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Introduction

Let V be a variety, which means, an irreducible reduced projective
scheme over an algebraically closed field & of any characteristic. A line
bundle L on V is said to be nef if LC > 0 for any curve C in V. Thus,
“nef” is never an abbreviation of “numerically equivalent to an effective
divisor”. L is said to be big if #(L) = n =dim V. In case L is nef, it
is big if and only if L > 0 (cf. [F7; (6.5)]. When L is nef and big, the
pair (V, L) will be called a quasi-polarized variety.

We have x(V, tL) = > 7_,x,t4/j! for some integers X,, X, - - -, X, where
=ttt +1)--(t+j— 1) and #? = 1. By Riemann-Roch Theorem we have
X, = L*. Moreover, if V is normal, we have —2X, , = (0 + (n — 1)L)L*"!
for a canonical divisor w of V. We set g(V,L)=1—X,.,, which is
called the sectional genus of (V,L). We set A(V,L) = n + L* — h%(V, L),
which is called the 4-genus of (V,L). We expect that we can describe
the structure of (V, L) if 4 and/or g are small enough. When L is ample,
we have the results in [F5], [F10], which we will generalize in this paper.
Most results were announced in [F11].

In §1 we show 4= 0 for any quasi-polarized variety (V, L), and
describe the structure of (V, L) with 4 = 0 precisely. In particular g = 0
in this case. We conjecture the converse:

CONJECTURE. g = 0 for any quasi-polarized variety. Moreover, g = 0
implies 4 = 0 if V is normal.

This is completely unknown when char(®) > 0, even if V is non-
singular and L is ample. So, from §2 on, we assume char(®) = C. In
§2 we give characterizations of P" and hyperquadrics, which establish
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our Conjecture in case L® < 2. In §3 we consider the case in which L
is ample. We improve a few results in [F10], allowing V to have certain
non-Gorenstein singularities. In §4 we show that our Conjecture follows
from the Flip Conjecture in [KMM]. Hence it is true when n < 3 by
virtue of Mori’s result [M2]. In §5 we consider the case in which L is
spanned by global sections. We give a couple of generalizations of
Sommese’s result in [S2].

Suitable generalized versions of Kodaira’s vanishing theorem, due
to Kawamata, Viehweg et al., play an important role in our method.
Hironaka’s desingularization theory is also indispensable. Nevertheless
it is very likely that our Conjecture is true in positive characteristic
cases too.

Notation and Convention

We use the notation in [F10], which is based on the customary one
in algebraic geometry. In particular, given a morphism X — Y and a line
bundle L on Y, we denote f*L by Ly, or sometimes just by L when
confusion is impossible or harmless.

§1. Quasi-polarized varieties of 4-genus zero

(1.1) The main result of this section is the following

THEOREM. A4(V, L) = 0 for any quasi-polarized variety (V, L). Moreover,
if 4 =0, there exist a variety W, a birational morphism f: V— W and «a
very ample line bundle H on W such that L = f*H and A(W, H) = 0.

(1.2) DEerFiNITION. An element of Pic(V)® Q@ will be called a Q-
bundle on a variety V. The tensor product in Pic(V) gives the addition
and will be denoted additively. Multiplicative notation will be used for
intersection products in Chow rings. We define Q-valued intersection
numbers of Q-bundles in the natural way. A @Q-bundle B is said to be
nef if BC = 0 for any curve C in V.

As for L-dimension of Iitaka, we have x(mL) = #(L) for any positive
integer m and L € Pic(V). Therefore x(B) is well-defined for any Q-bundle
B and we have x(mB) = x(B) for any m> 0. B is said to be big if
k(B) = dim V. B is said to be ample if mB = A in Pic(V)® Q for some
m >0 and an ample line bundle A.

Let Div(V) (resp. C,_,(V)) be the group of Cartier (resp. Weil) divisors
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on V. An element of Div(V)®@Q (resp. C,_(V)® Q) will be called a
Q-divisor (vesp. Q-Weil-divisor) on V. For any Q-Weil-divisor Z, we have
Z = 3 ,m,Z; for some m,ec Q and prime Weil divisors Z,. Z is said to be
effective if m, = 0 for every i. In the obvious way a @Q-divisor D defines
a @-bundle, which will be denoted by [D], or just by D by abuse of
notation. D is said to be nef (resp. big, etc.) if so is [D].

(1.3) Kopaira’s LEmma. A Q-bundle B is big if and only if B— D
is ample for some effective Q-divisor D.

For a proof, see, e.g., [F4, (2.8)].

(1.4) ProposITION. Let L be a nef big Q-bundle on a variety V and
let f: V— 8 be a surjective morphism. Let F be a general fiber of f. Then
the restriction of L to any prime component of F is nef big.

Proof. The nefness is obvious. To prove the bigness, take an effec-
tive @-divisor D such that A = L — D is ample. Since F is general, D
is effective on any component X of F. Since Ay = L, — Dy is ample,
L, is big.

(1.5) Now we prove the theorem (1.1). We may assume A(V, L) =
n+ L — A(V,L) <0, so h%(V,L) > n. Let G be the normalization of
the graph of the rational mapping defined by |L|. Then we have a bira-
tional morphism z: G — V, a morphism p: G— P ~ P" with N = h (V, L)
— 1 and an effective Cartier divisor E on G such that z*|L| = E + p*|H|
for H = 0x(1). Set W= p(G), k = dim W and w = deg W, and let F be a
general fiber of p. Then 0L AW, H,) < k+ w— (N+ 1). Moreover
dimF =n — k and L""*{F}> 0 by (1.4). So L*"*H* = wL"*F = w on G.
Since L and H are nef and F = L, — H, is effective, we have L" =
L*-*H*, Combining these inequalities we get n + L"=n+w=N+1
= K%V, L), which proves 4(V, L) = 0.

If 4 =0, we must have equalities. Hence 4(W,H) =0, k= n, p is
birational and L" = H" on G. We will derive a contradiction assuming
E+0.

Since L" = L’H"-/ = H" for any j, we have H*"'E = 0. This implies
dim p(E) < n — 1. Therefore, by a similar argument as in [F8; (1.5)]
using index theorem, we infer that there is a curve C such that EC <0
and p(C) is a point. Then LC = (E + H)C < 0, contradicting the nefness
of L.
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Thus we see E = 0. So L is spanned by global sections and |L| gives
a morphism f: V— W having the desired properties.

(1.6) Remark. We have a complete classification theory of polarized
varieties with 4 = 0 (see [F1], [F5]). In particular W is normal and
locally Cohen-Macaulay, and g(W, H) = 0.

(1.7) CoroLrLaRY. L is spanned by global sections and g(V,L) =0
for any quasi-polarized variety (V, L) with A(V,L) = 0.

Proof. The spannedness is clear since H is very ample. By (1.6),
g(V, L) = 0 follows from the lemma below.

(1.8) LeEmMA. Let f: V — W be a birational morphism onto a normal
variety W. Then g(W, H) = g(V,f*H) for any line bundle H on W.

Proof. We have f,0, = 0, since W is normal. Moreover, since f is
birational, dim (Supp(#,) <n — 1 for any g > 0, where %, = R'f,0,.
Hence %(V, tL) = > (—1D)UW, F ,(tH)) ~ AW, tH) modulo terms of degree
<n—1int So X, (V,L)=x,_(W, H) and the assertion follows.

§2. Characterizations of projective spaces and hyperquadrics

From now on, throughout this paper, we assume char(f) = 0.

(2.1) THEOREM. Let L be a line bundle on a smooth variety M and
let K be the canonical bundle. Suppose that L — (K + D) is nef and big
for some negligible Q-divisor D. Then HY(M, L) = 0 for any q > 0.

Here, D = > m,D, is said to be negligible if Supp(D) = () D, has no
singularity other than normal crossings and if 0 < m, <1 for every i.
For a proof of this theorem, see [K], [V].

The two theorems below are the main results of this section.

(2.2) TueoreMm. Let (V,L) be a normal quasi-polarized variety and
suppose that H*(M, —z*tL) = 0 for 1< t< n=dimV, where n: M-V
is a desingularization of V. Then there is a birational morphism f: V — P
~ P" with L = f*0(1).

(2.3) THeEOREM. Let (V,L) be a normal quasi-polarized variety and
suppose that h"(M, —z*tL) = 0 for 0 < t<n = dim V and h*(M, —nL) = 1
for a desingularization =: M — V. Then either

1) L*=g(V,L)=1, or
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2) there is a birational morphism f. V— Q onto a (possibly singular)
hyperquadric @ in P"*' such that L = f*0,(1).

Remark. Case 1) does really occur when (V, L) is a scroll over an
elliptic curve.

(2.4) In order to prove these theorems, we need a few lemmas.

LEMMA. Let A and B be nef Q-bundles on a variety V and set I, =
A*B"*eQ fora=0,1,.---,n. Then I, I,,, < I for any 0 < a <n.

It is well-known that this follows from the index theorem on surfaces.
See, e.g., [F6; (1.2: 4)].

(2.5) LEmMA. Let L be a nef big Q-bundle on a smooth variety M
with n = dim M and let E be an effective Q-divisor on M such that L*-'E
= 0. Suppose that L + E — F is nef for some effective Q-divisor F. Then
F — E is effective.

Proof. By (1.3), there is an effective @Q-divisor D such that L — D
is ample. Then L — ¢D is ample for any ¢ with 0 <e¢ < 1 since L is nef.
We will derive a contradiction assuming that F — E is not effective.

Take a small enough ¢ > 0 such that F + ¢D — E is not effective
and set A = (L —¢D)+ (L + E — F), which is an ample @Q-bundle on
M. By virtue of Hironaka’s theory we can find a birational morphism
r: M, — M and effective Q-divisors E,, F, and E, on M, such that z*E =
E,+E, s#(F+eD)=FE + F, and ENF, = @. Note that #,E, ++ 0 by
assumption.

We claim that B=F, + A, is nef for A, = z*A. To see this, note
that B= L, + E,, where L, = 2.7z*L. Now, for any curve C in M, we
have E,C =0 or F,C=0 since ENF, = @. Hence BC= 0 because both
L, and A, are nef.

Since L, is nef and L 'z*E =0, we have L?'Y =0 for any com-
ponent Y of z*E. In particular L?'E, = 0. Therefore BL?-' = L?. This
implies B* < B*'L, < ... < BL¥'=L* by (2.4). On the other hand
B* = B*(L, + E,) = B*'L,. Hence B 'E, =0. So A’ 'E, = 0 since B =
F 4+ A and ENF, = @. But A7'E, = A""'z E, > 0 since A is ample.
Thus we get a contradiction, as desired.

(2.6) CoOROLLARY. Let L be a nef big line bundle and let E be an
effective divisor on M such that L*'E = 0. Then H'(M, L) ~ H(M, L + E).
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Proof. Take a birational model z; M, — M such that z*|L + E| =
F + A for some effective divisor F and a linear system 4 with Bs 4 = .
Then F — z*E is effective by (2.5). Hence H(M,, O(A)) ~ H'(M,, z*L) ~
H(M,, z*(L + E)).

(2.7 LemMA. Let L be a nef big Q-bundle on a variety V and let
N be a nef Q-bundle with L"'N = 0. Then N is numerically equivalent to
zero.

Proof. Take an effective @Q-divisor D such that A = L — D is ample.
Then L"'N = L*"(A 4+ D)IN= L"2AN > ... = A" 'N since N is nef. So
A" N = 0, and [F7; (3.3)] applies.

(2.8) CoROLLARY. Let L be a nef big Q-bundle on a variety V and
let E be an effective Cartier divisor such that L"'E = 0. Then h"(V, (E))
=1

Proof. We will derive a contradiction assuming dim|E|> 0. Let G
be the graph of the rational mapping defined by |E|. Then we have a
birational morphism n: G — V and an effective divisor F' on G such that
7*|E| = F 4+ H for some linear system H with BsH = ¢. Since L is
nef and 0 = L*'E = L*"(F + H) > L*'H, we have L*"'H=0. So H is
numerically trivial by (2.7). This is impossible if dim|E|> 0.

Remark. (2.7) and (2.8) are valid in positive characteristic cases too.

(2.9) Now we prove the theorem (2.2). Let n: M — V be a des-
ingularization and let K be the canonical bundle of M. For the sake
of brevity z*L will be denoted just by L. Then we have h'(M, —tL) =
h~ (M, K+ tL) =0 for g<n, t>0. Hence X(t) = XM, tL) =0 for
—1=t=—n. Sox@t)=dE+1).--(-+ n)n! for some constant d. By
Riemann-Roch Theorem we obtain d = L” and KL" ! = —d(n + 1). Since
M, K+ (n+ 1D)L) = i*(M, —(n+ 1)L) = (—1)"X(—n — 1) = d > 0, we have
a member E of |K+ (n+ 1)L|. Then L"'E=0. So d=1 by (2.8).
Moreover, by (2.6), we have A°(M, L) = (M, L + E) = (—=1)"X(—n — 2) =
n + 1. Hence 4(M, L) = 0 and »*L is spanned by (1.1). So L is spanned
on V too since V is normal. Thus |L| gives a mapping with the desired
property.

(2.10) Next we prove (2.3) by a similar method. This time we
have A"(M, —tL) = 0 for 1 <t < n and hence X(t) = X(M,tL) = (¢t + 1)--.
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¢+ n—1) (dt + a)/n! for some constants d, a. Here d = L* and KL*"*
= d(1 — n) — 2a/n. Moreover X(—n) = (—1)* since h*(M, —nL) = 1. So
a=(d—Dnand (K+ nL)L*'=2—d. Since h%(M, K + nL) = h"(M, —nL)
=1, we have a member E of |K+ nL|. Then L"'E=2—-d =0, so
d=1or 2

When d =1, we have (K + (n — 1)L)L*~! = 0. Therefore g(V, L) =
g(M, z*L) = 1 by (1.8). Thus we are in case 1).

When d =2, we have L*'E=0. So Ah(M,L)=h(M,L + E) =
(—D)%(—~n—-1)=n+2 by (2.6). Hence 4(M,L)=0. So we are in
case 2) by the same reasoning as in (2.9).

(2.11) CoroLLARY. Let (V,L) be a normal quasi-polarized variety
with g(V,L) <0, L* £ 2, n=dim V. Then AV, L) = 0.

Proof. Let n: M — V be a desingularization. Then 4(V, L) = A(M, L)
and g(M,L) = g(V,L) <0 by (1.8), where L stands for n*L. So (K +
(n—1VDL)L* ' < —2. If L* = 1, then A"(M, —tL) = h°(M, K + tL) = 0 for
t < n. Hence (2.2) applies.

If L» = 2, then A"(M, —tL) = 0 for ¢t < n. Moreover h"(M, —nL) =
(M, K + nL) <1 by (2.8). So (2.3) applies.

(2.12) By a similar method as above we obtain the following

ProrositioN. Let (V, L) be a quasi-polarized variety of dimension n
and assume HY(V,tL) = 0 for any ¢ >0, 1 — n<t<1. Then A(V,L) = 0.

Proof. Setting x(t) = x(V, tL), we have X(—§) =0 for 1<t<n—1
and %(0) = 1. From this we infer X(t) = ¢+ 1)--- (¢t + n — 1)(dt + n)/n!
for d = L*. Hence A(V,L) = X(1) = n+ d. Thus 4(V,L) = 0.

(2.13) Remark. Let (V,L) be a quasi-polarized variety such that
h(V, —tL) = 0 for 1 < t < n. Then (2.2) applies.

This follows from the lemma below. We have a similar result in
case (2.3) too.

(2.14) LemMA. Let n: X — V be a birational morphism of varieties
of dimension n. Then h"(X, F) < h"(V, nF) for any coherent sheaf F
on X and h(X, z*&) < h"(V, &) for any locally free sheaf & on V.

Proof. Set #,= Rz,# and let S, be its support. Then dim S, <
n—q for any ¢ > 0 since dimz%(S,) <n and dimz '(x) > g for any
xeS,. So H"YV,#, =0 for ¢ > 0. From this we infer h"(X, #) <
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h*(V, F,) using Leray spectral sequence. As for the second assertion,
note that the natural homomorphism & — r.*é 1is injective and
dim (Supp (%)) < n for its cokernel ¥. So A™(V, &) = h*(V, nyn*&). To-
gether with the former inequality this proves the second assertion.

§ 3. Polarized varieties having log-terminal singularities
(3.1) We review theories in [KMM] used in this paper.

Let B= > bB, be a Q-Weil-divisor on a normal variety V with
0 < b, <1 for each i. A birational morphism r: M — V is called a nice
desingularization of the pair (V, B) if M is smooth and if z~*(BUS) is a
divisor having no singularity other than simple normal crossings, where
S = {xe V|dimz~*(x) > 0}.

(V, B) is said to have only log-terminal singularities if there are a
nice desingularization as above and effective Q-divisors E, D on M such
that 7,E = 0, E is a usual divisor, n,D = B, D is negligible and K + D
= n*w(V, B) + E for some Q-bundle o(V, B) on V, where K is the canon-
ical bundle of M. In this case w(V, B) will be called the canonical Q-
bundle of (V, B).

If B =0, we say that V has only log-terminal singularities. In this
case o(V, 0) corresponds to the canonical sheaf of V.

Remark. Log-terminal singularities are rational and they form a
wider class than that of canonical singularities in the sense of Reid.
Any quogient singularity by a finite group action is log-terminal. A
Gorenstein singularity is log-terminal (in fact canonical) if it is rational.

(3.2) Combining [KMM; 1-2-5] and the argument [S2; (0.2.1)], we
obtain the following

LemMA. Let F be a finite subset of a variety V and set U= V — F.
Let B be a Q-divisor on V such that (U, By) has only log-terminal singu-
larities. Suppcse that o(U, By) is the restriction of some Q-bundle v on
V and that L — w is nef and big for some line bundle L on V. Then
H«(V,L) =0 for ¢ > 0.

Proof. Let n: M —V be a nice desingularization of (V, B) and let
B’ be the proper transform of B on M. Then K 4+ B = z*w + >, a,E;
for some prime divisors E; with r E, = 0, and @, > —1 unless =(E,) C F.
Hence there are effective divisors P, N and a negligible Q-divisor D on
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M such that z,P=0, z(N)C F, =D =B and K+ D = g*w + E for
E =P — N. Then, by (2.1), we have H'(M, =*L + E) = 0 for q¢ > Q.

Similarly HY(M, z*(L + tH) + E) = 0 for ¢ > 0, t > 0 and any ample
line bundle H on V. Letting £ > 0 and using Leray spectral sequence,
we infer AV, Rz,0y(z*(L + tH) + E)) = 0, which implies Rz, 0,(L + E)
=0 since H is ample. Using Leray spectral sequence again, we get
HY(V, n,0,(L + E)) = 0 for ¢ > 0.

In view of the exact sequence 0 — 0, (L + E) — 0,(L + P) — 0, (L + P)
— 0, we infer that Coker(r,0,(L + E)— 7,0,(L + P)) is supported in
o(N) = F. Hence h'(V, L) = hY(V, 7,0,(L + P)) < hY(V, 7, 0,(L + E)) = C
for ¢ > 0. Thus we complete the proof.

(3.3) DerFiNiTION. A pair (V, L) of a variety V and a line bundle
L on it is called a scroll over a variety W if there is a vector bundle &
on W such that V~ P(§) and L = @(1). Thus V is a P’ ‘-bundle over
W for r = rank(&).

(3.4) Now we state the main result of this section.

THEOREM. Let (V,L) be a polarized variety with dim V = n and let
B be a Q-divisor such that (V, B) has only log-terminal singularities.
Suppose that there is a subset Y of V such that codim Y > 2 and o(V, B),
comes from Pic(U) for U=V — Y. Then o(V, B) + (n — 1)L is nef unless
AV,L) =0 or (V, L) is a scroll over a smooth curve.

This is proved similarly as [F10; Theorem 2]. The following lemma
plays a key role.

(3.5) LEmma. Let V, L, B be as above and suppose that o + mL is
not nef for w = w(V, B) and some m = 0. Then there is a surjective mor-
phism f: V— W onto a normal variety W and a curve R in V with the
following properties:

1) Every fiber of f is connected.

2) A curve Cin V is numerically proportional to R if and only if
f(C) is a point.

3) FePic(V) comes from Pic(W) if and only if FR = 0.

4) F is relatively f-ample if and only if FR > 0.

5) (0 + mL)R < 0.

This follows from the Cone Theorem in [KMM]. Such a curve R
will be called an extremal curve and f will be called the contraction
morphism of R.



114 TAKAQ FUJITA

(3.6) Now we prove (3.4). Suppose that o + (n — 1)L is not nef.
Take f, W, R as in (8.5) with m = n — 1. We will first prove dim W < n.

Assume that f is birational. Take a point x on W such that dim f~*(x)
=k > 0. Let X be an irreducible component of f~(x) with dim X = &,
let v: N— X be its normalization and let M be a smooth model of N.
For any ample line bundle H on W we have H(V, —tL + IH,) = 0 for
any ¢ >0,t<n—1and />0 by (3.2). Hence, similarly as in [F10;
(2.3) & (2.4)], we get H*(M, —tL,) = 0 for t < n — 1. By (2.2) this implies
k=n—1, L5 =1, AN,L,) =0 and hence (N, L,) ~ (P*-%, 0(1)) since
L, is ample. Take a general line Z in N. Then AZ)NY = @ since
dim (G (Y)<n—2. SowZeZ and wZ < —n. Hence —nL — o is f-nef
by (3.5; 4), which implies HY(V, —nL 4+ IH,) = 0 for ¢ > 0, [ > 0 by (3.2).
So H¥N, —nL,) = 0, which is absurd.

(8.7 Proof of (3.4), continued. Now we have dim W < n. Let F be
a general fiber of f, let n: M — F be its desingularization and set k =
dim F. Similarly as above we get H*(M, —tL,) =0 for any t < n — 1.
Sok=n—1.

If R=n—1, we obtain (F, L,) ~ (P*, 0(1)) by (2.2), since any general
fiber is normal by Bertini’s theorem. W is a curve in this case. So
every fiber X of f is a Cartier divisor with L"-'X = L*'F = 1. Hence X
is irreducible and reduced since L is ample. By the lower-semicontinuity
of the 4d-genus we infer (X, L) =~ (P*, 0(1)). Thus (V, L) is a scroll over
w.

When k£ = n, W is a point. So o is numerically equivalent to cL for
some rational number ¢ with ¢ < 1 — n. Therefore HY(V, tL) = 0 for any
gq>0,t=>21—n by (8.2. So 4(V,L)=0 by (2.12). Thus we complete
the proof of (3.4).

(3.8) CoroLLARY. Let L be an ample line bundle on a log-terminal
variety V. Suppose that g(V, L) < 0 and V — Y is Gorenstein for a subset
Y with codim Y > 2. Then 4(V, L) = 0.

Proof. Set o = w(V,0). By (1.8) we have (w+ (n — DL)L*! =
=2g(V,L) —2<0for n=dimV. So w4+ (n — 1)L is not nef. By (3.4)
we may assume that (V, L) is a scroll over a curve W. Then g(V, L) is
the genus of W and the assertion follows.

(3.9) CororrLARY. Let things be as above except g(V,L) =1. Then
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o = (1 — n)L (hence V is Gorenstein) and A(V,L) = 1, unless (V,L) is a
scroll over a smooth elliptic curve.

Proof. By (3.4) we may assume that F=ow + (n — 1)L is nef.
Moreover FL* ! = 2g — 2= 0. So F is numerically trivial by (2.7). Now
we use (3.2) to get X(V, —tL) = 0for 1<t <n—1and X(V, ®) = 1. From
them and g =1 we infer AV, tL) =@+ 1)--- ¢+ n— 2)(dE + (n — 1)dt
+ (n — Dn)/n!. Hence AV, L) = X(V,L) = n+ d — 1 by (3.2). So 4(V, L)
= 1. Moreover X(V, (1 — n)L) = (—1)" implies AAV, o + (n — 1)L) = 1 by
duality and (3.2). Hence w = (1 — n)L, as asserted.

§4. Three dimensional cases

In this section we will show that our Conjecture follows from the
Flip Conjecture. In particular, by virtue of Mori’s result [M2], our
Conjecture is true in dimension < 3.

(4.1) DeriniTioN. Two quasi-polarized varieties (V,, L,) and (V,, L,)
are said to be birationally equivalent if there is another variety G with
birational morphisms f;: G — V, (i = 1, 2) such that f¥L, = f¥L,.

Now we state the main result in this section.

(4.2) Tureorem. Let (V,L) be a quasi-polarized variety with n =
dim V < 3. Then there exists a quasi-polarized variety (V’, L) which is
birationally equivalent to (V, L), has only Q-factorial terminal singularities,
and satisfies one of the following conditions.

1) o’ 4+ (n — 1)L’ is nef for the canonical Q-bundle o’ of V.

2) AV',L)=0.

3) (V', L) is a scroll over a curve.

Here, “Q-factorial” means that every Weil divisor is @-Cartier. As
for the definition of terminal singularities, see, e.g., [KMM]. We remark
that they are much milder singularities than log-terminal ones. In
particular they are smooth in codimension two.

We make a brief review of theories in [KMM] which we use.

(4.3) Let V be an n-dimensional variety having only terminal sin-
gularities. If the canonical Q-bundle » is not nef, then there is an
extremal curve R and the contraction morphism f: V— W of R as in
(3.5).

When f is birational, set S = {xe V|dimf-'(x) > 0} and E = f-(S).
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f will be called a divisorial (resp. flipping) contraction if dimE=n—1
(resp. <n —1).

(4.4) LemwMmA. If f is a divisorial contraction as above and if V has
only Q-factorial terminal singularities, then W has only Q-factorial terminal
singulariiies.

For a proof, see [KMM; 5-1-6].

(4.5) Frp condeECTURE 1. If f is a flipping contraction, there exists
a birational morphism f*: V* — W from a variety V* having only Q-
factorial terminal singularities such that

1) f* is an isomorphism in codimension one, and

2) the canonical Q-bundle w* of V' is f*-ample.

This is in fact true when n < 3 (cf. [M2]). f* is determined uniquely
if exists, and is called the flip of f. V* is called the flip-flop of V with
respect to R.

A sequence of varieties {V,} is called a flip-flop sequence if, for each

i, V,,, is the flip-flop of V, with respect to an extremal curve R, on V,.

(4.6) Frip coNJECTURE II. There does not exist a flip-flop sequence
of infinite length.

This is true when n < 4 (cf. [Sh] and [KMM; 5-1-15]).

(4.7 Now we prove (4.2). Let n: V, — V be a desingularization of
V and set L, = o*L. If w, + (n — 1)L, is nef for the canonical bundle w,
of V,, then we finish by setting (V’, L) = (V,, L;). So we may assume
that o, + (n — 1)L, is not nef. Take an extremal curve R, with (w, +
(n — DLYR, < 0 and let f;: V, — W be the contraction morphism of it.

Suppose that f, is not birational. If L,R, = 0, then L, comes from
Pic(W), but this contradicts (1.4). Hence LR, > 0 and L, is relatively
f-ample. Therefore, similarly as in (3.7), we infer that 4(V,,L,) =0 or
(V,, Ly is a scroll over a curve. So we finish by setting (V/, L) =
(Vs, Ly).

Suppose that f, is birational. If L,R, > 0, we get a contradiction as
in (3.6). So LR, = 0 and L, = f¥L, for some line bundle L,, on W. If
is a divisorial contraction, we set (V,, L,) = (W, L;,). If f, is a flipping con-
traction, we take the flip f*: V*— W of f, and set (V,, L,) = (V*, (f*)*Ly,).
In either case V, has only @Q-factorial terminal singularities and hence
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is smooth in codimension two. Clearly (V,, L,) is birationally equivalent
to (V, L).

We repeat the above argument replacing (V,, L,) by (V,, L,). Then
we can finish by setting (V’, L") = (V,, L,), or we get another pair (V,, L,).
In this case we again apply the above argument to (V,, L,). Thus, we
continue until we finish.

We obtain (V,,,, L,,,) either by a divisorial contraction or by a flip-
flop as in (4.5). By (4.6), we must have a divisorial contraction after
finite steps. Then the Picard number of V; decreases by one, while it
does not change in case of flip-flop. Since the Picard number is finite,
such a process cannot continue infinitely. Thus we can find (V’, L)
with the desired property after finite steps.

(4.8) CorOLLARY. Let L be a nef big line bundle on a normal variety
V of dimension n < 3. Then g(V,L) = 0. Moreover, if g(V,L) = 0, then
AV, L) = 0.

Proof. Take (V’,L’) as in (4.2) and use the argument in (3.8). Note
that g(V, L) = g(V’, L) by (1.8) and A(V, L) = A(V’,L’) by the normality
of V.

(4.9) CororrarY. Let (V,L) be as above and suppose g(V,L) = 1.
Then the pair (V/, L") as in (4.2) is either a scroll over an elliptic curve
or a locally Gorenstein variety with o' = (1 — n)L’ and A(V',L’) = 1.

For a proof, use the argument in (3.9).

§5. The case L is spanned by global sections

(5.2) When O(L) is spanned by global sections, our conjecture is
easily verified. Indeed, taking general members of |L| successively, we
get a sequence V=V, DV, D ... DV, of subvarieties V, of V such
that V, is a member of |L,|. Then g(V,L) is equal to the arithmetic
genus of the curve V, and hence non-negative. Moreover, by Bertini
theorem, Vs are normal if so is V. Thus, the following theorem applies

(5.2) TuEOREM. Let (V,L) be a quasi-polarized variety with g(V, L)
= 0. Suppose that there is a sequence {V,} as above such that each V,
is normal. Then A(V,L) = 0.
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Proof. We will show 4(V,, L) =0 by induction on j. This is clear
for j =1. When j > 1, we infer A(V,, —L) = 0 from (2.1) by Mumford’s
argument. On the other hand 4(V,_,, L) = 0 by the induction hypothesis.
So A(V,_,,0) =0 by (1.1) and by the classification theory of polarized
varieties of 4-genus zero. Combining them we get AV, 0) = 0. This
implies 4(V,, L) = A(V,_,, L). Thus we complete the proof.

Remark. If we have a sequence V=V,D ... DV, down to dimen-
sion d and if A(V,, L) =0, then we obtain 4(V,L) =0 by the above
argument. In particular, if d = 3, this method works by virtue of (4.8).

(5.3) Before proceeding further, we make the following remark.

When L is assumed to be spanned by global sections, it is not bad
to assume further that L is ample. Indeed, the rational mapping defined
by |L| is a morphism in this case. Taking the Stein factorization of it,
we get a birational morphism f: V— W onto a variety W such that L = f*A
for some ample line bundle A on W. Thus (V, L) is birationally equiva-
lent to (W, A), and its structure is described via (W, A). We may assume
that W is normal if so is V. But we must sacrifice the smoothness of
W even if V is smooth.

(5.4) As for the case g = 1, we have the following

THEOREM. Let L be an ample line bundle on a normal variety V
with n = dim V and suppose that g(V,L) = 1 and L is spanned by global
sections. Then one of the following conditions are satisfied:

1) V has only rational Gorenstein singularities, A(V,L) =1 and
o = (1 — n)L in Pic(V) for the canonical sheaf w.

2) (V, L) is a scroll over an elliptic curve, or a generalized cone over
such a scroll.

(5.5) By “‘generalized cone” we mean the following: Let o/ be an
ample vector bundle on an elliptic curve C and set § = 0D o/, M = P,(&)
and H = 0,(1). The surjection & — 0% defines a submanifold N of M
such that N = P(¢9*) ~ C X P* ' with H, being the pull-back of 0(1) of
P*-', The linear system |mH| has no base point for m > 0 and gives a
birational morphism z: M — W onto a normal variety W such that H =
#*A for some ample line bundle A on W. Moreover M — N =~ W — z(IN)
and r,: N— z(N) is the second projection of N onto P*-'. If (V, L) is
isomorphic to such a polarized variety (W, A), it is called a generalized
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cone over (P(«), ®(1)). We remark that W has irrational singularities
along z(INV). They are not even Cohen Macaulay in general.

(5.6) We prove (5.4) by induction on n. The assertion is obvious
when n =1, and is known when n = 2 (cf. [Sa]). So we assume n > 3.
But the present method works also for n = 2.

Let n: M — V be a desingularization of V, let D be a general member
of |L| and set S = r*De|L,|. Then D is normal and S is smooth by
Bertini type theorems. Since g(D,L,) =1, we can apply induction hy-
pothesis to (D, L,). If (D, L,) is of the type 1), then AY(D, 0) = h(S, ¢) = 0
by (8.2), since rational Gorenstein singularities are canonical. We have
hi(S, 0) =1 if (D, L,) is of the type 2).

Suppose that A'(M, ¢) = 0. Then A'(S,0) =0 since h*(M, —L,) =0
by duality and (2.1). - So (D, L,) is of the type 1). Hence A%S, K¢ +
(n — 2)L;) > 0 for the canonical bundle K¢ of S. This implies A%(M, K +
(n — 1)L,) > 0 for the canonical bundle K of M, since h'(M, K + (n — 2)L,)
=0 by (21). Let E be a member of |K + (n — 1)L,|. Then L"'E =0
since g(M, L,) = g(V,L) =1 by (1.8). So dimz(E) <n — 1. Since K =
(1 — n)L,, + E in Pic(M), this implies that V has only canonical singu-
larities and w, = (1 — n)L. We have also A(V, L) = A(M, L,) = 4A(S, Lg)
= A(D,L,) =1. Thus (V, L) is of the type 1).

Suppose that &M, 0) > 0. We have &AM, 0) < h'(S, 0) since
h(M, —L,) = 0. So 1= h'(M,0) = k'S, 0) and (D, L,) is of the type 2).
Let o: M — C be the Albanese map. Clearly C is an elliptic curve.
Moreover, using the Stein factorization and the universality of the
Albanese map, we infer that any general fiber X of « is connected (cf.
[U; p.112]). Since L, is nef and big, XN S is connected too. This implies
Alb(S) = C and the restriction ¢ of « to S is the Albanese map of S.
Recall that (S, Ly) is birationally equivalent to a scroll over C. So & =
0,.04(Lg) is locally free and the natural homomorphism ¢*%# — O4(Lg) is
surjective. On the other hand, (X, 0) < (XN S, 0) = 0 since h(X, — L)
=0 by (21). So &, = R'a,0, is supported in a finite subset of C.
Moreover, using Leray spectral sequence, we infer A%(C, #,) = 0 since
h(M, 0) = h(C,0). So F#,=0. Now, taking a, of 0— Oy — Oy(Ly) —
04(Lg) — 0, we get an exact sequence 0 - 0, — & —F — 0 for & = a,0,(Ly).
So & is locally free. Moreover, we easily see that a*& — 0,(L,) is
surjective. Hence there is a morphism f: M — P = P(&) such that L, =
f*0:(2).
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Suppose in addition that « factors through V. Let g: V— C be the
morphism such that a« = pox. Then & = §,0,(L) since V is normal.
Moreover g*& — 0y(L) is surjective. So we have ¢: V— P such that
L = ¢*0p(1). ¢ is finite since L is ample. Hence it is an isomorphism
by Zariski’s Main Theorem. Thus (V, L) is a scroll over C.

If & does not factor, then there is a curve Y in M such that y = z(Y)
is a point while a(Y) = C. We may assume y¢ D since D is a general
member of |L|. By construction of f, there is a divisor H in P such that
f*H =S and H ~ P(¥). Since yg¢D and YN S = &, we have f(Y)N H
= . Therefore, the pull-back of the exact sequence 0 -0, - & — F —0
via the map Y — C splits on Y. So this sequence splits on C since
HYC, #V) — H(Y, #V) is injective. By the induction hypothesis we have
F ~ 09" @ o for some k>0 and an ample vector bundle . on C. So
E ~ OP** Y@ o/, From this we infer that (V, L) is birationally equivalent
to a generalized cone over C. But they must be isomorphic since L is
ample.

(5.7 In order to proceed further, we want to study o + mL for
general m > 0. The result [S2; (2.1)] is very useful for this purpose.
The following theorem improves upon this result slightly.

TueoreEM. Let (V, L) be a polarized variety and let A be an irreduc-
ible reduced member of |L|. Suppose that

1) the double dual w" of the r-th tensor product of the canonical sheaf
o of V is invertible for some r > 0, and o™ is invertible in a neighborhood
of A for a possibly smaller positive integer m,

2) U=V —Y has only log-terminal singularities (for B = 0) for
some finite set Y, and

3) (w + tL), is a nef Q-bundle on A for some rational number t with
t=>2—m.

Then w + tL is nef on V unless n = dim V= 2 and (V, L) is a scroll
over a curve isomorphic to A.

Proof. Set ¢ = inf{seQ|w + sL is nef on V}. We study the case
g >t

By [F7; (6.10)], there exists £ > 0 such that the restriction of % (a, b)
=" ®OMbL) to A is very ample for any positive integers a, b with
b> amt + k. We claim that there is such a pair (e, b) with b < ame
and b — 1= (am — 1)g.
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Indeed, if ¢ > 0 and b is the largest integer with b < amg, then
b > amt + k since ¢ > t. Moreover, if ¢¢ @, then ame — b can become
arbitrarily small for a suitable @, so we have b — 1> (am — 1)¢ too.
When ce@Q, we set mo = g/p for some mutually coprime integers p, q.
Then ame — b = 1/p for a suitable ¢ > 0. Since ¢ > 2 — m~!, we have
¢ =14 1/p, which implies b6 — 1 = (am — 1)¢ as desired.

Set # = F(a,b) for a, b as above. Similarly as in (3.2), we have
HY(V,%#(—L)) =0 unless b — 1 = (am — 1)¢ and w + ¢L is not big. The
vanishing of H' implies that HA(V, #) — H(A, #,) is surjective. So %
is spanned by global sections in a neighborhood of A, hence so is %7,
which is invertible on V. Therefore Bs|#7| is finite since A is ample.
Then &% is nef, which contradicts b < amo.

Now we conclude that & — 1 = (em — 1)¢ and o + ¢L is not big.
Take a large integer [ such that loe Z, lo > It + k and o' is invertible
on V. Then, similarly as above, Bs|F| is finite for F = o'(lcL). By
[F7; (1.14)] F is semiample. So there is a surjective morphism f: V - W
onto a normal variety W such that F = f*H for some ample @Q-bundle
H on W. Note that dim W < n = dim V since o + oL is not big.

We claim that the restriction f,: A — W of f is a finite morphism.
Indeed, otherwise, there is a curve C in A such that (w + ¢L)C = 0. But
(0 + tL)C = 0 since CC A. This contradicts ¢ > t.

This claim implies dim W = n — 1. Moreover dany general fiber Z of
f is a normal curve with (v + ¢L)Z = 0. So wZ < 0 and Z =~ P'. Hence
wZ=—-2, LZ=1 and ¢ =2 since ¢ > 2— m'>1. Therefore f, is
birational. So A ~ W by Zariski’s Main Theorem.

Now we claim n = 2. Indeed, otherwise, the restriction map Pic(V)
— Pic(A) is injective by [F2; (2.6)]. This implies L = f*{f;")*L,, yielding
a contradiction as in [S1].

Thus W is a curve and every fiber X of f is a Cartier divisor with
LX =LZ = 1. From this we infer that (V, L) is a scroll over W by an
argument in (3.7). Q.E.D.

Remark. [S2; (2.1)] takes care the case m = 1 and t > 2.

(5.8) Using the above theorem, we can generalize many results
which follow from [S2; (2.1)]. We have also the following

COROLLARY. Let things be as above and suppose that A is locally
Gorenstein and that the canonical sheaf of A is nef. Then w + L is nef
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on V unless A is a curve and (V, L) is a scroll over A.

Proof. Apply (6.7) for m =t = 1.

Note added in proof. After this papsr was written, I found that
(2.6) was proved by T. Luo in Amer. J. Math., 111 (1989), 457-487;
Theorem 2.1 by a very different method. Further, very recently, he gave
a new simpler proof which works in positive characteristic cases too
(A Note on the Hodge Index Theorem, preprint, 1989).
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