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MASAYUKI ITO

Dedicated to Professor Makoto Ohtsuka on the
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§ 1. Let X be a locally compact and <7-compact abelian group and
X be the dual group of X`\ We denote by ξ a fixed Haar measure on
X and by ξ the Haar measure on X associated with ξ. It is well-known
that (see, for example, [1]):

(A) For a sub-Markov convolution semi-group (at)t%0 on X, there
exists a uniquely determined negative definite function ψ o n l such that

(1.1) άt(x) = e x p ( - t ψ ( x ) ) for a n y x e X (t^ 0) ,

where άt denotes the Fourier transform of at.
(B) For a negative definite function ψ on X, there exists a uniquely

determined sub-Markov convolution semi-group (at)tzo on X satisfying (1.1).
In this case, -ψ is called the negative definite function associated

with (at)t^0.
There is an interesting characterization of the transience of sub-

Markov convolution semi-groups.

THEOREM. Let (at)t^0 be a sub-Markov convolution semi-group on X
and ψ be the negative definite function associated with (at)t^0. Then (at)t^Q

is transient if and only if Re (1/ψ) is locally ξ-summable, where Re (1/ψ)
denotes the real part of 1/ψ.

The "only if" part is easily seen (see, for example, [1]). But it is
known only to show the "if" part by probabilistic methods (see [3]).

The purpose of this note is to give a simple and non-probabilistic
proof of the "if" part.
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1) We denote by -f the product of X and that of
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§2. We denote by:

CK(X) the usual topological vector space of all real-valued continuous

functions on X with compact support;

M(X) the topological vector space of all real Radon measures on X

with the vague (weak*) topology;

MK(X) the subspace of M(X) constituted by real Radon measures on

X with compact support;

CiiX)i M+(X) and Mχ(X) their subsets of all non-negative elements.

A family (at)t^0 in M+(X) is called a convolution semi-group on X

if a0 = the unit measure ε at the origin 0, at*as = at+s for all 11> 0, 5 >̂ 0

and the mapping R+ a t -> at e M+(X) is continuous, where R+ denotes

the totality of non-negative numbers.

It is said to be transient if atdt e M+(X), which results from
Jo

iat < oo for all fe C+

K{X). Put

N = Γ αtdt .
Jo

We call it the Hunt convolution kernel on X defined by (at)t7>0.

A sub-Markov (resp. Markov) convolution semi-group (at)t^0 on X is,

by definition, a convolution semi-group on X which satisfies \dat ^ 1

ίresp. \dat = l) for all t ^ 0. In this case, we see that, for any 0 < p

eR+, (exp(— pt)at)t^0 is a transient sub-Markov convolution semi-group

on X. Put

Np = exp (-pt)atdt (p > 0)
Jo

(Np)p>0 is called the resolvent defined by (at)t^0, and it satisfies the re-

solvent equation:

Np - Nq = (q - p)Np*Nq for all p > 0 and q > 0 .

LEMMA 1. Let (at)t^0 be a sub-Markov convolution semi-group on X

and let (Np)p>0 be the resolvent defined by (at)t^0. Then, for any p^q`>

0, Np < Nq, that is, for any f,ge Ci(X) and any a e R+, Np*f <: Nq*g + a

on supp (/) implies that the same inequality holds on X, where supp (/)

denotes the support of f.

It is well-known that Np < Np (the complete maximum principle of Np)
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(see, for example, [1]). This and the resolvent equation show that Np < Nq.

LEMMA 2. Let (at)t^0 and (Np)p>0 be the same as in Lemma 1. //

there exist p > 0 and η e M+(X) such that Np*η is defined in M+(X), η ^

pNp*η in X and η Φ pNp*η, then (at)t^0 is transient.

Proof. We write inductively (pNPY = pNp and (pNp)
n = (pNp)

n-^(pNp)

(n = 2, 3, . •). Then, for any integer n ;> 1,

/ n

Since η — pNv*η e M+ (X) and η — pNp*η Φ 0, J]n=i (pNp)
n converges

vaguely. We see easily that

which shows Lemma 2.

LEMMA 3. Let (at)t^0 be a Markov convolution semi-group on X and

assume that the closed subgroup generated by Uί^o supp (at) is equal to

X. If (at)t^Q is not transient, then X is generated by some compact neigh-

borhood of the origin.

Proof. Let V be a compact neighborhood of the origin and let Xv

denote the closed subgroup generated by V. We denote by at>v the

restriction of at to Xv. Then we see easily that (at>v)t^0 is a sub-Markov

convolution semi-group on Xv and that (at)t^Q is transient if and only if,

for any compact neighborhood V of the origin, (at)V)t^0 is transient. Hence

there exists a compact neighborhood Vo of the origin such that (at,vQ)t^o

is not transient, that is, (cettVo)t^0 is a Markov convolution semi-group on

XVQ. Consequently at = atfVo for all t ^ 0. This implies that X = XVo.

Thus Lemma 3 is shown.

LEMMA 4 (see, for example, [1], p. 156). Let (at)t>0 be a transient sub-
Λoo

Markov convolution semi-group on X. Put N = atdt. Then N satisfies
JO

the equilibrium principle, that is, for any relatively compact open set ω in

X, there exists T e M£(X) such that supp (ΐ) C ω, N*T = ξ in ω and N*ϊ

<ξ in X.

Here supp (Γ) denotes also the support of ϊ. We say that ϊ is an

JV-equilibrium measure of ω.



156 MASAYUKI ITO

LEMMA 5. Let (at)t^0 and N be the same as in Lemma 4, ω a relatively

compact open set in X, ϊ an N-equίlίhrium measure of ω. Then, for any

σ e M+(X) with \ dσ <̂  1, any aeR+ and any fe C£(X) with supp (/) c ω,

iV*(αr)*(ε - σ)*/(0) ^ 0 .

Here we denote by / the function defined by f(x) = /(—x) for all x e X.

In fact, this follows from

N*(aT)*(ε - σ)*f(0) = aiifdξ - ffdN*r*σ) ^ a(l -\dσ)\fdξ^0.

There exists a very useful result concerning the convolution equation:

LEMMA 6 (see [2]). Let σeM+(X) with \ dσ = 1 and let μeM(X).

Assume that μ is shift-bounded, that is, for any fe CK{X), μ*f is bounded

on X. If μ*σ = μ, then every point x in the closed subgroup generated by

supp (σ) is a period of μ, that is μ = μ*εx, where εx denotes the unit measure

at x.

LEMMA 7. Let (at)t^0 and (Np)p>0 be the same as in Lemma 1.

U«Ξ>O supp (at) is non-compact, then limp_0pNp = 02).

Proof Since p dNp <L 1, (pNp)p>0 is vaguely bounded. Let λ be an

arbitrary vaguely accumulation point of (pNp)p>Q as p —• 0. Then

\ dλ <; 1. Choose a net (PιNv)iQI with pt -> 0 such that lim ί 6 Ip tNP i = λ.

Then, for any 0 </? e R+, the resolvent equation and p dNp ^ 1 give

λ*(pNt) = lim (ptN^ipN,) = lim (Pi(NPi - Np) + Pi2NPi*Np) = λ .
iei

If p dNp < 1, this and \ dλ ^ 1 give λ — 0. Assume that p diV̂ , = 1.

Then the above lemma shows that for any x e U^o supp (at) = supp (pNp),

λ = λ*εx. Since \ dλ ^ 1 and Ue^o supp (at) is non-compact, we have λ = 0.

Thus we obtain that lim^^opiV^ = 0.

In the case that U«̂ o supp (at) is compact, the similar argument shows

that lim^o pNp exists and it is equal to 0 or a Haar measure on the

compact subgroup generated by Uί^o supp (at).

2) For a net (μOίei c M(X) and μ e M(X), we write liniie j μ% = μ if (μύίei converges
vaguely to μ along /.
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For a real Radon measure μ on X, we denote by μ the real Radon

measure on X defined by fdμ = fdμ.

LEMMA 8. Let (at)t>o and fflp)P>o be the same as above and let (ap)p>0

be a family of positive numbers such that (apNp*Np)p>0 is vaguely bounded.

Assume that the closed subgroup generated by {Jt^0 supp (at) is equal to

X. Take a vaguely accumulation point η of (apNp*Np)p>0 as p -• 0 and a

net (Pi)zei of positive numbers with A -» 0 and lim ίG7 ap.NPi*NPi = η. If,

for any q > 0, lim,e/ ap.NPί*Nq = 0, then η = 0 or -η is proportional to ξ.

Proof. Since NP.*NP. is of positive type, for any fe CK(X),

(aPiNPi*NPiφf)iel

is uniformly bounded. Let 0 < q e R+. Since q dNq <£ 1, we have

lim aPtq
2NPi*ftPt*Nq*Nq*f*f(x) = (fη*Nq*Nqφf(x)

ΪS /

for all / e CK{X) and xeX, which implies that

lim af
i€l

On the other hand, we have, by our assumption,

lim aptq`NPi*NPt*Nq*ftq = lim aPi(NPi - Nq)*(NPi - Nq) = v .
ίei iei

Thus we have

η = q2η*Nq*Nq .

Assume that η Φ 0. Since η is of positive type, η is shift-bounded. Hence

q2 dNq*Nq = 1. Evidently supp (Nq) = U^oSupp(^) and supp (Nq) is a

closed semi-group. Hence supp (Nq*Nq) = X, and Lemma 6 gives η = cξ

with some constant c > 0. Thus Lemma 8 is shown.

§ 3. A complex valued continuous function ψ(jc) on X is, by definition,

negative definite if ψ(6) ^ 0 , ψ(—x) = ψ(x) and for any integer m ^ 1,

any (xj)f=ι C X and any (Pj)f=1 c C with Σ j l i pj = 0,

m m

Σ Σ Ψ(*J - Λ,)^* ^ o.

Here 0 denotes the origin of X and C denotes the totality of complex

numbers.
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Remark 9 (see, for example, [1]). Let ψ be a negative definite func-

tion on X. Then we have:

(1) Re ψ is also negative definite.

(2) Re ψ(x) ^ ψ(0) for all xeX, that is, Re ψ(x) ^ 0. So we can write

ψ(x) = |ψ(*)| exp (iff*) with |ffj| ^ τr/2.

(3) Let α e R+ with 0 < α £ 1 and put

(x) \" exp ( W if Ψ(A) =£ 0

θ if ψ(x) = 0 '

where θ$ = argψ`(jc) with | ^ | ^ ττ/2. Then ψΛ is negative definite.

Evidently we have the following

Remark 10. Let (at)t^0 and ψ be a sub-Markov convolution semi-group

on X and the negative definite function associated with (at)tzo. Then we

have:

(1) ψ(6) - 0 if and only if ί dat = 1 for all ί ^ 0.

(2) p(l — piVp) converges uniformly to ψ on any compact set as

p —> oo, where (Np)p>0 is the resolvent defined by (α f)^ 0

Consequently, if ψ(6) ^ 0, then (at)t^0 is always transient. We remark

here that Np(x) = l/(p +

§4. In this paragraph, we shall show the "if" part of Theorem.

PROPOSITION 11. Let (at)t^0 and ψ be a sub-Markov convolution semi-

group on X and the negative definite function associated with (αt)£^0 If

Re (l/'ψ )̀ is locally ξ-summable, then (at)t^Q is transient.

Proof. Evidently we may assume that (at)t^0 is a Markov convolution

semi-group, that is, ψ(5) = 0. Furthermore, we may assume also that

the closed subgroup generated by ( J ^ o supp (at) is equal to X (see, [1],

p. 105). For any 0 <pe R+, we put ψp(x) = p(l - pNp(x)) on X. Then

ψp(x) = pψ(x)l(p + f(x)), so that Re (l/ψp) is locally f-summable. Fur-

thermore, we remark that (at)tzo is transient if and only if Σ~=i (pNp)
n

converges vaguely.

Consequently, we may assume that ψ(x) = 1 — σ(x) on X, where σ e

M+(X) with ί d σ = 1 and supp((j) - supp(σ) = X3K Then \ψ(x)\ £ 2 and

-ψ(jc) Φ 0 if x # 0.

3) For a subsets A,B of Z, A—B={x-y; xeA, y e B}.
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Assume that (at)t>o is not transient. Then X is non-compact, and

Lemma 3 shows that X is generated by a certain compact neighborhood

of the origin. Hence we may assume that X = Rn x Zm x F, where n, m

are integers ^>0, R is the additive group of real numbers, Z is the

additive group of integers and where F is a compact abelian group (see,

for example, [4], p. 109). Let ξF be the normalised Haar measure on F.

By considering the canonical projection of at*ξF on Rn X Zm for all t >̂ 0,

we may assume that X = Rn x Z m . Then X = i?n x 77771, where Γm is

the m-dimensional torus.

Assume that τι >̂ 1. First we shall show that Re (l/ψ)| is temperate.

Since ]ψ(ί))^> a\xf in a certain neighborhood of 0 with some constant

a > 0, there exists an integer m ^ 1 such that (1/| ψ ]2)1/m is locally |-

summable. Here |x| denotes the distance between x and 0 in Rn x T m .

Let (αίfm)££o be the Markov convolution semi-group on X satisfying at>m

= exp(-ίψ 1 / m ) for all ί ^ 0 and let (Np>m)p>0 be the resolvent defined by

(fft,m)ί£o Since, for any p > 0,

(Np>m*NPfm)p>0 is vaguely bounded. This implies that (αrί>TO)ίS0 is transient.
αf mdt. Then ΛΓ0 .̂ Λ̂/'o m is defined and

0 '

l/mA

Since (Re ψ)ι/m is bounded, (Re ψ/|ψ|2)1/mf is temperate. Consequently,

(Re ψ/| ψ̀  | 2 ) ! = Re (l/ψ)| is temperate. Since, for any p > 0.

on X ,

we see that for any fe C?(X), ((K^i> + -ZVp) — PN^Np)φ<f(0))p>0 is bounded.

Here Cj(X) denotes the totality of functions / € CK(X) such that for any
y e Zm, the function f(x, y) of x is infinitely differentiable on i ? \

Assume that n = 0. Then X is compact. Hence, similarly as above,
we see that for any fe CK{X), (d(Np + Np) — pNp*Np)φf(G))p>0 is bounded.

Thus, in general, there exists f0 e C^(X) with f0φ0 such that

((iW> + Np) - pNp*Np)*fo*f0(O))p>o is bounded. Furthermore, (pNp*Np)p>0

is not vaguely bounded. Hence (pNp*Np*fo*fo(O))p>o is not bounded. Put
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ap = (llpNp*Np*fo*fo(O))(p > 0). Since appNp*Np is of positive type,

(appNp*Np)p>0 is vaguely bounded. We choose a decreasing sequence

(pfc)Γ=i such that lim^Pt = 0, (aPkpkNPk*NPk)k=1 converges vaguely and

that (αPΛ)^=1 converges decreasingly to 0 as k \ oo (Remark that X — Rn

X Zm). Put η = lim*.^ aPkpkNPk*NPk. Since f^fQdη = 1, Lemma 6 shows

that η = cξ with some constant c > 0. Since

is bounded, we have also

Pk;
We may assume that (aPkNPk)k=zί converges vaguely. Put λ = limft^M aPkN

then lim^o aPkNPk = λ Hence Λ ̂  0. By Lemma 1, we see easily that

for any 0 < p e R+, Np < λ and λ < λ. This implies that λ is shift-bounded

and Λ :> pλ*Np for all jp > 0. By Lemma 2, we have λ = pλ*Np for all

p > 0. This and Lemma 6 show that Λ is proportional to f, which implies

/I = cf. Thus l i m , ^ aPkNPk = lim .̂̂ ^ aPkNPk = cf. We choose a relatively

compact open set ω in X such that ω ~D supp (/0*/0) Let ΓPifc be an iVp-

equilibrium measure of ω and put vk = (llaPk)TPk (k = 1, 2, •)• Then

(yfc)^=1 is vaguely bounded, and hence we may assume that it converges

vaguely. Put v = l i m , ^ vk. Then dv = 1/c, that is, v Φ 0. Let 0 < p

eR+. Then the resolvent equation and Lemma 7 give

VPjfc*iVPJb*(e - (p - pk)Np)*vk = l i m p ^ * ^ ^ ^ = 0 .
k-* oo fc-»oo

Lemma 5 gives

2ΫM*(e - (p - pk)Np)*vk*fa*Uθ) ^ 0

provided with p ^ /?j.. Hence, by putting

A = sup (i(Nq + ΛQ - qNq*Nqhf0*fM ,

we have, for p >̂ pfc,

(έW» + Λ U -ΛΛΓp**iVpt))*(e - (p - pk)Np)*vk*f0*f0(0)

^ 2A sup ώ A ,
l^fc<oo J

because (i(NPk + NPk) - pkNPk*NPk)*f0*f0 is of positive type. Letting k

oo, we obtain that
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Np*v*fo*f0(O) ^ 4A j u p J dvk .

This implies that ί i*fo*fodNPk\ is bounded, which contradicts

lim aP](NPk = c$ and lim aPk = 0 .

Thus we see that (at)t^0 is transient. This completes the proof.
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