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MODULAR FORMS OF DEGREE n AND REPRESENTATION

BY QUADRATIC FORMS II

YOSHIYUKI KITAOKA

Let S(m), T{n) be positive definite integral matrices and suppose that
T is represented by S over each p-adic integer ring Zp. We proved
arithmetically in [3] that T is represented by S over Z provided that m
> 2n + 3 and the minimum of T is sufficiently large. This guarantees the
existence of at least one representation but does not give any asymptotic
formula for the number of representations. To get an asymptotic formula
we must employ analytic methods. As a generating function of the numbers
of representations we consider the theta function

Θ(Z)= Σ exp(2πiσ(S[G].Z)),
β M ( Z )

where Z(n> = X+ iY = Z\ I m Z = F > 0, and σ denotes the trace. Put
N(S, T) = #{GeMm,n(Z)|S[G] = T); then we have

Θ{Z) = Σ N(S, 2>xp (2πiσ(TZ)) .

Θ(Z) is a modular form of degree n and we decompose Θ(Z) as Θ{Z) = E(Z)
+ g(Z), where E(Z) is the SiegeΓs weighted sum of theta functions for
quadratic forms in the genus of S. Put

E(Z) = Σ a(T) exv(2πίσ(TZ)),

g(Z) = Σ b(T)exv(2πίσ(TZ)).

Then α(Γ), T > 0, is given by

(̂2m-«+D/4nf[Γ((m - Jfe^-^SI-^IΓI^-""1^2 Π ocp(T, S),
Jfc=0 p

and it is easy to see that the constant term of g(Z) vanishes at every
cusp. Now it may be expected that
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N(S, T) = a{T) + b(T)

gives an asymptotic formula. In fact, for n = 1, this is the case if n > 5,
and m = 4 with some restrictions on Γ. (For τι > 2, see [4, 9]). To get an
asymptotic formula, it is sufficient to prove

( i ) &(T)|ϊT(TO-n-1)/2 tends to zero,
(ii) Y[ap(T,S) > fc(S)(>0) for every T if T is locally represented

by S.
In the former part of this paper we prove (i) for n = 2. More pre-

cisely, we prove the following:
Let g(Z) = Σ b(T)exp(2πiσ(TZ)) be a modular form of degree 2, weight

β( e \Z) with level such that the constant term of g(Z) vanishes at every
cusp. Then we have, if k > 3

b(T) = O(m(Γ)(3-fc)/2| T\k-*/2) for T > 0 ,

if m(T)(= the minimum of Γ) is sufficiently large.
We use the generalization of the Farey dissection due to Siegel. But

his method is rather rude for our aim. It was effective for T close to
scalar matrices [9, 13]. Hence we improve it although it is technical. It
may be regarded as an establishment of a generalization of quite standard
applications of the circle method. In the latter part we prove (ii) in case
of m > 2n + 3, which is the best possible condition so that (ii) holds.
Combining with the former analytic result, we have an asymptotic formula
of N(S9 T) for n = 2, m > 7. Finally, we discuss some questions.

1.1. We denote by Z, R, and C the ring of rational integers, the field
of real numbers, and the field of complex numbers. For a ring A, Mm> n(A)
is the set of m X n matrices with entries in A. If XeMm}7l(A), then X'
is the transposed matrix. If XeMm,m(C), then σ(X) is the trace, and for
YeMmtn(C) we put X[Y] = Y'XY.

For a positive definite matrix P e Mm> m(R) we put m(P) = min P[a],

_1 Q1) and we put

Γ<"> = {XeM2n,2n(Z)\Jn[X] = Jn},

#(»> = {Z = X + iY\X, Ye Mn>n{R), Z' = Z, ImZ = Y > 0}.

For a natural number q, we put

Γ?\q) = [M = ( £ ^ ) e Γ< > IC = 0 mod q] .
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Γ(n) acts discontinuously on H(n) by the mappings Z->M(Z) = (AZ + B)

(CZ + D)-\ M=(^ ζ\. We denote by ^ w the fundamental domain

Γ^\H(n) described in [11] and in Theorem on p. 169 in [6]. If Z = X +

iYe^F(n\ then there exists a positive number λn such that m(Y) > λn.
A complex valued function f(Z) on H(n) is called a modular form of

degree n, level q and weight k if
( i ) f(Z) is an analytic function on H{n\

(ii) for every M =

(f\M)(Z) = f(M(Z))\CZ + D\~k = υ(M)f(Z),

v(M) being the multiplicator corresponding to M with |^(M)| = 1, and

(iii) for every M = (Q rλe Γ(n\ (f\M)(Z) has a Fourier expansion of

the form

(f\M)(Z) = Σ

where q(M) is a natural number dependent on M.
If a(M, 0) in the condition (iii) vanishes for every MeΓ(n\ then we

say that the constant term of f(Z) vanishes at every cusp.

1.2. We give examples of modular forms which are important in this
paper.

Let SeMmtm(Z) be a positive definite matrix whose diagonal entries
are even. Let q be a natural number such that qS'1 e Mm>m(Z) and its
diagonal entries are even. We put

θf(Z\ X,Y)= Σ exp(πΐσ(S[G - Y] Z) + 2τriσ(G/X) - πίσ(XΎ)),
GZ

where ZeH™, X, YeMm,n(C).

Then βf(Z; 0,0) satisfies the conditions (i), (ii) for k = /re/2 ([1]). For
M = ( c Z)) € ^<K) ^ k |C| ^ 0 it is easy to see, by using Lemma 2 in [1],

\CZ + D\-m'Ψ^(M{Z}; 0, 0) = Σ
ί7i€Jfm,n(Z)
Gimod2|C|

.|S|-^vrrΐ-™^2-m'ι|C|m/2-m'!^'121(4-1|Ci-2(CZ + D)C; - 2'1\C\-1G1, 0),
and
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It is known (p. 205 in [6]) that every MeΓίn) can be written as i l ί ^

( c Z>)(-1 ¥)> \c\^°^eMn>n(Z). Combining the above formula with

I - Z + S|-Λ/Wi(16|C|2 |S|2(- Z + S)-W];09(- 8|C|2|S|)-W)

= V r^m n / 2.4-m"|S|-m n + n / 2 |C|-m n-mίin )(- (lβlCflSI2)-^- Z+ S)[C-1];

(-8|C|2 |S|)-W,0),

it is easy to see that θf\Z, 0, 0) satisfies the condition (iii) and the constant
term of θt\Z, 0, 0) depends only on the genus of S, and hence the constant
term of θf\Z, 0, 0) - θfl(Z, 0, 0) vanishes at every cusp if S1 belongs to
the genus of S.

1.3. LEMMA. Let f(Z) = T] a(T)exp(2πiσ(TZ)) converge absolutely
TGMn,n(Z)

on H(n\ and assume a(T) = 0 if rk Γ < v (0 < v < n). If Y=lmZ runs
over a fixed Siegel domain © with m(Y) > s ( > 0), Z/ιeτι we have, for some

f(Z) = O(exp(-

where Yv is the upper left v X v submatrix of Y.

Proof Let v ^ h -^ n and put

Σ

If Ye©, m(Y)> ε, then there exists ε' > 0 such that Y > ε'ln, and then
as p.p. 184 — 185 in [6] we have

a(h) < ΛΓJ 2 exp(— πσ(TY)),

where κx and κ2, occurring hereafter are positive numbers depending
only on ε, © and f(Z). Decompose T as

T = ( T ξ §[U], \Z\ΦO, Ue GL(n, Z),

and here we assume that Tγ is any fixed representative of equivalence

n Λ ) [ ^ ] is another decomposition, then we have TΊ = T2

and UV-1 = (Z^ ψ\ Tt[W^ = T,. Hence we have

*. Σ Σ
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where {TJ means that Tί runs over representatives in some Siegel domain

of equivalence classes of positive definite integral matrices, and F runs

over the set {FeMn h{Z)\primitive}. Let tu • • , th be diagonal entries of

(tι • \Tt. Then we have Tλ ̂  , and the class number of positive de-

finite integral matrices of determinant | Γ, | is O(\ Tt |
α) for some a > 0. Hence

α* < id Σ («. -k)aΣ expί- κJ[ ' " | Y[F]\)

< Ki Σ Σ exp ( - κ,a Iί X • ) Y[F])\ < κ6 Σ exp(-

<κ6 Σ Σ
i G

Σ
G

where G runs over the set {G = fe,) e AfΛ A(Z)|Σ5-i5?y ^ 0 iff i = ίk for

(y* \
k = 1, ,p}. If we put 7 - (yo), y« = yt, then Y ̂  implies

\ v I

Σ exp(- «5α(Y[G])) < Σ e x p ( - «7 έ

= {[( Σ exp(- *τyti Σ g\)) < Π (Σ (2V£ + l)ftexp(- K , ^ ) )

Λloσ(Yp)) <

Q.E.D.

1.4. Put Γ(w)(oo) = {(A ®\ eΓ(n)\C = o) and let Nq be representa-

tives of the right cosets of Γ[n) modulo jΓ(ίI)(oo), i.e.,

Π(n) __ ( j Γ(n)(QQ\]\J 7\Γ — "f
i — V̂  ) -L \\-*->jί.yq , * *0 — *-2TC

We can normalize Nq, q > 1, as follows: Putting iVQ =

where | d | =̂ 0, ί/e GL(n, Z).

If we put U= (F(n>h\ *), then the coset Γw(oo)Nqj q > 1, corresponds

bijectively to Cϊ1D1 e the set of rational symmetric matrices of degree ft
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and FGL(h, Z), l<h<n. (p. 160 and p. 166 in [6]).
Let ^(n) be a fundamental domain Γw\H(n) in 1.1 and put

= U i^m[U] + S) (Ue GL(n, Z), S = S> e Mn,π{Z)),

and 9q = iV~1<^(w)> .

If X + /Ye^(n), then m(Y)>Λw for some positive constant λn. We intro-
duce the "dissection" due to Siegel. Let Tw be a positive definite matrix
and put

E* = {X+ iT-*\X = (xtJ), 0 < Xij = xH < 1} C iϊ< >,

Dq = E* Π SPβ, JS* = flί-(AU

and Eg

Then we have {X = (x^)|0 < x€i = x;ί < 1} = U?=o^ (finite and disjoint).
If m(T) is sufficiently large, then Do is empty. When Nq, q>l, cor-
responds to fi<*>, F<n^GL(h,Z), we put E(F, B) = £Jρ.

1.5. Hereafter we confine ourselves to the case of n — 2.
Let /(Z) = Σi a(T)exp(2πiσ(TZ)) be a modular form of degree 2,

half-integral

some level and weight k( e \Z) and assume that the constant term of f(Z)
vanishes at every cusp. Our aim is to prove

THEOREM. If T{2) is positive definite and m(T) is sufficiently large,
then we have

a(T) = O(m(Ty*-k»2\ T\k~*/2) for k > 3 .

We prove this in 1.5 and 1.6. By definition of a modular form, we
have \a(T)\ = \a(T[U])\ for every UeGL(2,Z). Hence we may assume
that

Then we have T ^ ( 1 A and m(T) ^ tt. Moreover we assume that tx is
sufficiently large. We fix such a T and use the dissection for T in 1.4 in
this and the next section. Since tx is sufficiently large, we have Do = φ.
By using the dissection for T, we have
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a(T) = exp(4τr) ί f(X+ iT'^expi- 2πiσ(TX))dX
J X mod 1

= exp(4τr) f] ί /(Z + iΓ" ι)βJφ(- 2πiσ{TX))dX,
q = lJEq

where dZ = dx.dx.dx,, X = (Xl **).
\x2 x3j

Here Eq is empty for sufficiently large q. From the definition of
(f\M)(Z) in the condition (ii) follows that

and the number of functions /|M, MeΓ™, up to the constant multiples
with the absolute value = 1, is finite. Hence from Lemma follows that

where κu κ2 are positive constants independent of q, since Nq(X + iΓ"!>
6 S?(2), and hence /n(ImiVQ<X+ iϊ7"1)) > λ,.

We put

cc(F, R)=[ || C(Z + ίT-1) + D\\~k exp(- /f2m(I
J E(F,R)

where iV, = M = (fj fy corresponds to R, F. It is clear that |α(Γ)| <

( 4 ) 2 ] ( ί 7 R )
Suppose rk F = 2. Then we can take 12 as F, and as in [13] we have,

for k > 3,

fc-3/2

1.6. Let Nq = M = (£ ^Y g > 1, and assume |C| = 0. Then we

may assume (C, Z>) = Λ1 n)u'> (n iW'Ί* cι > °> U e GL(2, Z). Then
we have

o

where Γ->[t71 = (£ j ) , r = cf'd,, Z[[7] = (^ * ) , q' = oΓ^g, + r)

p u t p-
rut r - 0 OΓ'IΓΓVLVO l
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Suppose m(P) > λ2. Then we show that |Wi,i| < A:5 where U={uU3)

and yc5 is a positive absolute constant, and that if m(P) = P , ! , then b2 Φ 0.

Since 3m(P)2/4 < \P\ for a positive definite matrix P of degree 2, we have

Put JP = (£Λ = the first column of U. Then T % ί*1 A implies

a, = T-*[F] > K^Ϊ1 ^[F] = Λ ^ Γ 1 / 2 + *f7ϊ) and \T\ > κ&U .

Hence 33/4 < a^\T\-χ implies

33/4 < κ;*<KΨι + tfft-Wtt1 < tc^Hj^fί*

if fx φ 0, and then |/i| < Λ:5 since ^/ί2 < 4/3. Next we assume that m(P)

= pΠΠ = d'^αx + ar1^2)"1. Then m(P) > λ2 implies cfX^ + af 1^)" 1 > ί2.Π
On the other hand 3m(P)2/4 < \P\ implies

and then ^\ax + αf 1 ^"74 < OT'IΓI" 1 .

Hence we have 3^/4 < αf1!?7!"1 < ^VX^Γ1/2 + f V D ' V t 1 . T h i s y i e l d s

4/C3-
1Λ:4-

1^73 > txt2{tlιfl + t^fϊ) > U or ί,. This is a contradiction if ^ (
is sufficiently large.

Since

we have

«(F, r) - cf* f (fe + rf + αj)-^exp(- Λ;2m(P(gi + r,

where F is the first column of U as above.
I f ft1 QΛ fi1

 Λ ^ J e £ ( F ' ^ [ ^ ^ (^ € Z), then rc = 0 follows. Since
dX = dq^q^dq^ we have

Σ α(F, r0) < cr* Σ ί ((9i + r + nf + aft'"*
ro=rmodl neZ J E(F, r + n)

X exp(-/s;2m(P(q'1 + r + n, qi)))dqιdqsdqi
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where S = {to, q39 q<) e 2?2 X [0,1)| ^ ~£ ~ n ^ J ^ [ t f " 1 ] e £(F, r + ή)

for some /rc, nez\. Note that if to, qZ9 g4), to, tf3 + n, q4) eS9 (ne Z), then

n = 0, and that for to, g3, g4) e S we have m(P(qu qj) > i2.

For a natural number 62, we denote by S(b2) the set

[to, ^3, qd 6 S\m(P(qu qj) = P ^ , 9β)[6J for some ^ e Z j .

Then we have S = UΓ2=iS(62) and

Σ
ro=rmodl

«(F, r0) < crfc Σ f
δ 2 = l J « S

where 6t is an integer such that m{P{qu qj) = P t o , #3)1 A1 I &i depends on

ft, ft. Since P[^j - (α, + af 1 ^- 1 ^- 1 ^- 1 + ar^ft - g3)
2 + ^ I Γ I - ^

and 6χ is an integer such that |c1~
16162~

1 + α f ^ f t — ft| < (2c162)"1. Hence

for fixed ft, #4 we have

f expf-zcPfa, ίjίί'Ddg,

< cA f expί-zc^o, + αΓ^- &Jgϊ + flί1!
J IQ3I < ( 2 c i δ 2 ) - 1

< cA \ exp(-*2((α, + a^q^blql + a?\T\->bt))dq

= cA expi-^ar'l T^bί) V ™2-
1/Va1 + a^qlb;1

< ciκϊwJ~ϊai\T\bϊWΊϊϊWάl + q\.

Thus we have

Σ αr(F, Γ,) < c}-V2-
3/V7|Γ| Σ δίV^ f (α? + φ^

< ic,^-*|Γ|fl^-* < K&XΦΪΨI + W

Therefore we have

Σ α(F, r)< Λ9 Σ cl'%t2 Σ (ίΓ1^ + ίΓ'/J)"2-*
ί7,̂  ci=l (/i,/a)=l

l/ll<*5

< *M%-*» + $-*» Σ l/2|
5-2fc) < «iA«-8/1

/2#0

<Λr12rn(77)5/2-Λ |77 |&-3/2 if A > 3 .

Combining the estimate in 1.5, we complete the proof.
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Remark. A result in [4] suggests that there is room for improvement
of the SiegeΓs method of the estimate of ][]Λ a(l2, E) in 1.5.

2 In this part we study local densities of quadratic forms. It is
necessary to show that the expected main term of the representation
numbers of quadratic forms is the real one. Terminology and notation
are generally those from [7].

2.1. Let p be an odd prime.

LEMMA 1. Let M, N be quadratic spaces over Z/(p) and dim M = m
> 2, dim N = n < m, and assume that M is regular and that there is an
isometry from N to M. Decompose N as N = No _]_ rad N and put t = dim
No, ε = ((-iym-t)/2dN0dMlp) (Legendre symbol), ifm = t mod 2, where we
put dN0 = 1 if No = {0}. Then we have

pn(n+i)/2-mn χ ^the numbers of isometries from N to M]

(2 if m - 2n + t = 0,

= Π (1 ± P~n) X I 1 + εp"1 if m - 2n + t = 2,
i = l

[ 1 otherwise,
where 2 < rt < b and a, b are smaller than the number depending only on
m = dim M.

Proof. For quadratic spaces K, L over Z/(p), we denote by A(K, L)
the number of isometries from K to L. By the assumption there is an
isometry from No to M. Hence we have M = NQ J_ Mx for some regular
quadratic space Mu and radiV is represented by Mt. It is easy to see
A(N,M) = A(N0,M)A(τsiάN,Mί). Put δ = ((-ί)m/2dMlp) if m is even.
Then it is known ([10])

ί/2-l

Π (

+ l)/2-mί

( 1 -

( 1 -

(1 +

ί/2

Πd

δp

δp

~m / 2)(l + εp{t~v

(ί-l)/2
-m/2\ ΓT Q

( t - m ) / 2 )

( ί ^ ) / 2

( 1 .

& = 1

p-(-+l-«))

Ό/2\ FT /I r»-(m-2fc)\

/ 11 \ * — /^ /

m ΞΞ ί ΞΞ 0 mod 2 ,

m ΞΞ ί + 1 ΞΞ 0 mod ̂

m ΞΞ ί ΞΞ 1 mod 2 ,

m ΞΞ t + 1 ΞΞ 1 mod 2
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As on p.p. 119 — 120 we have

p -A(raci iV, JVLi)

g"1(l-p-m+—«»+«+')) m-t= Imod2,

n-t-l

{(1 — εp {m Δn+ι"Δ x ^(l + εp (™-^+ί)^-*)j m _ £ = 0 mod 2,

Since dim M t > 2 dim rad iV implies m - 2n + t > 0, pί(ί+1)/2"mίA(iV0, M) is

equal, up to the factors 1 ± p~r (r >̂ 2), to

m ΞE £ mod 2 ,

i g e q u a l

"(1 - εp- ( w" ί ) / 2)(l + ep-(«-o/2+»-ί) m = ί mod 2 .

If m — 2ft + t = 0, then Mj is a hyperbolic space and ε = 1 and Ax — 1

+ p n " m , Λ = 2(1 - pn~m). ϊ£ m- 2n + t = 2, then A, = 1 + εp1 + n " m and
/I /I Λ r^l + ^ ~ Ή \ / 1 I c 7 ^ ~ ^ l CiTlίi 7TΪ —— 77 — T 71 I 1 / ^^5, 1 T P γyi ^}"n

JCX2 yJL ^Jr / \ l~ x ^ / ClJLJLiA //t' /ί' -L /£' |~ i l> ^""^ J.. XJL //t' ΔtlU

+ ί ΞΞ 0 mod 2 and m — 2n + t Φ 0, 2, then m — 2n + t > 4 and (ττι — ί)/2

> 2, (m - ί)/2 - n + t > 2. If /n - 2ft + t ΞΞ 1 mod 2, then Λ = 1 and

m + ί — 2ft + 1 > 2. These complete the proof.

Remark. If m > 2ft + 3, then m — 2ft + t Φ 0, 2.

2.2. Let p be a prime and M, N regular quadratic lattices over Zp

with rk M = m, rk iV = ft and nM, niV c 2ZP. For any quadratic lattice

the letters Q, B denote the quadratic form and the bilinear form (Q(x) =

B(x, x)).

Put

Apt(N, M) = {u: iV-> M/ptM\B(ux, uy) = B(x, y) modp' for x, y e N},

Bpt(N, M) = {u:N-+ MlpιM\Q(ux) = Q(x) mod 2p4 for x e N and u

induces an injective mapping from N/pN to M/pM},

Cpί(Λ ,̂ M) = {w : N-+ M/pfM#| Q(wx) ΞΞ Q(X) mod 2pί for Λ: e JV and u

induces an injective mapping from N/pN to M/pM}.

It is known ([10]) that 2-δ™{pt)n^1)l<ι-mn%Apt{N, M) is independent of t if

t is sufficiently large, and we denote the value by ap(N, M)
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LEMMA 2. lim(pOn ( n + 1 ) / 2"m w#S^(iV, Af)

= p»«rfp^(p»)»ί»+υ/2-»»jfCr

pr(iV; Af),

where T is a natural number such that pτ~ίnMilf c 2ZP.

Proo/. Since nilί c 2ZP implies Af * 3 Af, there is a canonical mapping
p from Bpt(N, M) to Cpt(iV, M). If pfa) = p(w2) for uu u2 e Bpl(iV; Af), then

(wj — u2)(x) epιM* for x e iV and p"£(Mj — u2) e Hom(iV, M*/M). Conversely

for 1; e Hom(iV, Λf*/Af), u e Bpt(N, M) we put ύ = w + j^u. Suppose ί > T;

then pι-ιnM* c 2ZP and it implies p '^M* C M, and then S e Cpt(N, M). It

is easy to see that φ is surjective since we may assume that u e Cpt(N, M)

is isometry for t > T by virtue of Satz in § 14 in [5]. Thus we have

%Cpt(N, M) = #Bpί(iV, M)/[M#: M]w = #Bpί(iV, M ) p — r d - ^

By the same ?tSatz'?, (pO^^ 1 ^ 2 " 7 7 1 7 1 *^^^ M) is independent of t if t > T.

Q.E.D.

We put

dp(N9 M) = 2-ί lim(pt)n(n+1)/2"1Iιw#Bp,(iV, Af)
ί

where T7 is a natural number such that pτ~xnM^ c 2ZP. The set of values

dp(2V, Af) for any fixed lattice M is a finite set. If Af is unimodular and

p Φ 2, then we can take 1 as T7 and %CP(N, M) = the number of isometries

from iV/piV to M/pM over ZPl(p).

Hilfssats 17 in [10] implies immediately the following

LEMMA 3. ap(N9 M) = 2W* * Σ [No: N]n-m+1dp(N0, Af),
QpNΏNo^N

where M, N are regular quadratic lattices over Zp and rk Af = m, rk N = ι̂.

2.3. Let iV be a free lattice over Zp with rk iV = n. Then the number

A(n, s) of the lattices containing N with index p s is equal to

where the summation with respect to et is over all rc-tuples (el9 , en)

of non-negative integers which satisfy Σ<=i ê  = s and it is easy to see

p(n-l)s ^ Afa S) < (1 - p - 1 ) 1 " ^ ^ " 1 ^ .

PROPOSITION 4. Lei M be a regular quadratic lattice over Zp with

nAf C 2ZP. TTiβn ίΛere is α positive constant κ(M) such that

ap(N, M) < κ(M)
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for any regular quadratic lattice N over Zp with rk M > 2 rk N.

Proof From Lemma 2 follows that

sup 2rlίN'δ^dp(N, M) = Kl(M) < oo ,
N

where N runs over regular quadratic lattices. Put n — rk N, m = rk M

and assume m > 2n; then from Lemma 3 follows

ap(N, M)

. Q.E.D.

Remark. Let n < m < 2n. There exist regular quadratic lattices Nt,

M with rkiV^ = n, r k M = m such that

ap(Nt, M) —> oo as ί —> oo .

PROPOSITION 5. Lei M be a regular quadratic lattice over Z with xxM

C 2Z. TΛen ίΛere is a positive constant κ(M) such that

Π ap(ZpN, ZPM) < κ(M)

for any regular quadratic lattice N over Z with rk M > 2 rk N + 3.

Proof Put r k J l ί = m and rk iV = n and let p be an odd prime such

that ZPM is unimodular. Then for each regular lattice K over Zp with

rk K — n we have

dp(K, ZPM) = p»<n+1>'2-**#Cp(UΓ, Z P M).

On the other hand,

1 + (1 - P'1)1-^! - p^-myip2n-m

= (i -p»»-«)-i{i +p*»-«((l - jr 1) 1-* - 1)}

if p is sufficiently large. Hence, by virtue of Lemma 1, the product of

the constants κ{ZpM) in Prop. 4 over {p Φ 2\ZPM: unimodular} converges

if m > 2n + 3. By virtue of Prop. 4 we have Π P ^ ^ J X ^ N , ZPM) < Y[p]2dM

κ{ZpM).

Remark. Let M be a regular quadratic lattice over Z. If rk M = 2n
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+ 2, neZ, then there exist regular lattices Nt over Z with rk Nt = n
such that

Π ap(ZpNt, ZPM) ̂  oo as t -* oo .
P

From this follows that for a modular form f(Z) = ̂ a(T)exp(2πίσ(TZ)) of

degree n, weight k = n + 1, α(Γ) = O(| T|fc"(n+1)/2) does not hold in general

(cf. [4]).

2 4 LEMMA 6. Lei M be a maximal quadratic lattice over Zp with

rk ilί = m. If N is a regular quadratic lattice over Zp with rk N = n,

niV c nilί, cmd m > 2ra + 3, ί/iβn iV is primitively represented by M.

Proof. We may assume nM = Zp and let M^ i ^ ^ ^ L Q Π J_ Λf0,

where Mo is an anisotropic Zp-maximal lattice. From m — 2k + rkM0>

2n + 3 and rk Mo < 4 follows that 2(rc - k) < rk Mo - 3 < 1 and then

n < k. Any element in Zp is primitively represented by (2~1(. Λ\ Hence
/ /0 1\\ / 12 1\\ ^ ''

we have only to show that (2 α " 1 ( 1 n i ) , (2 α " l ( 1 o ) \ are primitively repre-
sented by ± 2 ( 2 - ^ JU. Let i;,, . , u4 be a basis of . l . ^ ' ί J J U such
+V»Qf D / V 1 Y Ϊ Λ — v v ~ l _ v γ P π t ^ — r? ^ — T? -L 9 α τ ) 9 α 7 ) - L 7) Qi-irl in
Ulldυ vy \ / t Λ/fU^/ — ΛjΛ'2 ^ ^ Λ3Λ4. X vlv /Cj — t/j, /C2 — t/j ^ ~ Z< 1/2 — Zι t/g ~j~ l/̂ j ctllvl l*/i

= U! + 2αf2, w2 = 2αu2 + τj3 + 2αu4, then (JB(^, 2:,)) = 2a~ι(® JY (^(u;,, w;̂ )) =

2α"1(1 o). Thus iV is primitively represented by _Ln\2"1(1 Λ) and hence
\1 ΔJ \ \L U//

by M. Q.E.D.

LEMMA 7. Lei M, N be regular lattices over Zp and assume that nM

c 2ZP and N is represented by M. Let E be an orthogonal summand of

N, that is, N = E _J_ iVj for some sublattice Nt of N, and Eί9 - -9Ek sub-

lattices of M which are representatives of sublattίces of M isometric to E

modulo the orthogonal group of M. Denote by Kt the orthogonal comple-

ment of Et in M. Then we have

ap(N, M) ̂  Σ ap(E, M; Ei)ap(Nl9 Kt) ,

where ap(E9 M; E%) = lim(p£)β(e+1)/2"ew#{": E ~* M/p'M u: E-+M: isometryλ

vuE — Et for some >

veO(M) J

and here e = rk E, m — rk M.

Proof. The existence of ap(E9 M; Et) is proved as usual, noting that
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regular sublattices Li — Zp[vifl, , vi>n] of a regular quadratic lattice L

over Zp are transformed by O(L) if (B(vlth9 vlfJ)) = (B(v2,h, v2)j)) and vίίh9

v2> h are sufficiently close for every h. Suppose that t is sufficiently large.

If ul9 u[ are isometries from E to M such that υuJE = v'u[E = Et for some

v, v' e O(M) and u2, u2 are isometries from Nt to Ki9 then u = ux _[_ v~*u29

u' = u[ J_ υf~ιu2 are isometries from N to M. Suppose that u = u' moA.pιM

and Wj, u[ (resp. w2, ẑ ) &re representatives of Apt(E9 M) (resp. Apt(Nί9 iQ).

Then we have ux = uίmodp'M and so i^ = wί, i; = ι/. Hence w2 Ξ i^mod

p*M. Since iί^ is a direct summand of Λf, we have w2 = z/gmodp'iϊ'ί and

so u2 = u2. Hence we complete the proof. Q.E.D.

PROPOSITION 8. Let M, N be regular quadratic lattices over Zp with

nM C 2ZP and assume that N is represented by M. Then there exists a

positive constant tc{M) such that

ap(N,M) >fc(M) if r k M > 2 r k i V + 3.

Proof. Let Mo be a maximal lattice in M with nM0 = (pα). Suppose

nN c UMQ. Then N is primitively represented by Mo by virtue of Lemma

6. Hence we have ap(N, Mo) > dp(N, Mo) > κ(M0) > 0 by Lemmas 2, 3.

Denote by φ the canonical mapping from Mo/p'Mo -> MlpιM. Since φux

= φu2 for Ui e Apt(N9 Mo) implies (ux — u2)(x) epιM for xeN, we get

%Apt(N, Mo) < %Apt(N, M)${u: N -^ptMlptMQ} .

Thus we have ap(N, Mo) < ap(N, M) [M : M0]
n (n = rk N)9 and then ap(N9 M)

>ap(N,M0) [M: M0]~n >fc(MQ) [M:MQ]-n. Now we come back to the

general case and assume that M has the minimal rank so that the propo-

sition is false. Suppose that JV* is represented by M and rk Nt = rk iV and

ap(Ni, M) -> 0 as i -> oo. By the former part we may assume nNt ίζ nM0.

Let Nt = Nίf) J_ JL N% be the Jordan splitting such that Nf is paf-

modular and 0 < αί° < < a$. nNt ίξ nM0 implies α{° < α. Since the

number of p'-modular lattices K such that 0 < c < a and rk K < rk iV is

finite up to isometry, we may assume that N^ = L for every i and rk L

< rk N, taking a subsequence. Applying Lemma 7, there exist sublattices

Lt, Ki of M with rk Kt = rk M — rk L such that

ap(Nί9 M)^Σ <Xp(L, M; Lh)ap{N'i9 Kh),

where N't is the orthogonal complement of N^ in Nt. Since rk ίΓΛ—

(2rkiV^ + 3) > 0 and ap{N'i9 Kh) > κ(Kh)(> 0) if N't is represented by Kh9
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we have a contradiction. Q.E.D.

Remark. If n < m < 2n + 2, then there exist regular quadratic lattices

M, Ni over Zp with rkM = m, rk Nt = n such that

0 < ap(Nu M) -> 0 as i -• oo .

PROPOSITION 9. Let M be a regular quadratic lattice over Z with

nM c 2Z. Then there exist a positive constant κ(M) such that

Π ap(ZpN, ZPM) > κ{M)

for any regular quadratic lattice N over Z if rkM> 2rk N + 3 and ZPN

is represented by ZPM for every prime p.

Proof Let p be an odd prime such that ZPM is unimodular. Then

from ap(ZpN, ZPM) > dp(ZpN, ZPM) = p»(»+i>/*-»« %CP{N, M) (n = rkN,m =

rk M) and Lemma 1 follows that there is a positive constant tcx such that

Π ap(ZpN, ZPM) > κx,

where p runs over the set {p Φ 2\ZPM: unimodular}. Prop. 8 completes

the proof. Q.E.D.

Remark. Let m > n be natural numbers. Let M be a regular quadratic

lattice over Z with r k M = m and denote by P the set of primes p such

that p Φ 2 and Z P M is unimodular. Then there exists a positive constant

Λ ( M ) such that

Π ap(ZpN9 ZPM) > κ(M) Π (1 + ^ p ' 1 ) ,

if N is a regular quadratic lattice over Z with rk N = τι such that

ZpiV is primitively represented by Z P M for each p e P.

Here εp, P(iV) are defined as follows:

For p € P, ZpNlpZpN becomes a quadratic space over Z/(p). Decompose
ZpN/pZpN as ZpNjpZpN = (ZpN/pZpN)0 J_ ΐ2LάZpN/pZpN and put ίp = dim

(ZpN/pZpN)0. Then, by definition, p e P(ΛΓ) iff m - 2rc + ίp = 2

Since tp = n if ZPΛΓ is unimodular, P(iV) is a finite set if ra > n + 2.
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Assume m = 2n + 2. If nZpN c Zp, then ZPN is primitively represented
by ZPM for p e P as in the proof of Lemma 6 since the Witt index of
QpM>n. Since p e P(N) implies tp = 0 and nZpN a pZp, we have
ΓUPOV)(1 + ^p-1) > ΠPI»*(1 ~ P"1) > (KN)~£ for any ε > 0 if niV C Z.

3. THEOREM. Let M be a positive definite quadratic lattice over Z
with nM C 2Z with rk M = m > 7. Let N be a positive definite quadratic
lattice with rk N — 2 and suppose that ZPN is represented by ZPM for every
prime p. Then we have:

The number of ίsometries from N to M

- r w ( ( m - i)/2)' m h i - • Ψ'^ Z-M)

-3)/2) for m>7,

when m(N) = mino^^e^Q(x) is sufficiently large.

Proof. Let Mt be representatives of classes in gen M and S* the
corresponding matrix to Λff. Put «t(Z) = ^ ( Z , 0, 0) (in 1.2.). Then the
constant term of Θ^Zyβ^Z) vanishes at every cusp. Put E(Z) = MiS^'1

ΣlOOSΰl'tyίZ), where MiS,)'1 = Σ\O(Sτ)\-\ Then the constant term of
θλ(Z)-E(Z) vanishes at every cusp. From the Siegel formula and Theorem
in 1.5. follows our theorem. Q.E.D.

Remark. The formula in Theorem gives an asymptotic one when
m(N) tends to infinity by virtue of Prop. 9.

4. We discuss here questions about local densities and representations
of quadratic forms.

The most fundamental one is
(a) to evaluate the density ap(N, M).
(b) Let M be a regular quadratic lattice over Zp.

When does the set of accumulation points of {ap(N, M)\N: regular sub-
lattice of M with a fixed rank} contain 0 and/or oo?

(c) We proved in [3];

Let M, N be positive definite quadratic lattices over Z, and assume
that ZPN is represented by ZPM for every p. Then N is represented by
M if m(N) is sufficiently large and rk M > 2rk N + 3. Our results here
seem to suggest that r k i l ί > 2rk N + 3 is the best possible condition. The
counter-example may be found in the sequence {Nt} such that \\ap(ZpNt,
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ZpM) -» 0. We can only give the following example in case of rk M =

r k i V + 3 .

Let Pi < < pn+ί be primes = 1 mod 24 and M — <pj> J_ _[_ <pTO+i)

J_ <3> _L <3> and Nt = <pί> J_ _L <Pn-i> _L <32ί> be positive definite

quadratic lattices over Z. Then ZpNt is represented by ZPM for every

prime p and mCZV,) = 32ί —• oo, but iV, is not represented by M over Z.

(Proof. It is easy to see that JV4 is represented by M over Zp. Suppose

that there is an isometry u from Nt to M. Since <p£> J_ J_ (pί-i) =

A-n-i (X) over Z3, and any sublattice of ZZM which is isometric to J_n-i<l)

is mapped to Z%((j)^)_]_• _L<p«-i)) by an isometry of ZSM9 the orthogonal

complement of w«pί> J_ J_ <pLi» in Λf is isometric to <1> J_ <1> J_ <3>

J_ <3> over Z3. Hence we have u(32t} = Z-3'x for xeM, and then Q(x)

= 1. This is a contradiction.)

(d) Let m, n be natural numbers with m > n + 2, M a positive de-

finite quadratic lattice over Z with rk M = m, nM C 2Z and JVp a regular

quadratic sublattice of ZPM with rk N°p = n for p|2dM. If a positive

definite quadratic lattice N over Z with rk N — n satisfies the following

conditions 1)~5), then is N represented by M?

1) ZPN^N°P foτp\2dM,

2) ZPN is represented by ZPM for every prime p,

3) the corresponding matrix to N is sufficiently large in an appropriate

sense,

4) γ\ap(ZpN, ZPM) > K for any fixed positive constant K,

5) JV is not a spinor exceptional lattice for M in case of m = n + 2.

Analytically it is (almost in case of m = n + 2) sufficient to show the

following

(<Γ) Let f(Z) = Σ a(T)exv(2πiσ(TZ)) be a modular form of degree n

and weight &( 6 JZ), and assume that k> n/2 + 1, and the constant term

of/(Z) vanishes at every cusp. Then does α(jΓ)|T|(w+1)/2-fc = o(l) hold for

T > 0? In case of & = n/2 + 1 we restrict T by the condition that \2T\

is not numbers of form ab2 where α, 6 are integers and a divides 2χ(the

level of f(Z)).

When k is sufficiently large and even, it is known ([4] and a letter

from S. Raghavan) that a(T)\T\^n+ί)/2'k = 0(m(T)-<) (ε > 0).

The condition 4) may be weakened:

Suppose n — 1, and consider the following condition V) weaker than 1)

10 ZPN ^ N°p for p such that ZPM is anisotropic.
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Then for m > 3 Γ), 2) imply

40 l\ap(ZpN, ZPM) > κ(M, ε)(dN)~e for a?positive[constant κ(M9 e) and

any small number ε > 0.

When m = 4, the condition Γ), 2), 3) imply the representation of N by M

since for each cusp form f(z) = J^ckexp(2πikz) we know ck = O(kί/2+ε)>

ε > 0. When m = 3, via an arithmetic approach of Linnik, Malyshev,

Peters [8] it is shown under generalized Riemann hypotheses that Γ), 2),

3), 50 imply the representation of N by M. Here the condition 50, which

is stronger than 5), is as follows:

50 dN Φ ab2 (α, b e Z, a\2dM).

Let A be a matrix corresponding to a positive definite ternary lattice M.

Put 0(2) = θ£2(z, 0, 0) = 2]α(tt)exp(2τrm,ε) and decompose it as a(n) = b(n)

+ c(n) where b(n) (resp. c(n)) is a Fourier coefficient of Eisenstein series

(resp. a cusp form) as usual. It is known, by the Siegel formula, that

b(n) > fc(M)h(— 4n\A\) where κ(M) is a positive constant and h(— 4n\A\)

is the class number of primitive positive definite binary quadratic forms

with discriminant — 4n\A\ if we assume 10, 2). If, hence, c(ή) = O(n1/2~ε)

(ε > 0) for n Φ ab2 (a, b eZ, α|the level of A), then the conditions Γ), 2),

3), 50 imply the representation of N by M. Recent developments of the

theory of modular forms of weight 3/2 show: for a fixed square-free t such

that t)( the level of A, c(tn2) = O(n1/2+e) (ε > 0) holds. Hence a(tn2) = b(tn2)

+ c(tn2) gives an asymptotic formula as n -* 00 if we assume the conditions

10, 2), 3).
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