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L» EXTENSION OF HOLOMORPHIC FUNCTIONS
FROM SUBMANIFOLDS TO STRICTLY
PSEUDOCONVEX DOMAINS WITH NON-SMOOTH
BOUNDARY

KENZO ADACHI

Abstract. Let D be a bounded strictly pseudoconvex domain in C™ (with not
necessarily smooth boundary) and let X be a submanifold in a neighborhood of
D. Then any L? (1 < p < 00) holomorphic function in X N D can be extended
to an L? holomorphic function in D.

§1. Introduction

Let D be a bounded strictly pseudoconvex domain in C™ with smooth
boundary and let X be a submanifold in a neighborhood of D which in-
tersects 0D transversally. Then Henkin [4] proved that any bounded holo-
morphic function f in X N D can be extended to a bounded holomorphic
function F' in D. Moreover, he proved that if f is holomorphic in X N D
and continuous on X N D, then F' is holomorphic in D and continuous on
D. Henkin-Leiterer [5] obtained the above results in the case when D is a
bounded strictly pseudoconvex domain in C™ with non-smooth boundary,
without assuming that the submanifold X and 9D intersect transversally.
On the other hand, Beatrous [1] and Cumenge [3] obtained LP extensions
of holomorphic functions from a submanifold X N D of a bounded strictly
pseudoconvex domain D in C" with smooth boundary under the hypothesis
that the submanifold X and 0D intersect transversally. Using a quite dif-
ferent method, Ohsawa-Takegoshi [6] have done the remarkable discovery
concerning L? extensions. They obtained the L? extension of holomorphic
functions from the intersection of a complex hyperplane and a bounded
pseudoconvex domain which involves weight functions. In their theorem
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the transversality is not assumed. When p > 2, Cho [2] gave a counter-
example in some pseudoconvex domain such that the LP extension does
not hold. In this paper, we show that any LP (1 < p < oo) holomorphic
function in X N D can be extended to an LP holomorphic function in D
in the case when D is a bounded strictly pseudoconvex domain in C™ with
non-smooth boundary, without assuming that the submanifold X and 0D
intersect transversally. The proof is based on the estimates of the integral
formula for holomorphic functions in X N D which was used to prove the
bounded and continuous extension of holomorphic functions by Henkin-
Leiterer [5]. We also use the estimate of the volume form by means of local
coordinates in a neighborhood of a singular points of X N 9D obtained by
Schmalz [7].

The author is pleased to acknowledge his gratitude to the referee for
valuable suggestions and helps during the improvement of this paper.

§2. Preliminaries

Let D € C™ be a strictly pseudoconvex open set and let § € C" be a
neighborhood of D, and let p be a strictly plurisubharmonic C? function
in a neighborhood of 6 such that

DNno={z€6:p(z) <0}

Let N(p) = {2z € 0 : p(z) = 0}, and assume that N(p) € 6. By Henkin-
Leiterer [4], we can choose numbers ¢, 3 > 0 and C'! functions a;j, on # such
that the following estimates hold:

dist(N(p), 90) > 2e,

£ > 36|€)7 forall 0# € € C,

i
8*p(¢) ‘ 3
su —a; < =,
hlagag, M| < e
’p(Q)  8*p(z) 3 o
- 92 -z <
82,0z,  Oz;0zx < o2 for ¢,z € 6 with |¢ — z| < 2¢,

where (; = z; + ixj4,. We define

_22 zj) — Z a;k(€)(G — 25) (Ck — 2k)-
ag] |
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Then, by Henkin-Leiterer [5] there exist € > 0 and ¢ > 0 such that

Re F(2,¢) > p(C) — plz) + el¢ — 2 (¢,2 €B,]¢C — 2] < 2¢).
Moreover, Henkin-Leiterer [5] proved the following:

THEOREM 1. There exist a neighborhood U € 0 of N(p) and C* func-

tions ®(z,(), d(z ,C), M(z,¢) and ]\7(7;,() for ¢ € U and z € UU D such
that the following conditions are fulfilled:

(i)
(ii)
(iii)

)

(iv

®(z,¢) and E’(Z,C) depends holomorphically on z € U U D.

Dz, )#0andé(z,();éOfor(EU,zeUUDwith!C—z|26.
M(z,¢) #0 and M(z,() #0 for (€U, z€ UUD.

D(z,

() = F(z,Q)M(2,¢) and ®(2,¢) = (F(2,¢) — 2p(C))M(2,¢) for
CeU,zeUUD with | — z| <e.

(v) Let Vi, Vi be neighborhoods of N(p) such that Vo U D is a strictly
pseudoconvex open set and Vi € Vo € U. Then there exist the C*
map w(z,() = (w1(z,0),...,wn(z,C)) for ¢ € Vg, z € Vo U D with the

following properties:

(a)
<’U)(Z,C),< - Z> = cI)(Z?C) (C eVo,zeW UD)'

(b) We choose a neighborhood Vo of N(p) such that Vo € Vi and a C*°
function x on C™ such that

x=0 on C"\Vi and x=1 on V.
Then there exist constants a > 0 and ¢ < oo such that
(2, O)| = a(lp()|+p(2)|+]Im F(z,Q)[+|¢—2[*)  for 2,( € VaND.

[w(z, O] < c(ldp(O)]| +1¢ = 2[)  for ¢,z € Va.
‘a@z,o'
a¢;
83. LP extension

We define

<% 5 el +10(Q)) for G2 € Ve =1m

=G Gnmt)y (W(2Q) = (wi(2,0), -+ wn—1(2,0)),
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n—1
Ty a%d@, wer(€Q) = dGy A+ A dCur,
j=1 7
o (XQWE )Y "2 (x(Qus(2: Q)
<< B(z,C) ) /:\‘?( (=, ¢) )

Let X = {z € C": 2z, = 0}. We denote by dV and dV’ the volume form
on C" and C" !, respectively. For an LP holomorphic function f in DN X
(p>1) and z € D, we define

31 Bf:) = % [ sem (%) Awer(©).

Then Ef is holomorphic in D and satisfies Ef|pnx = f.

Using Schmalz [7], we have the following lemma:

LEMMA 1. Let t(z,¢) = Im(w(z,(),{ — 2). We set (; = & + i€jqn,
2j = Nj + Mjtn and Es(z) = {C € D : [ — 2| < 6|dp(2)||} for all § > 0.

Then there are constants ¢ < oo, v > 0, and numbers p,v € {1,...,2n}
such that, {p,t(2,(), &1, s psos---:6om} (& and & have to be omitted)
forms coordinates system in E(z) ({p,t(2,C)sM,---sp>i»---,M2n} forms

coordinates system in E.(C), respectively) and we have the estimates

av < ‘|dp(CZ)H2’dp( YAt (2, ) Aoy iy Adap|  on Ey(2)
dV < HdeC)||2’dp( )/\d t(z C) N TR /\d772n‘ on Ew(C),

where dV is the Fuclidean volume form on C™.
Using Lemma 1, we prove the following theorem:

THEOREM 2. Let X be a closed complex submanifold of some neigh-
borhood of D. Let f be an LP holomorphic function in DNX (p > 1). Then
there exists an LP holomorphic function F in D such that F|pnx = f.

Proof. We may assume X = {z, = 0}. We set U = DN U. The
integral of the right hand side of (3.1) consists of the following two types
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integrals:
G(2,¢) /
he) = [ IOz 550
B wj(%()aﬁﬁ’(z,o )
B(:) = [ SOGEO=Z B v (),

where G/(z, () is a smooth function in D x D. At first we prove the theorem
in the case when p = 1. Using Fubini’s theorem, we have

[melave s [ mﬁwor{ / dea}dv’(c)
sl e e e
< | _1r@lavio.

Using the inequality

0% (2, 0)

gz, 61 222

‘ < (11 + ¢ — 2| + 19(O)]),

we have

/\Igz]de

s/ i ( |l ””‘fgfn’”( >’dv<z>>dv'<<>.

In view of Lemma 1, if we set t’ = (t3,...,t2,), we obtain

19O 4y
DB 0"

_ / LI gy / dpOF 4.
2€B,(¢) |P(2, Q)" 2B, () |®(z, Q)"
dtdtydt! ¢ — 2|2
< K av
~ /|t<M (] + [l - [P /zmo seor

M ,r2n73
< ———dr < 1.
~ /0 (?”2)”_2 ~
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The other cases are similar. Thus we have

[ip@iave s [ ironavio.
D X

nU

which completes the proof when p = 1. Next we assume 1 < p < co. Let ¢
be a positive number such that p~! + ¢~ = 1. We choose £ > 0 so small
that 2ep < 1 and 2¢q < 1. Using Holder’s inequality, we have

[F(OF !
< — WA
N /Xﬂﬁ @ (=, Q)| 1+er e

Thus we have

[ineraves [ nor( [ 50 ) e

< /X FOP V().

nU

Next we estimate I3(z). It is sufficient to prove that the following I3(z),
I3(2) and I3(2) belong to LP(D):

2
dey- [ LQUROR 4y

CPGE
v [ QU2
Be - | SO,
b [ QU
B = [ O

We prove that I (z) belongs to LP(D). The other cases are similar. Using
Holder’s inequality

1oy p_ QI 1
ey s ([ 1ol Tt ©)

(Lo %W’(oym.
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We set (' = (C1,---,Cn-1), 2 = (21,...,2n—1). Then we have
1dp(O)]1? /
———dV
Jeos Beopa O

_ ldp(OI* 1y ldeQI> 0
/c/ewz') | (2, ¢)|mea (O—i_/g”(;éEﬂ, ) @ (2, ¢)|n—ea (©)-

In view of Lemma 1, if we set t’ = (ts, ..., to,—2), then there exists a positive
constant M such that
/ _dpQI* )< / dty dtydt!
B () [®(2,Q)" ! ~ |t1| + [to] + [¢/[?)n =

<
~ 0 Tl 25qN

dp©OF_ Sl
/C¢Ev |[©(z, ¢)[" =1 O /XnU |®(2,¢)|n—ea ©

M
< / dr <1
~ 0 rl—2eq ~
By Fubini’s theorem, we obtain

P o [ eI :
[neraves [ iror( [ P () ) avic)

Using the inequality

ldp(O)l < lldp(2)]| +1¢ = =],
it is sufficient to estimate the following two integrals J;(¢) and J2(():

~ 2
7 = [ G V),

(2, Q) rep

e
15(0) = /D B W)

We estimate J;(¢). The other case is similar. In view of Lemma 1, we have

ldp(2)]]? ldp(2)]]?
J1(¢) = R qvi(e) + RN avi(z
1) /zeEw«) |®(z, Q)|"Fep & /zm(c) |®(2, Q)| tep &

</ dtldtgdt, +/ dV(Z)
™ S ([l =+ [e2f + [E2)rer = Jp (|C = 2[2)nmirer

M
,§/ =P dr <1,
0
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Thus we have proved that

/ P dv(e) < / FOP dV'(©).
D

XnU

This completes the proof of Theorem 2.
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