point-sets, the sequence of events will be
defined. Several evaluations for upper and lower classes will be developed
by these terms.

Let p take integers; p —[e3e]" =1,2,3, +« -+ -« . Set the point-sets
for each p:

B® =(B; B=(kf2")e D, k=1, -+-+£2°, i=1,2 +++, N}

LP={L; L=(l,/2"), 1;=0,+1,£2, +++. i=1,2 +++, N}

A”={A; A=B+LeD, Be€B®, LeL®, 1/3v,<d(A,B)<1/v,},

Q(p‘d) ={Q> Q= (m(id)'e—dc/2p)’ m(l.‘i)z()’ +1, .- "iedcy i=1,2, ---, N},

d = 1’ 2’ oo,

where v, = 27/p/* and ¢ denotes some large number which makes ¢° an
integer (c.f. Lemma 9 below) and (a,) denotes {(a,a, - - -, a,).

Acp.d) — {A'; A=A + Q I= D, Ae A(p)’ Q = Q(p,d)}’
B@®® = {B'; B =B+Qe D, Be B(p)’ Qe Q(p,d)}’

*) [«] indicates the integral part of z.
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XPA) ={X; X=(5), (ki + 1, — 12’ <2, < (k;+ I, —1)/27,
A= (k+ 1,/27) € A7),
YPB)={Y; Y =(y), (k, —1))2" <y, < (k; +1)/2°, B = (k;/2") € BP}.

For a function ¢(¢), define the sequence of function {i,(¢)} by

= 2N-c STy g = .
1(d)(€°)(t) - So(t) + ?(t) = (1/2 ) ’ d - 1’ 2’ ’

_ 2N-¢’ ' os o
Ae(9)(2) = o(t) + o)’ ¢ =2%c/(2* —1).

Further, we define the three types of events by
(1) for P A® and Q € B®’
E(P,Q) = {w; x(P,w)— x(Q,w) > o(P,Q) - 9(1/d(P,Q))},
(2) for P=A+Q,€ A®*® and Q = B+ Q, € B®?®
FO(P,Q) = {w; x(P,w)— 2(Q,w) > o(P,Q) - 2a-n (9)(1/d(4, B))},

(3) for A=B+Le A® and Be B®

E(A,B) = {wéer)f}g{(m(f(l’, w) — 2(Q, w))[o(P, Q) = A)(9)(1/d(A, B))}.
QY »(B)

For the collection of events; &= {E[P,Q); P A?, Qe B?, P=Q+ L,

Le L™}, we shall order as follows where & is defined: If E, = E(P,Q)c &

where P = (k, + 1,/2°) € A?, Q = (k/2")e B and if E,=EP,Q',)e &

where P’ = (k} + 1}/27) € A®", Q' = (k}/2®) € B*", then n <m holds if and

only if

(@ »<p
or

(b) W<y when p=p’
or

() k<ki (i=N) when p=, II=Il] and k=F; (=1, - - -,i~1)
or

(d) 1;<l; (1< N) when p=29, [I'll=11ll, k; =k, for all {
and I,=1)(j=1,2 -, i—1),
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where ||/|l denotes (il%)w.

Also we give the same numbering for event in & = {E(A,B); A€ A,
BeB®, A= B+ L, for all p}, i.e. when E, = E(A, B), then E, = E(A, B).
Under these preparations Lemma 2 can be stated as follows;

LeMma 2.
[2.1] If I(@)<oo, then 3 P(E,)< oo,

[2.21 If I(p)= oo, then g}lP(E,,)= .

[2. 3] For each n, im p(u,,u,) =0,

where ui = (x(Ay) — 2(By))/a(Ax, By
Jor A.=P, B,=Q, respectively if E, = E(P,Q) € &, and 0(un,u,) denotes the
correlation-coefficient between u, and u.,.

[2. 41 There exist two absolute constants k, and k, with the following property:

to each E; there corresponds a finite set of events E;={Ej,, Ej3, * * *, Ejyjp HEjE &)
such that

s(4)
(3. 1) 31 P(E;NEy) < b+ P(E)

and if E, is not in E; (k> j), then

3. 2) P(E; N E)) <k,-P(E,) - P(E,).

4. (Proof of theorem). In view of Lemma 1 and symmetric property
of the process {#(A,w); A< D} it is enough to prove only for ¢(¢) € F and
for the events defined in 3.

Case 1: I(p)<o. From Lemma 2, [2,1] and by Borel-Cantelli lem-
ma, for almost all w there exists the number n,(w), namely p,(w) such that
for any p > py(w), E(A,B)(Ae€ A®, Be B™) can not occur. Set

pi() =po) V(6/N 1+ D)V ([ +2/N | +1).

Take any points A and B satisfying the relation

4. 1) d(A, B) < (p}'*(w) — 2/N )[2n(®)
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B S

alog2 +2/N

Then, since (x¥¢ —2/N )/2° is monotone decreasing for z >

there exists a integer p(= p,) such that
(. 2) ((p + 1) — 2/N )[27* < d(4, B) < (p'* — 2/N )/2°
holds. For this p, choose points A’ € A” and B’ € B'” satisfying the fol-
lowing both conditions;
4. 3) d(A,B)<dA’,B),

{d(A, A") + d(B, B")} z}?éiﬂ,,,{d(A’X) + d(B,Y)}.

YeBw» .

Then it holds clearly that

d(A,A")</N |2* and d(B,B’)</N [2".
Hence by (4. 2) we have

130, < d(A’, B') 1/v,.

Since this implies E(A’,B’)€ &, we can see that the event E(A’, B’) belongs
to €. We have, therefore, because of (4. 1) and (4. 3)

2(A, W) — 2(B,W) < a(A, B) - 4(@)(1/d(A’, B')).
Since Aw(9)(v,) is monotone decreasing for p >10c¢’/log2, we obtain by
(4. 3)
#(A, W) — 2(B, W) = o(4, B)i=(9) (1/d(A4, B)),
which for (4. 1) implies

2N-c¢’ w

In order to assure that ¢(¢) itself belongs to U¥, we set

10Nc”
o(t) °

Then a computation show that I(p) < eV .[(p). Accordingly I(y) < o
holds under the condition I(p) < co.

n(t) = ¢(t) —

This implies from the above argument that

ZNC’ u
t e U".
7(t) + )
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Since for large ¢

2N¢’
7(t)

we have ¢(t) € U*.  This completes the proof of theorem in the case
I(p) < oco.

n(t) + = o(t),

Case 2: I(¢) = . First of all we shall show that for elements of

&3 Eny Ensyy ** *y Ensin-ny(m=n=h) it holds for large m,
.9 P(EWEWN =+ 0 Ennn) > 5+ P(En),

where Ej denotes the complement of E, and P(E,/C) the conditional proba-
bility of E, under the condition C. Corresponding to E,(=E(A,B)) and
E(=EP,Q)( =h, -+, n), we define their subsets E% and E, by

E7 = {w; a(A, B) - 9(1/d(4, B)) < 2(A, w) — 2(B, w) < 20(A, B) - 9(1/d(4, B))},
and
E, = {w; (P,w) — 2(Q,w) € B}, l=h, -+, n,
where B, is any bounded Borel set. If we set e¢(m) by
P(EXE, N -+ - N E,) =1+ ¢(m) - P(E}),

then ¢(m) is a function of o(u;, u,), ({ =h, + « +,n) and of (A4, B)- ¢(1/d(A, B)).
Then we obtain from Lemma 2, [2,3]

e(m)—> 0 as mlax o(uy,ythy) —>0
(T. Sirao [11]). Therefore, we have for large m,
(. 5) P(EXEn 0 -+ + 0 E,) > P(E}).
On the otherhand, we see easily

4. 6) P(E,)<2P(E})

for all large m. Further, if we denote the event that x, + a is positive
by E,(a), it is clear that

P(E,(a))—>1 as a—> o,
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Choosing, therefore, a; , for each pair of positive integers # and = (h <n)
such that

PN (BN Ea) Z PN EDJ2,
we have
.7 P(ELJE{ N «++ 0 E)Z=P(El N (E{ 0 Ean)i2.

Therefore taking E, = E} N E;(@n,), (I =h, +++, n) in (4. 5), it yields (4. 4)
(T. Sirao [11]). (4. 4) together with Lemma 2, [2. 2] and Lemma 2, [2. 4]
implies that

P(E, occur infinitely often) =1,

(K.L.Chung and P.Erdés [2]), which implies ¢(¢) € L*. This establishes the
proof of theorem in the Case 2, I(p) = oo.

5. (Proof of Lemma 2.) This section is devoted to prove Lemma 2.
In the first place Lemma 2, [2. 1] is verified after several preparations. In
the second place Lemma 2, [2. 2], [2.3] and [2. 4] will be proved, which
were required to refer K.L.Chung-P.Erdés lemma for the proof of lower
class.

Following Lemma 3 will be cited so often from now on, but we shall
omit the proof, because it is easy.

LemmA 3.
(a) For x=1,

1
2%

exp (—x?2) < S: exp (— ¢¥2)dt < 1? exp (—x?/2).

(b) At = =e, logx/x attains its maximum and for x > e it is monotone decrea-
sing.

(c) logwyx/logx attains its maximum at x = e° and monotone decreasing for x > e°.
(d) For sufficiently large = (e.g. x=e%*) and for 0 <a <1,
(a+log 2)(log x/x) <1
LemMa 4. For ¢(t) € F, it yields,

(a) For t>e,
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(2Nlog t)!"? < ¢(t) < ¢, - (2N log t)'12,
_ 4 2\ 1 '
where Cl—{1+(*‘;+w>’—2—e—} .
(b)  For sufficiently large p(e.g. p > é€'*),
o(v,) >1 and  ¢(3v,) > 1.

(c) For the same p in (b),

Cop = 9%vy) = p-{ci2Nlog 2},
C P =9 Bv) = ¢ p

= 9N - - 3
where o ‘2N log 2 {1 Flog 36 },
and c3=cf‘-2Nlog2-<1+ﬁ§337 .

Proof. (a). Since ¢(¢) € F implies that

4 2 10 t 12
e, 2 4 ), 108
(2Nlog 2) {1 a N> 2log ¢ } = ¢lt

< (2N-logt)'- {1 + (% + _jgv—) ' %}l/z’

we obtain (a) due to Lemma 3, (c).
(b). From Lemma 4, (a) it is sufficient to choose so large p that

v,>e, le.

plogZ—-—l‘!—logp>1.

Since from Lemma 3, (b) we have

P“’gz{l““l%g%‘ aligz}'>f"‘l°g2{1‘W}

for p > e€!!® > e, we obtains (b). The latter of (b) could be checked simi-
larly.
(c). From the above results (a) and (b), we have for p> e,

2N log v, < ¢%(v,) < 22N log v,.

If we set ¢, as cited above, we find (c). The latter part of (c) is similarly
derived.
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Lemma 5. For ¢(t) € F we have;

(a) For sufficiently large t (e.g. t = e*'*), K[o(t)] ts monotone decreasing in t.
(b) For p>2-é°la, K[p(v,)] is monotone decreasing in p and so does K[9(3v,)].

Progf. (a). Since K[z] is monotone decreasing for x;(—‘lal—-l)m,

it suffices to find ¢ such that go(t)g(%~l>l/2.

By Lemma 4, (a) we can find it as follows;

2Nlogt%iN—%ﬂ——l, l.e. = e2®
44 a
(b). In view of the above (a), it is enough to choose p such that

1jv, = e?'*, i.e.

. Jy—dogp 1 1>
- log 2 {1 o alog2 }=2/a.

Using the same argument as well as in the proof of Lemma 4, (b), we
have (b) for p=2-¢**/a. The remaining part is obtained similarly.

LemMma 6. For E, = E(A,B) e &, we have
exp{— L o%U/d(4, B} /22 - 01/d(A, B) < p(E.) <
<exp {— L o4, B)} /y2z - 01/d(4, B) .

Proof. It is evident from Lemma 4, (b), Lemma 3, (a) and from the
fact;

Yoz +P(E,) = S“’ exp (— t2/2)dt.
¢(1/d(A, B))

LemMa 7. If I(p) < oo, then we have

31 P(E,) < oo

1

Proof. Set the number corresponding to p, = [2¢%'*/a]l+ 1 by n,.
It is enough to check only the following;
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5 P(E)=, 31 P(E(A,B)

n=ng A, B EZE
for p=py
1 o D\N , (m1I%\N _ 1 .
<o S22V (0 - exp| = L ¢(1/d(4, B} / 9(1]d(4, B).

By Lemma 5, (b) and Lemma 4, (c)

o

3 P(En) S ¢ 33 0™+ (0= 0, )p2e exp (— % ¢2(vp)) / P(v,)

n=ny P=DPy

=c oWl f‘. Sv" vy T K[p(v,)]dt
Vp-1

P=Do

20 vp
< oN-l.g. NI ) S N1 K [o(t)]dt
Up-1

P=py

N 1/%) -1
where € = 737 {1 — % pp—01> } .
0

As a consequence, we obtain
P(E,) 277, cpvie- {7 vt Klo(t)]dt
p0~1

=28 e g I(9),

which completes the proof of Lemma 7.
The above Lemma 7 plays an essential role to prove Lemma 2, [2. 1].

LemMA 8. For any pair of poinis (A, B), where A€ A?®, B& B?® and
A—B=L+Q,+Q, LeL?, Q, Q, Q®®, if we choose properly a pair
(A’, B") such that A’ € A% and B '€ B?*V, and A — B =L+Q,+ Q}
Q] and Q; € Q™*™), we have

— N — IZVV, 1/a pld=1d¢ ¢
5. 1) oy ') =1 (1+a){3,/N /w/l A2 e I,
where u = 2(A) — x(B), u’ = x(A") — 2(B’) and p=[12/N e's]+ 1.
Proof. Choose A’ and B’ as follows: If i-th coordinate of point A4 is
not smaller than -tk coordinate of point B, that is, if &k, + [, + m{Pe =

k;+nPe?°, then we choose the point A’ € A?% " whose i-th coordinate is
greater than i-th coordinate of A and has the minimum distance, i.e.
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A" = (k41 4misP - e7409)[27), for which
(5. 2) mg.‘fo‘ne-(d—l)c > m(id)e—dc ,
MV« gD g Dpmde 2 g1y | p=(d=1)C _ (@) pdc
for any A = (k1 + md™- D) 27) & AP,

Further choose the point B’ € B®4 v whose i-th coordinate is smaller
than i-th coordinate of B and has the minimum distance, i.e.

BI — {(kt + n(ido—l) . e—(d—l)t)/2p}
for which
NETD L gD < @ pmde
(5. 3) n(id) cemde — n(ido—l) . ome-De n(id) . e—dc — n(id—l) . e—(d-—l)c
for any B = {(kz + n(id—l) . e—(d—l)c)/zp} = B(p»d—l)'
In the other case, i.e. if i-th coordinate of A is smaller than that of
B, then choose the points A" and B’ whose coordinates satisfy the reversed

inequality respected to (5. 2) and (5. 3), respectively. For points chosen as

above, we see

d(A,A") </N e °[2", d(B,B’) < /N e |2,
(5. 4)

d(A,B)<d(A’,B) and d(A,B)<d(A,B).

Then we have

> (2-d%(A, B) — d*(4, A') — d*(B, B')}
= 2{d*(4,B)- d*(A'B)|'"

; 1-— (1 + a)ma’

o(u, u

where m = d(A, A")|d(A,B) V d(B, B')|d(A, B).

In order to estimate m, it requires to evaluate d(A4, B):

N
(2)2 - d(4, Bt = 3 {1 +(m — nP)ee}?
N
~ 2. 2 li(m%d) _ n(id))e—dc
> (3. 1——=

). .
(1)
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N 2{% (m(id)__ n(id))ze—ch}IIZ
g(gl%)-{l— = }

r= (2 12)112

=1

N —
;(;m-{l - %&J’L}

. (331

1,10 4/N_
3(7P’>(1"1—$).

Tp

From this and (5. 4) we have Lemma 8.
In the following Lemma 9, notation A?® and B®® are used for the
fixed points A and B in their definition, respectively.

LemMa 9. For some fixed points A and B

P( U F“(PQ)=CP(E(A B)

PEA(p' d)
Qe B(P, )

where p =[12Ne¥!*]1 + 1 and c;5 is an absolute constant.

Proof. We shall prove by induction on d. By de Morgan’s law, we

see

(5. 5) P( U FOPQ))=P( U F9YX,Y))+
Peg® D xe P d-D
Qe B(P,d) Ye B(P, d-1)

> PCn F'@=(X,Y) n F(P, Q).
PeA®D  xe P d-D

Qe B» 3 ye B(P.d—l)
Set s=1/d(A,B). For the case d =1 we can estimate as follows: For
Pe A®D and Q € B®»Y, we have by Lemma 4, (b) and Lemma 3

PUFD (P, @) = = (919) + 2™ exp{— L (gts) + 2P Y
e?Ne 1

1
Jon " #(s) exp{— - ¢*(s)}
< 2e"*N°P(E(A, B)).

IA

Since the number of all combinations of P& A®Y and Q@ € B®D does
not exceed (2¢°)¥ x (2¢°)¥, we obtains
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(5. 6) P( U F®PQ)=2-4"P(E(A, B). )
Pe D
Q=B
Next we consider the second term in (5.5). If we choose the pair
(P, Qy)y Py A®4-D, Q,& B®d-1 a5 in Lemma 8 corresponding to each
pair (P,Q), P A®®, Q € B»®, which satisfy (5.1), then we can see that

N {F'@-DX,Y)NFOP, Q) F'@=1(Py, Q) N F (P, Q)
XGA(p’dhl)
Y EB(p’d_l)

since the set {(X,Y); X & A®d-1 Y & B®d-D} contains (P,Q,). Hence in
order to evaluate second term in (5. 5), it suffices to evaluate the probability
of the right-hand side above:

’ = Ad-n—pt? -
PUE@-D(P,Q) 0 FOP,Q) = =7 plw= 292200 oFay,

where we write Agy briefly instead of 2(¢)(1/d(4, B)) for fixed A and B,
and W (and V below) are mutually independent random variables of
standard normal distribution. Since the last integral is monotone decreas-
ing in p (T. Sirao [11]) and by replacing o by p, which is set by the
right-hand side in (5. 1), we find
P(F'@=1(Py, QN FD(P,Q)) = P(V > ¢(s)) - P(W = —(1—0§)'** + 2+
+ {(L — p3)712- oy 2Ne]p(s)2+@-D })

where s =1/d(A, B).
Further, for p=12/N -e¢** we estimate using (5. 1)

(1 — P32 2t

oy (i Y ool o 2 )

< O/ @) {(1= 22) v ecomnon]™ ey (o logaye 42N

i

s (say).

edla

g(ﬁN(Ha))l/z.{cl(leogZ)lmrT%%}/(l— )

In view of (5.1) and Lemma 4, (c) we can estimate similarly;
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ONe(1—0g)71 12+ 0,/204=D « p(s) == ¢, + (€/7[2)*(@ D,

where
2Nc (14+a) 1 \1H
= . 1— .
= 6/N (1) ¢, - (2N 1og2)'® {1 ‘/1_ I -e3’¢}< el
e3la

As a consequence we have
P(F'@-D(Py, Q)N F@(P,Q)) = P(V = ¢(s))  P(W = —¢; + cs(e/2[2)24=D).

In order to apply Lemma 3, (a) to the above, it is required to set ¢
such that

—cg + cy(ec2[2)e@-1 > 1,

But for this it is enough to take ¢ such that

¢ > {2 log(1+ ﬁf* ) + log2} + 1

where ¢ and ¢} are constants dependent on ¢, and ¢;, respectively. Choose
c

such ¢ and set ¢ by Cg = C7 — W'

Then we obtain

P (F'@=1(Py,Q,) N F(P,Q))

< P(E(4, B) - (2ler)od~D - exp (— 5 (L)) /.,

< c,e~*9Ne. P(E(A, B)),
where ¢, =20.[,!/c2h+1 and [, = [4Nc/alog(ev?/2)] + 1.
Since the number of all combinations of P€ A®® and Q € B®% does

not exceed (2¢%)2N, we have

(5. 7) 2. PO n F'@-D(X,Y)N FO(P,Q)) < 27 - cye—2Nc. P(E(A, B)).
PeaPD  xeq®d-D
Qe B(P. ) Ye B(T’- a-1)

By (5.5), (5.6) and (5.7) we have

P( U F@(P,Q)=<2N+c, P(E(A,B))-( 3 e-2)
Pes?® 7=0
Qe gD
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Thus it completes the proof if we set a constant ¢; by ¢; = 28N+1. ¢y/(1—e~2N°)
in statement of Lemma 9.

Lemma 2, [2. 1] follows from these preparations.

Proof of Lemma 2, [2.1]. Continuity of the Gaussian process implies
that for A€ A® and Be B®, A= B+ L(L € L®)

8

E(A,B) c

| C
c38

{ U F9PQ).
h=1d=h p_ (p.d)

Qe B(p’ d)
Hence

P(E(A,B)<ImP( U F@(PQ)

dooo P AP d)
Qe B(P, a)

= ;P(E(4, B)).
Let the pair (4, B) runs over A® and B®, and corresponds the num-

béring of E(A,B) or E(A,B) to each pair (4,B). Then from the assump-
tion of Lemma 2, [2. 1] and Lemma 7 we have

8

1P(E,.) < oo,

n

which proved the lemma.

Proof of Lemma 2, [2.2]. We use the similar estimates as employed in
Lemma 7. Set the number corresponding to P, = [2¢¥/*/a]+ 1 by n,. For
proof it is enough to show that if I(¢) = oo, then i‘,P(E,.) = o, Relying

on Lemma 3 and Lemma 5, (b), we underestimate PO(E,,) as follows:

2 P(E,) = 2 P(E(AB))

n=mny E(A,Beg
for p=po
1 d 1 N 1 /
P N PN(_= pl/a —_ 1 2
== 2N+x '/27! P=Z1Jo{2 (3 P > exp( 2 go(svp)) So(gvp)}
1 ad -
= e {807 (Bupes — 30,) (pUefs)

vexp (- 92(30,)) / ¢ (3v,,)}

C—ZN/G ©o Sg
7
2N+ 32N /o v=p,

v

(30,7 K[9(3v,)1dt

3v,
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=2 it (5 (5)) - B0 ektaar.

Thus we obtain
£ E0= e (L ()Y o= (Rt

which verifies Lemma 2, [2. 2].

Proof of Lemma 2, [2.3]. We recognize easily that it is sufficient to
prove only for the subsequence {m;} such that o(«,, #m,)=0. Using the
inequality (¢4 8)*=<a*+ 6% 0<a =<1, a>0, b>0) (Hardy-Littlewood-Pélya
[71), we have

(5' 8) 0 é p(”n’ umk) g d(Amk9 Bmk)a/zld(AnJ Bn)l/z — 09 my —> 0

which, for each », implies Lemma 2, [2. 3].
The following lemmas are prepared to refer in the proof of Lemma 2,
[2. 4. For the function ¢(¢#) and each E;, we define E; by

EJ = {Ena p(uj9 un) % 1/{97(31) ¢ 50(315)}; n > ]}9
where s, denotes 1/d(A;, B;) corresponding to u; = (x(Ay) — ®(By))/o(Aw By).
Then we have

LEMMA 10. E; is a finite set for each j.
Proof. From (5. 8), we find
1/{9%(s5) « 9%(sa)} = 0¥ u;, up) = d*(Ay, B,)/d*(4;, By).

By Lemma 4, (c), the above becomes as follows in terms of p and p’
corresponding to E; and E,, respectively;

(e300 < 0%(uy, un) =< {3v,/2p°}%,
le.

'
(cipp) =3 (-B-) [0,
This yields
P'=p+cyplogp,
where ¢y = 2log 2 + {log (c23%)/a(log 2)2}.

This assures the lemma.
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By Lemma 10, we can write down for each j
E;={E;;, Ess, + -+, Ejssy}, 7i>J.

Lemma 11 (K.L.Chung, P.Erdés and T.Sirao [3]). Let U and V be two
random variables whose joint distribution is a two-dimensional Gaussian distribution
and each of them is subjected to one-dimensional standard Gaussian distribution.
Then,

(a) If o(U,V) <1lab, there exists a positive absolute constant d, such that
PU>a, V>b=dPU>a-PV>b).
(b)  There exists two positive absolute constants d, and & such that for any a >0,
PU>a V>a=<d, exp{— 31— o%U, V)a2)} - PU > a).

For the proof of (3. 1) in Lemma 2, [2. 4] it is convenient to separate

©w
o

0
P(E; N E;) = 2wP(E; N Ey) + XoP(E; N Eyy),

1=1

-
I

where 3} and 3}, denote summation over i satisfying

112 12
o(ug, uy;) > (1 - 7]‘];: and  p(u;,u;,) < <l — ﬁ) ,

respectively. For each summation we evaluate the summand and the number
appearing in the sum.
LemMma 12, There exists an absolule constant cy, such that
ZwP(E; N Ej) < ¢y - P(EY).

Proof. First we estimate P(E;NE;). From the definition of I, we
find a positive integer k£ such that k<yp and

(l _ %)112 < olu, uﬁ) < (1 _ _(k_;“_l)*y/z '

Hence, by Lemma 11, (b) and Lemma 4, (c) we obtained
P(E; N Ej;) = dyexp {— 8(ci2Nlog 2)p - (k — 1)/p} - P(E))
= ¢z exp {—d(ci2N log 2) - k} - P (Ey),

where ;= dy - exp {6(c32Nlog 2)}.
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Next we estimate the number of summand in 3.
If we apply (5. 8) to the present case, we have

6. 9) (1= %) -d"4,B) = d"4', B) < d"(4, B),

where pairs of points (4,B) and (A4’, B’) correspond to E; and E;;, respect-

ively. Further using (5. 9) to estimate the denominator of po(u;, u;), we have
(1—25)a(4,B) = (4, B) ~ (B, B,

(5. 10)

(1 - 2ch> -d*(A,B) = d*(A', B) — d*(A, A").

Thus the number in 3, does not exceed the number of point 4" and B’
which are contained in the region determined by (5. 9) and (5.10). A
computation shows that this region has volume V smaller than {2(4k)!2/27}.
On the other hand, p’ is estimated by p’<p + [,, where [, is an absolute
constant integer. In fact, if we set /,, n, and m, by [, = 4V n,Vm, where
n, = min{n; 2(1 — (3/16)*) — Y2 =n-3%/2"°} and m, = max {n; n-+2=2"*+/3°},
respectively. If we consider (5. 9) in term of p and p’, we see that n, and
m, are minimum integers to break inequalities in (5. 10). Since the above
argument permits us to overestimate the number in Y as

V/(1[2r+10)¥ < (2ho+1. 41/s)NENIa

we have
SP(E; N Ey) < (2t - 41e) P(E)) - 31V exp {—a(c12N log 2},

which completes the proof if we set ¢,; by the coefficient of P(E;) in the
right-hand side.

LemMmA 13.  There exists an absolute constant c¢’,, such that
Z(Z)P(Ej n Eji) =c'y 'P(Ej)-

Proof. TFirst we estimate the summand and next the number in Y.
Since we have s; > s;, for ji > j (sy = 1/d(Aw By), it holds by Lemma 4, (c)
and Lemma 11, (b)

P(E; N E;) < Plu; > o(s)), uj > o(s;))
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= dyexp {— o1 — o%uy, uz;)« 9(s;)} « P(u; > ¢(s;))
=< d,exp (— dc/p ) P(E)).
Set
Ip=mg N ny V2,
mp = min{l; 2(e + ¢;) > e-2'},
w5 = min{l; log (1fey,) < o(L - 1)} )
For (A, B) corresponding to E; and (A’, B') corresponding to Ej;, if we have
inequality, d(A’,B) or d(A,B’)= (p%/*)/2”, then p(u;, u;) does not satisfy

the condition of E;. This implies that for all E; € E,;,, d(A’,B) and

d(A, B') < (p*/a)/2?. Since A’ and B’ are contained in a cube with volume
(2p%/27)¥, the number # of such points A’ or B’ is dominated as

§ < (2p"0/*/27)[(1/2p ¥
§2N . pN(lf.’?_-i-cwlogz)
Thus we have estimate of X);

4 —
SwP(E; N Ej) = dg22vp?™ (5-101982) exp (— aca/p ) - P(E)),
j J

which verifies the lemma if we set ¢'y; by

c'u=(-c)”- M2 and M= {N( l‘f + ¢y0log 2)} + 1.

Proof of Lemma 2, [2.4]. If we set k =c¢y V 'y, it yields (3. 1).
From Lemma 11, (a) we find for E, & E;, (k> j),

P(u; > o(sy), wr> o(se)) < d-Plu; > ¢(s;)) - P(ur > 9(5x)),

since o(uy, u) < 1/{9(s;) - o(s)}. This implies (3. 2).
We established the proof of theorem completely.
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