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EXTENSION OF HOLOMORPHIC FUNCTIONS

FROM SUBMANIFOLDS TO STRICTLY

PSEUDOCONVEX DOMAINS WITH NON-SMOOTH

BOUNDARY

KENZŌ ADACHI

Abstract. Let D be a bounded strictly pseudoconvex domain in C
n (with not

necessarily smooth boundary) and let X be a submanifold in a neighborhood of
D. Then any Lp (1 ≤ p < ∞) holomorphic function in X ∩ D can be extended
to an Lp holomorphic function in D.

§1. Introduction

Let D be a bounded strictly pseudoconvex domain in C
n with smooth

boundary and let X be a submanifold in a neighborhood of D which in-

tersects ∂D transversally. Then Henkin [4] proved that any bounded holo-

morphic function f in X ∩ D can be extended to a bounded holomorphic

function F in D. Moreover, he proved that if f is holomorphic in X ∩ D

and continuous on X ∩ D, then F is holomorphic in D and continuous on

D. Henkin-Leiterer [5] obtained the above results in the case when D is a

bounded strictly pseudoconvex domain in C
n with non-smooth boundary,

without assuming that the submanifold X and ∂D intersect transversally.

On the other hand, Beatrous [1] and Cumenge [3] obtained Lp extensions

of holomorphic functions from a submanifold X ∩ D of a bounded strictly

pseudoconvex domain D in C
n with smooth boundary under the hypothesis

that the submanifold X and ∂D intersect transversally. Using a quite dif-

ferent method, Ohsawa-Takegoshi [6] have done the remarkable discovery

concerning L2 extensions. They obtained the L2 extension of holomorphic

functions from the intersection of a complex hyperplane and a bounded

pseudoconvex domain which involves weight functions. In their theorem
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the transversality is not assumed. When p > 2, Cho [2] gave a counter-

example in some pseudoconvex domain such that the Lp extension does

not hold. In this paper, we show that any Lp (1 ≤ p < ∞) holomorphic

function in X ∩ D can be extended to an Lp holomorphic function in D

in the case when D is a bounded strictly pseudoconvex domain in C
n with

non-smooth boundary, without assuming that the submanifold X and ∂D

intersect transversally. The proof is based on the estimates of the integral

formula for holomorphic functions in X ∩ D which was used to prove the

bounded and continuous extension of holomorphic functions by Henkin-

Leiterer [5]. We also use the estimate of the volume form by means of local

coordinates in a neighborhood of a singular points of X ∩ ∂D obtained by

Schmalz [7].

The author is pleased to acknowledge his gratitude to the referee for

valuable suggestions and helps during the improvement of this paper.

§2. Preliminaries

Let D b C
n be a strictly pseudoconvex open set and let θ b C

n be a

neighborhood of ∂D, and let ρ be a strictly plurisubharmonic C 2 function

in a neighborhood of θ̄ such that

D ∩ θ = {z ∈ θ : ρ(z) < 0}.

Let N(ρ) = {z ∈ θ̄ : ρ(z) = 0}, and assume that N(ρ) b θ. By Henkin-

Leiterer [4], we can choose numbers ε, β > 0 and C 1 functions ajk on θ̄ such

that the following estimates hold:

dist(N(ρ), ∂θ) > 2ε,

inf
ζ∈θ̄

n∑

j,k=1

∂2ρ(ζ)

∂ζj∂ζ̄k
ξj ξ̄k > 3β|ξ|2 for all 0 6= ξ ∈ C

n,

sup
ζ∈θ̄

∣∣∣∣
∂2ρ(ζ)

∂ζj∂ζk
− ajk(ζ)

∣∣∣∣ <
β

n2
,

∣∣∣∣
∂2ρ(ζ)

∂xj∂xk
−

∂2ρ(z)

∂xj∂xk

∣∣∣∣ <
β

2n2
for ζ, z ∈ θ̄ with |ζ − z| ≤ 2ε,

where ζj = xj + ixj+n. We define

F (z, ζ) = 2

n∑

j=1

∂ρ(ζ)

∂ζj
(ζj − zj) −

n∑

j,k=1

ajk(ζ)(ζj − zj)(ζk − zk).
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Then, by Henkin-Leiterer [5] there exist ε > 0 and c > 0 such that

ReF (z, ζ) ≥ ρ(ζ) − ρ(z) + c|ζ − z|2 (ζ, z ∈ θ, |ζ − z| ≤ 2ε).

Moreover, Henkin-Leiterer [5] proved the following:

Theorem 1. There exist a neighborhood U b θ of N(ρ) and C 1 func-

tions Φ(z, ζ), Φ̃(z, ζ), M(z, ζ) and M̃(z, ζ) for ζ ∈ U and z ∈ U ∪ D such

that the following conditions are fulfilled :

(i) Φ(z, ζ) and Φ̃(z, ζ) depends holomorphically on z ∈ U ∪ D.

(ii) Φ(z, ζ) 6= 0 and Φ̃(z, ζ) 6= 0 for ζ ∈ U , z ∈ U ∪ D with |ζ − z| ≥ ε.

(iii) M(z, ζ) 6= 0 and M̃(z, ζ) 6= 0 for ζ ∈ U , z ∈ U ∪ D.

(iv) Φ(z, ζ) = F (z, ζ)M(z, ζ) and Φ̃(z, ζ) = (F (z, ζ) − 2ρ(ζ))M̃ (z, ζ) for

ζ ∈ U , z ∈ U ∪ D with |ζ − z| ≤ ε.

(v) Let V1, V0 be neighborhoods of N(ρ) such that V0 ∪ D is a strictly

pseudoconvex open set and V1 b V0 b U . Then there exist the C1

map w(z, ζ) = (w1(z, ζ), . . . , wn(z, ζ)) for ζ ∈ V0, z ∈ V0 ∪D with the

following properties:

(a)

〈w(z, ζ), ζ − z〉 = Φ(z, ζ) (ζ ∈ V0, z ∈ V0 ∪ D).

(b) We choose a neighborhood V2 of N(ρ) such that V2 b V1 and a C∞

function χ on C
n such that

χ = 0 on C
n\V1 and χ = 1 on V2.

Then there exist constants α > 0 and c < ∞ such that

|Φ̃(z, ζ)| ≥ α
(
|ρ(ζ)|+|ρ(z)|+| Im F (z, ζ)|+|ζ−z|2

)
for z, ζ ∈ V2 ∩ D.

|w(z, ζ)| ≤ c(‖dρ(ζ)‖ + |ζ − z|) for ζ, z ∈ V2.

∣∣∣∣
∂Φ̃(z, ζ)

∂ζ̄j

∣∣∣∣ ≤ c

(∣∣∣∂ρ(ζ)

∂ζ̄j

∣∣∣+|ζ−z|+|ρ(ζ)|

)
for ζ, z ∈ V2, j = 1, . . . , n.

§3. Lp
extension

We define

ζ ′ = (ζ1, . . . , ζn−1), (w(z, ζ))′ = (w1(z, ζ), . . . , wn−1(z, ζ)),
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∂̄ζ′ =

n−1∑

j=1

∂

∂ζ̄j
dζ̄j , ωζ′(ζ) = dζ1 ∧ · · · ∧ dζn−1,

ωζ′

(
χ(ζ)(w(z, ζ))′

Φ̃(z, ζ)

)
=

n−1∧

j=1

∂̄ζ′

(
χ(ζ)wj(z, ζ)

Φ̃(z, ζ)

)
.

Let X = {z ∈ C
n : zn = 0}. We denote by dV and dV ′ the volume form

on C
n and C

n−1, respectively. For an Lp holomorphic function f in D ∩X

(p ≥ 1) and z ∈ D, we define

(3.1) Ef(z) =
(n − 1)!

(2πi)n−1

∫

D∩X
f(ζ)ωζ′

(
χ(ζ)(w(z, ζ))′

Φ̃(z, ζ)

)
∧ ωζ′(ζ).

Then Ef is holomorphic in D and satisfies Ef |D∩X = f .

Using Schmalz [7], we have the following lemma:

Lemma 1. Let t(z, ζ) = Im〈w(z, ζ), ζ − z〉. We set ζj = ξj + iξj+n,

zj = ηj + iηj+n and Eδ(z) = {ζ ∈ D : |ζ − z| < δ‖dρ(z)‖} for all δ > 0.
Then there are constants c < ∞, γ > 0, and numbers µ, ν ∈ {1, . . . , 2n}
such that, {ρ, t(z, ζ), ξ1, . . . , µ̂, ν̂ , . . . , ξ2n} (ξµ and ξν have to be omitted)
forms coordinates system in Eγ(z) ({ρ, t(z, ζ), η1, . . . , µ̂, ν̂ , . . . , η2n} forms

coordinates system in Eγ(ζ), respectively) and we have the estimates

dV ≤
c

‖dρ(z)‖2
|dρ(ζ) ∧ dζt(z, ζ) ∧ . . . , µ̂, ν̂ , · · · ∧ dξ2n| on Eγ(z)

dV ≤
c

‖dρ(ζ)‖2
|dρ(z) ∧ dzt(z, ζ) ∧ . . . , µ̂, ν̂ , · · · ∧ dη2n| on Eγ(ζ),

where dV is the Euclidean volume form on C
n.

Using Lemma 1, we prove the following theorem:

Theorem 2. Let X be a closed complex submanifold of some neigh-

borhood of D. Let f be an Lp holomorphic function in D∩X (p ≥ 1). Then

there exists an Lp holomorphic function F in D such that F |D∩X = f .

Proof. We may assume X = {zn = 0}. We set Ũ = D ∩ U . The
integral of the right hand side of (3.1) consists of the following two types
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integrals:

I1(z) =

∫

X∩eU
f(ζ)

G(z, ζ)

Φ̃(z, ζ)n−1
dV ′(ζ),

I2(z) =

∫

X∩eU
f(ζ)G(z, ζ)

wj(z, ζ) ∂
∂ζ̄ν

Φ̃(z, ζ)

Φ̃(z, ζ)n
dV ′(ζ),

where G(z, ζ) is a smooth function in D×D. At first we prove the theorem
in the case when p = 1. Using Fubini’s theorem, we have

∫

D
|I1(z)| dV (z) .

∫

X∩eU
|f(ζ)|

{∫

D

1

|Φ̃(z, ζ)|n−1
dV (z)

}
dV ′(ζ)

.

∫

X∩eU
|f(ζ)|

{∫

|ζ−z|≤M

1

(|ζ − z|2)n−1
dV (z)

}
dV ′(ζ)

.

∫

X∩eU
|f(ζ)| dV ′(ζ).

Using the inequality

|wj(z, ζ)|

∣∣∣∣
∂Φ̃(z, ζ)

∂ζ̄ν

∣∣∣∣ .
(
‖dρ(ζ)‖2 + |ζ − z| + |ρ(ζ)|

)
,

we have
∫

D
|I2(z)| dV (z)

.

∫

X∩eU
|f(ζ)|

(∫

D

‖dρ(ζ)‖2 + |ζ − z| + |ρ(ζ)|

|Φ̃(z, ζ)|n
dV (z)

)
dV ′(ζ).

In view of Lemma 1, if we set t′ = (t3, . . . , t2n), we obtain

∫

D

‖dρ(ζ)‖2

|Φ̃(z, ζ)|n
dV (z)

=

∫

z∈Eγ(ζ)

‖dρ(ζ)‖2

|Φ̃(z, ζ)|n
dV (z) +

∫

z /∈Eγ(ζ)

‖dρ(ζ)‖2

|Φ̃(z, ζ)|n
dV (z)

.

∫

|t|≤M

dt1dt2dt′

(|t1| + |t2| + |t′|2)n
+

∫

z /∈Eγ(ζ)

|ζ − z|2

|Φ̃(z, ζ)|n
dV (z)

.

∫ M

0

r2n−3

(r2)n−2
dr . 1.
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The other cases are similar. Thus we have
∫

D
|I2(z)| dV (z) .

∫

X∩eU
|f(ζ)| dV ′(ζ),

which completes the proof when p = 1. Next we assume 1 < p < ∞. Let q

be a positive number such that p−1 + q−1 = 1. We choose ε > 0 so small

that 2εp < 1 and 2εq < 1. Using Hölder’s inequality, we have

|I1(z)|p .

(∫

X∩eU

|f(ζ)|p

|Φ̃(z, ζ)|n−1+εp
dV ′(ζ)

)(∫

X∩eU

dV ′(ζ)

|Φ̃(z, ζ)|n−1−εq

)p/q

.

∫

X∩eU

|f(ζ)|p

|Φ̃(z, ζ)|n−1+εp
dV ′(ζ).

Thus we have

∫

D
|I1(z)|p dV (z) .

∫

X∩eU
|f(ζ)|p

(∫

D

dV (z)

|Φ̃(z, ζ)|n−1+εp

)
dV ′(ζ)

.

∫

X∩eU
|f(ζ)|p dV ′(ζ).

Next we estimate I2(z). It is sufficient to prove that the following I 1
2 (z),

I2
2 (z) and I3

2 (z) belong to Lp(D):

I1
2 (z) =

∫

X∩eU

|f(ζ)|‖dρ(ζ)‖2

|Φ̃(z, ζ)|n
dV ′(ζ),

I2
2 (z) =

∫

X∩eU

|f(ζ)|‖dρ(ζ)‖|ζ − z|

|Φ̃(z, ζ)|n
dV ′(ζ),

I3
2 (z) =

∫

X∩eU

|f(ζ)|‖dρ(ζ)‖|ρ(ζ)|

|Φ̃(z, ζ)|n
dV ′(ζ).

We prove that I1
2 (z) belongs to Lp(D). The other cases are similar. Using

Hölder’s inequality

I1
2 (z)p ≤

(∫

X∩eU
|f(ζ)|p

‖dρ(ζ)‖2

|Φ̃(z, ζ)|n+εp
dV ′(ζ)

)

×

(∫

X∩eU

‖dρ(ζ)‖2

|Φ̃(z, ζ)|n−εq
dV ′(ζ)

)p/q

.
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We set ζ ′ = (ζ1, . . . , ζn−1), z′ = (z1, . . . , zn−1). Then we have

∫

X∩eU

‖dρ(ζ)‖2

|Φ̃(z, ζ)|n−εq
dV ′(ζ)

=

∫

ζ′∈Eγ(z′)

‖dρ(ζ)‖2

|Φ̃(z, ζ)|n−εq
dV ′(ζ) +

∫

ζ′ /∈Eγ(z′)

‖dρ(ζ)‖2

|Φ̃(z, ζ)|n−εq
dV ′(ζ).

In view of Lemma 1, if we set t′ = (t3, . . . , t2n−2), then there exists a positive

constant M such that∫

ζ′∈Eγ(z′)

‖dρ(ζ)‖2

|Φ̃(z, ζ)|n−εq
dV ′(ζ) .

∫

|t|≤M

dt1dt2dt′

(|t1| + |t2| + |t′|2)n−εq

.

∫ M

0

dr

r1−2εq
. 1.

∫

ζ′ /∈Eγ(z′)

‖dρ(ζ)‖2

|Φ̃(z, ζ)|n−εq
dV ′(ζ) .

∫

X∩Ũ

|ζ ′ − z′|2

|Φ̃(z, ζ)|n−εq
dV ′(ζ)

.

∫ M

0

dr

r1−2εq
. 1.

By Fubini’s theorem, we obtain
∫

D
I1
2 (z)p dV (z) .

∫

X∩eU
|f(ζ)|p

(∫

D

‖dρ(ζ)‖2

|Φ̃(z, ζ)|n+εp
dV (z)

)
dV ′(ζ).

Using the inequality

‖dρ(ζ)‖ . ‖dρ(z)‖ + |ζ − z|,

it is sufficient to estimate the following two integrals J1(ζ) and J2(ζ):

J1(ζ) =

∫

D

‖dρ(z)‖2

|Φ̃(z, ζ)|n+εp
dV (z),

J2(ζ) =

∫

D

|ζ − z|2

|Φ̃(z, ζ)|n+εp
dV (z).

We estimate J1(ζ). The other case is similar. In view of Lemma 1, we have

J1(ζ) =

∫

z∈Eγ(ζ)

‖dρ(z)‖2

|Φ̃(z, ζ)|n+εp
dV (z) +

∫

z /∈Eγ(ζ)

‖dρ(z)‖2

|Φ̃(z, ζ)|n+εp
dV (z)

.

∫

|t|≤M

dt1dt2dt′

(|t1| + |t2| + |t′|2)n+εp
+

∫

D

dV (z)

(|ζ − z|2)n−1+εp

.

∫ M

0
r1−2εp dr . 1.
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Thus we have proved that

∫

D
I1
2 (z)p dV (z) .

∫

X∩eU
|f(ζ)|p dV ′(ζ).

This completes the proof of Theorem 2.
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