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OSCILLATION RESULTS FOR n-TH ORDER
LINEAR DIFFERENTIAL EQUATIONS WITH
MEROMORPHIC PERIODIC COEFFICIENTS

SHUN SHIMOMURA

Abstract. Consider n-th order linear differential equations with meromorphic
periodic coefficients of the form w™ 4+ R,_1(e*)w™ ™Y + ... + Ri(e*)w’ +
Ro(e*)w = 0, n > 2, where R,(t) (0 < v < m — 1) are rational functions
of t. Under certain assumptions, we prove oscillation theorems concerning
meromorphic solutions, which contain necessary conditions for the existence of a
meromorphic solution with finite exponent of convergence of the zero-sequence.
We also discuss meromorphic or entire solutions whose zero-sequences have an
infinite exponent of convergence, and give a new zero-density estimate for such
solutions.

81. Introduction

Consider equations of the form
(1.1)  w™ 4 A1 (e?)w™ D + .o+ A () + Ag(e)w =0, n>2

('=d/dz), where A, (t) (0 < v < n—1) are rational functions of ¢ admitting
poles at most at t = 0, co only. The coefficients of (1.1) are entire periodic
functions, and every solution is entire. In the case where n = 2, the zero
distribution of solutions was first examined by [8]. Studies concerning (1.1)
have been carried on by several authors, and various oscillation theorems
have been obtained ([2], [4], [12], [14], [15], [16]).

In this paper we extend such results to meromorphic solutions of linear
equations with meromorphic periodic coefficients. Some of our results, even
in the case restricted to entire solutions, are also improvements of previously
known ones concerning equations with entire periodic coefficients. We treat
n-th order linear differential equations of the form

E)  w™ + R,_1(e)w™ D ... 4 Ry(e*)w' + Ro(e*)w =0, n>2.
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Here R, (t) (0 < v < n—1) are rational functions of ¢ which may admit poles
other than ¢ = 0 or oo, and hence the coefficients R, (e*) are meromorphic
on C. Throughout this paper we suppose the following conditions on (E):

(a) around t = o,

(o]
(1.2) Ro(t)=1") axt™, q€N, ag#0,
k=0
o0
(1.3) R,(t) =t% Za,,’kt_k or =0, 1<v<n-—1,
k=0

q1/ € Z) aV,O ?é Oa

(1.4) @ <qgn—1-v)/n for 1<v<n-—2, g,—1 <0

(b) around t =0,

(1.5) Ro(t) =tP> bpt*, peZ, by #0,
k=0
(1.6) R,(t) =t byith or =0, 1<v<n-—1,
k=0

Pv € 27 bu,O 7£ 07
where

pp<pn—1-v)/n for 1<v<n-2, p,_1<0, ifp>1,
P, <0 for 1<v<n-1, if p<O0;

(c) equation (E) possesses at least one solution which is nontrivial and
meromorphic on the whole complex z-plane C.

We put
n—1
(1.9) P=|JP cC-{o},
v=0

where each P, is the set of all the distinct poles of R, (t) other than ¢ = 0
or co. Clearly P is a finite set. If (E) possesses a meromorphic solution
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with poles, then P is not empty. By the change of the variable t = ¢*, (E)
is taken into the equation

(aB) 9w + Ry_1(1)9" w4+ - + Ry ()9w + Ro(t)w =0, 9 = t(d/dt),

which is called the associate equation of (E). For an arbitrary solution ¢(z)
of (E), there exists a solution ®(t) of (aE) such that ¢(z) = ®(e*) at least
around a point z = z¢ at which ¢(z) is analytic. Then, ®(¢) is continued
meromorphically to R, if and only if ¢(z) is meromorphic on C. Here R
denotes the universal covering of C — {0}, namely the Riemann surface of
logt. In general, solutions of equations of the form (aE) have a branch
point at t = £ € P. In the case which we are going to treat, the coefficients
of (aE) need to satisfy suitable conditions under which (aE) possesses a
nontrivial solution meromorphic on R. For example, if every & € P is
an apparent singular point, namely a regular singular point at which all
the characteristic exponents are integers and the series expansion of every
solution does not contain a logarithmic term, then every solution of (aE)
is meromorphic on R. Such conditions for n = 2 are found in [9], [21,
Chapter 6], [22]; see also examples in Section 3.1.2.

Our main results and their corollaries are stated in Sections 2 and 3.
Theorem 2.1 is an extension of oscillation results for the entire periodic
coefficients cases ([8, Theorem 1], [12, Theorem 2]), which gives necessary
conditions for the existence of a meromorphic solution of (E) satisfying
A¢) < +oo. Here A(f) denotes the exponent of convergence of the zero-
sequence of a meromorphic function f, namely

AF) = Tim sup 228N /1)

r—oo log r

in which N(r, g) denotes the counting function (see [18], [20], [21]). The-
orem 2.3 gives a zero-density estimate for every meromorphic solution of
(E) satisfying A(¢) = +oo. For (1.1) with entire periodic coefficients, it
is known that a result corresponding to Theorem 2.1 is also valid under
the condition log N(r,1/w) = o(r) instead of A(w) < +oo ([2], [4], [12]).
Theorem 2.3 enables us to replace this by a weaker condition of the form
liminf, o r~1log N(r,1/w) < Cq for some Cq > 0 (Remark 2.3). Fur-
thermore, combining this theorem with Corollary 3.3 which follows from
Theorem 2.1, we estimate the zero-density of solutions of the Hill equation
(Proposition 3.4). Theorem 2.2 or Corollary 3.5 contains the affirmative
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answer to the conjecture by Chiang and Wang [15] that every nontrivial
solution of

w™ 4+ (¢* + Ko)w=0, n>3, KyeC

satisfies A(¢) = 400 (Section 3.2). For (E) with entire periodic coefficients,
Theorem 2.4 gives a sufficient condition under which arbitrary linearly inde-
pendent solutions xo(z), x1(2), - - - » Xn—1(2) satisfy max{A(xo0), .- A(xn-1)}
= +o00; it is an extension of [7, Section 3, Fact (B)] (see also [10, Theo-
rem 1], [11], [13, Theorem 4], [23]). In the proofs of these results, our main
idea is to examine the asymptotic behaviour of solutions of (aE) near the
singular points ¢t = co and t = 0. The asymptotic integration has been used
in the study of the zero distribution of solutions of linear equations ([5], [6],
[17], [19]). In Section 4, we give asymptotic solutions of (aE) and sectorial
domains in which the expressions of them are valid. In Section 5, we define
a zero-ample solution at t = oo (or at t = 0) of (aE), and show that it ad-
mits infinitely many zeros in some sectorial domain. Furthermore we give
a characterisation of a solution which is not zero-ample. In Section 6, we
prove Theorems 2.1 and 2.3. In the proof of Theorem 2.3, in addition to the
zero-density estimate in Section 5, we employ the Wiman-Valiron theory.
In Sections 7 and 8, observing the relation between solutions of (aE) near
t = oo and near t = 0 carefully, we prove Theorems 2.2 and 2.4.

Throughout this paper, in addition to the standard notation of the
Nevanlinna theory such as T'(r, f), N(r, f), A(f), we use the notation below:

(1) We write ¢(r) < ¥(r) or ¢(r) > ¢(r) as r — oo, if ¢(r) = O(¢(r))
as r — oo.

(2) For a set A, §A denotes the cardinal number of A.

(3) For 0 € C and for m € Z — {0}, O[t°],/, denotes a formal series
expressed as t7 3,5, ckt/™ (¢ € C). When f(t) admits a convergent
series expression of the form f(t) = t7 3, o, cxt®/™ around t'/™ = 0, we
also write as f(t) = O[t]y /- -

§2. Main theorems

We define oy, (k> 0) by

1/n
o S art] =t o= (ca

0<k<g/n k>0
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near t = co. When p € N, we define 8 (k > 0) by
1/n
[(—1)”“tp ) bm} =N Bk, g = —(—bo) V7,
0<k<p/n k>0

near t = 0. Here ay, by (k > 0) are the coefficients of (1.2) and (1.5). When
q/n € N, ta/m 2_0<k<q/n ayt~* is the approximate n-th root of [1], [7]. Put

_ q/n 87 —k
(2.1) Vio(t) =t > rn_kt ,
0<k<q/n
_ 4p/n P
(2.2) Vo(t) =t > p/n_kt (p € N).
0<k<p/n

If p <0, then we put Vy(t) = 0.

THEOREM 2.1. Suppose that (E) possesses a meromorphic solution
w = ¢(z) (# 0) satisfying \(¢p) < +oo. Then ¢(z) is expressible in the
form

§(z) = (),
23 o) = (T[- 0@ ) PO explanVn(t) + anti(0).
EeP

and one of the following must hold:
(i) ¢/néE¢N, p/n g N, p>1, and

nly(P) — (n—1)(¢+p)/2 — (Ra-1(00) — Rn—1(0)) € N'U{0};
(ii) g¢/n € N, p/n € N, and
I5(P) = (n = 1)(q +p)/(2n) — (Rn-1(00) — Rn—1(0))/n
+ Woo g /m + WoBy/m € NU{0};
(iii) ¢/n & N, p < 0, and, for some m € Z satisfying m < nIy(P),
pm = (2m — (n = 1)q — 2Rn_1(0))/(2n)

s a Toot of the equation

n—1
(2.4) Ph D Ry (0)p” = 0;
v=0
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(iv) ¢/n € N, p <0, and, for some m € Z satisfying m < I4(P),

pm =m — (n—1)q/(2n) — Rn1(00)/n + wootg/n

is a root of (2.4).

Here,
() 1(€) € {0} UN, I(P) = Teep 1(6);
(b) (Woo,wo) is some pair of n-th roots of 1;
(c) Kk is a constant given by

(n—1)p/(2n) — R,—1(0)/n in case (i
(n—1)p/(2n) — Ry—1(0)/n — woﬂp/n m case
Pm m case

Pm m case

(d) P(7) is a polynomial in T which satisfies P(0) # 0 and is not
divisible by " — £ for every & € P satisfying 1(§) € N, and in particular,
when q/n € N, P(tY/") is a polynomial in t such that P(€'/") # 0 for every
¢ € P satisfying 1(€) € N.

Remark 2.1. In the theorem above, for each solution ¢(z) such that
A(¢) < 400, the integer I,(P) is uniquely determined. If P = (J, then every
solution is entire, and hence I4(P) = 0. There exists a case where P # ()
and every solution is entire (see Section 3.1.2).

Remark 2.2. When P = (), by (1.4) and (1.7) (or (1.8)), we have
R,_1(t) = C € C. Then, by the transformation w = e~C2/"y, our problem
is reduced to one concerning (E) with R,,_;(t) = 0.

In the special case where ¢/n ¢ N, p < 0, we have the following:

THEOREM 2.2. Suppose that q/n ¢ N and that p < 0. Put n = ngdy,
q = qodoy, where dy is the greatest common divisor of n and q. If there exists
a meromorphic solution w = ¢(z) (£ 0) of (E) satisfying A\(¢) < 400, then

(1) ¢j(2) = (2 + 2jmi) (j =0,1,...,n9 — 1) are linearly independent
solutions of (E) satisfying A(¢;) < +00;

(2) the equation

n—1

(2.5) o+ Z ny "R, (0)p” =0

v=0
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admits ng distinct roots expressed as —(n—1)qo/2 — Rp—1(00)/do +m; with

m; € Z (j =0,1,... ,n9 — 1) satisfying mo < noly(P), mo <mq < --- <
Mnpg—1-

For the zero-density of solutions, we have the following:

THEOREM 2.3. Let ¢(z) be an arbitrary meromorphic solution of (E)
satisfying N(¢) = +00. Then we have

(2.6) log N(r,1/¢) = O(r)
and
(2.7) log N(r,1/¢) = (mo(p,q)/n)r + O(logr)

as r — 0o, where

min{p,q} if p>1,
mo(p,q) = { P
q if p <0.

Remark 2.3. This theorem implies that the condition A(¢) < 400 of
Theorem 2.1 or 2.2 can be replaced by

hrrgg)lfr*l log N(r,1/¢) < mo(p,q)/n.

THEOREM 2.4. Suppose that P = (), R,—1(t) = 0, and that either of
the following holds:

Hp=1;

(ii) p < 0, ¢/n € N, and aq/n(wj —w') & Z for every pair (4,4") of
integers satisfying 0 < j < j' <n —1, where w = exp(27wi/n).
Then, for arbitrary linearly independent solutions xo(z), x1(2), ..., Xn—1(2)
of (E), we have max{\(x0), A\(x1),- -, A(xn-1)} = +0o0.

§3. Corollaries and examples

3.1. Corollaries of Theorem 2.1

From Theorem 2.1, we can derive sufficient conditions under which a
meromorphic solution of (E) satisfies A(¢) = +o0.
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COROLLARY 3.1. Let ¢(z) = ®(e*) (£ 0) be a meromorphic solution of
(E) such that ®(t) [[¢ep(t— )" ©) s analytic on R, where 1*(£) € NU{0},
§ € P. Suppose that, for I5(P) =3 ccp t*(§), one of the following holds:
(i) ¢/n ¢ N, p/n &N, p>1, and

nlg(P) — (n—=1)(q¢ +p)/2 = (Rn-1(0) = Rn1(0)) ¢ NU{0};

(ii) ¢/n € N, p/n € N, and, for every (j1,jo) € Z?,

I5(P) = (n = 1)(g +p)/(2n) = (Rn-1(00) = Bn—1(0))/n
+ wjlaq/n + wjgﬁp/n g NU {0}7

where w = exp(27mi/n).

Then A\(¢) = +o0.

COROLLARY 3.2. Suppose that g/n ¢ N, p/n € N, or that ¢/n € N,

p/n € N, p > 1. Then every nontrivial meromorphic solution of (E)
satisfies \(¢p) = +00.

Observing that every entire solution ¢(z) of (E) satisfies I3(P) = 0 in
Corollary 3.1, we have the following:

COROLLARY 3.3. Suppose that p > 1, R,_1(c0) — R,—1(0) > 0, and
that either of the following holds:

(i) ¢/n € N orp/n & N;
(i) ¢/n € N, p/n € N, and, for every (j1,jo) € Z?,

—(n—=1)(¢+p)/(2n) — (Rn-1(c0) — Rn-1(0))/n
+ wjlozq/n + wj25p/n ¢ N U {0}.
Then every nontrivial entire solution of (E) satisfies A(¢) = +o0; under

the additional conditions P =0, R,_1(t) = 0, every nontrivial solution of
(E) is entire and satisfies A\(¢) = +o0.

3.1.1. Hill equation

Consider the Hill equation
d*w
dz?

(HE) + (@0 + 201 cos(22) + -+ + 20, cos(2qz))w =0, ©,#0.
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By the change of the variable s = 2iz, (HE) is taken into

d*w
FEl + Ro(e®)w =0,

Ry(t) = —% (60 +O1(t+tT) 4+ Oyt + t*q)).

For every odd integer ¢, it is known that every solution ¢(z) of (HE) satisfies
A(¢) = 400 ([8]). When ¢ is even, we put

14 . 1/2 B
[Z Z @q,kt k] :tQ/QZOékt k, 040:@;/2/2.

0<k<q/2 k>0

Note that ag/9 = f4/2. For example, if Og_1 =042 ="---=60,,=0,1>
q/4, then ag/y = B/ = @q/2@q—1/2/4' By Corollary 3.3 and Theorem 2.3,

we have the following:

PROPOSITION 3.4. Suppose that (HE) has either of the following prop-
erties:

(i) q is odd;

(ii) g is even, and £2ay/5 — q/2 ¢ N U{0}.
Then every solution ¢(z) of (HE) satisfies

log N(r,1/¢) = gr + O(logr), log N(r,1/¢) = O(r)
as r — oo.

3.1.2. Meromorphic coeflicients cases
Consider equations of the form

(Es) w” + Ri(e*)w' + Ro(e*)w =0
with
) -3 1 1

1 t) = t) = o Uty
(3 ) Rl() 0, RO() (t_1)2+t_1 2( +t3)7
with

t

(3.2) Ri(t)=—1, Ro(t) = ———F —1,
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and with
(3.3) Ri(t) = — Rot)=2-1- L
t—1 t
The associate equations of (Eg) with (3.1), (3.2), (3.3) possess linearly in-
dependent solutions given by

(34) i) =T (1+O[T"), @2(t) =T2(1+O[T],),

35) @) =T(1+O[Th), ®L(t) = 1+ O[T]; + ®3(t)log T,

(3.6)  ®3(t) =1+ O[T, ®3(t) = T°(1+ O[T;)

(T =t —1), respectively, around the regular singular point ¢t = 1. By (3.4),
every solution ¢(z) (# 0) of (E2) with (3.1) is meromorphic. By Corol-
lary 3.1 with I3(P) = 1, we have A(¢) = +oo. Equation (E2) with (3.2)
possesses a one-parameter family of entire solutions {¢c(2) = C®(e?) | C €
C}. (Note that every solution of the associate equation is analytic around
t = 0.) By Theorem 2.1, (iii), we have A\(¢¢c) = 400 for every C' € C —{0}.

Although Rj(e®) with (3.3) is meromorphic, every solution of (Eg) with
(3.3) is entire. By Corollary 3.2, it satisfies A(¢) = +o0.

3.2. Corollaries of Theorem 2.2

From Theorem 2.2, we immediately have the following:

COROLLARY 3.5. Suppose that q and n are relatively prime, and that
p < 0. If the characteristic equation

n—1
(3.7) ph Y VR (0)pY =0
v=0

has a multiple root or has a oot p, such that p,+(n—1)q/24+ Ry,—1(0) & Z,
then every meromorphic solution ¢(z) of (E) satisfies \(¢) = +oo.

COROLLARY 3.6. Under the same supposition as in Corollary 3.5, if
(E) possesses a meromorphic solution ¢(z) (£ 0) such that \(¢) < +oo,
then ¢;j(z) = ¢(z + 2jmi) (j = 0,1,...,n — 1) are linearly independent
solutions of (E) satisfying A(¢;) < +o0.

Consider an equation of the form
3.8)  w™ + Kjw 4+ Ry(e*)w =0, n>3,
Ryo(t) = Lgt?"+---+ Lit+ Lo, Ly#0, LpeC (0<k<q),
Ky e C—{z ]|z <0},
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where n and ¢ are relatively prime. Equation (3.7) is written in the form
(3.9) Pt 0" Kp+n"Ly=0.

Since n > 3, (3.9) has a root p = p, such that Im p, # 0, or has a multiple
root p = 0. Hence every solution of (3.8) satisfies A(¢) = +oo. This result
is an extension of [15, Theorem 3.2].

In the case where n = 2, R;(t) =0, Ry(t) = t + Ky or in the case where
n =3, Ro(t) =0, Ri(t) = K1, Ro(t) =t + Ko, a result corresponding to
Corollary 3.6 is known ([10], [15, Theorem 3.1]). For example, as is shown
n [15], when K; = —7/9, the equation

(3.10) w® + Kjw' + (¢ —2/9w =0, K, eC
has the linearly independent solutions

do(z) = (1 + (3/2)e*/3) exp(—3e*/> — (2/3)2),
#1(2) = ¢o(z + 2mi), $2(2) = ¢o(z + 4mi)

satisfying A(¢;) < 400 (j = 0,1,2). The characteristic equation corre-
sponding to (3.10) is given by

(3.11) P> +9K1p—6=0.

When K; = —7/9, (3.11) has the roots —2,—1,3 € Z. For every K; €
C — {—7/9}, (3.11) has a root p = p. € Z. Hence by Corollary 3.5, every
solution of (3.10) with Ky # —7/9 satisfies A(¢) = +o0.

§4. Asymptotic solutions of (aE)

4.1. Propositions
Formal solutions of (aE) are given by the following:

PROPOSITION 4.1. Near t = oo, equation (aE) possesses formal solu-
tions of the form

W;(t) = Y;(t) exp(w! Vo (t) + Kjlogt), j=0,1,...,n—1,
w = exp(2mi/n),

.= {—(n ~1)/(2n) ~ Ru1(o0)/n if a/n €N,
’ —(n—1)q/(2n) — Rp_1(c0)/n+ wlay, if ¢/neN.
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Here Vo (t) is the function given by (2.1) and Y;(t) (0 < j < n —1) are
formal power series of the form

Yi(t) = (", e(0) = 1.

h>0
In particular, when q/n € N,
Yi(t) = cj(nh)t ",
h>0

Let M, be a sufficiently large positive constant and § a sufficiently
small positive constant. For each p € Z, in the universal covering R of
C — {0}, we define the sector S, by

Sy={teR|ur—0<(g/n)argt < (u+ 1)m, [t| > M}
Then U,ez Su = Roo = {t € R | [t] > Mo}

PROPOSITION 4.2. For each sector S, (1 € Z), equation (aE) pos-
sesses linearly independent solutions ¢, 0(t), ..., PYun—1(t) which admit the
asymptotic representations

(4.1) ouit) ~W;t), j=0,1,...,n—1,

as t — oo through the sector S,,. Furthermore these solutions are uniquely
determined by (4.1).

When p € N, we also have the following:

PROPOSITION 4.3. Suppose that p € N. Near t = 0, equation (aE)
possesses formal solutions of the form

W].(O)(t) = Yj(o)(t) exp(ijO(t) — K,? logt), j=0,1,...,n—1,

M_{—m—wwam+3numm if p/n & N,
’ _(n - 1)p/(2n) + Rnfl(o)/n + wjﬂp/n if p/n e N.

Here Viy(t) is the function given by (2.2) and Yj(o) (t) (0<j<n-1) are
formal power series of the form

v =3 Ay, S0) =1.
h>0
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In particular, when p/n € N,
0 h
YO =Y dnh)tt.
h>0
For each u € Z, denote by 52 the sector given by
Sg ={teR|pr < (p/n)argt < (u+1)7+3, |t| <eo},
where 0 and gg are sufficiently small positive constants.

PROPOSITION 4.4. Under the supposition p € N, for each sector Sg
(1 € Z), equation (aE) possesses linearly independent solutions 90(0) (t),...,

©,0
‘Pg?q)z—ﬂt) which admit the asymptotic representations

(4.2) et ~wO), j=01,...,n—1,

as t — 0 through the sector SB. Furthermore these solutions are uniquely
determined by (4.2).

Propositions 4.3 and 4.4 are obtained from Propositions 4.1 and 4.2 by
putting ¢ = 1/7 and using (1.5).

4.2. Proofs of Propositions 4.1 and 4.2

Let w be an arbitrary solution of (aE). Then the column vector function

w
Jw

w=D(t)| . |, D) =dag[1,t=9", ... 2=/
9w

satisfies a system of the form

(S) dw = A(t)w,
A(t) = DOE®)DE) ™ — D)D) ™),
0 1 0 0
0 1
2(t) = 0
: : . 1 0
0 0 - .. 0 1

~Ry —Ry -+ -+ —Rp_o —Rn,_1
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Observing (1.4), we can verify that

n—2
A(t) = tQ/n Z Akt—k + Z t—qu/n Z Ag,)t_k Dy,
v=0

k>0 k>—qu/n
o 1 0 --- 0
0 1 oo
Ay = : o ol Dy = (¢/n) diagl0,1,...,n —1].
0 O 0 1
_ao 0 ... 0

1/n

Note that Ag has the distinct eigenvalues w’(—ag)'/™ = w/ag (j =0,1,... ,

n —1). When ¢/n € N, system (S) admits a formal fundamental matrix
solution of the form

U(t) exp (tq/” > AP+ AL log t>, Ut)y=> Ut

0<k<g/n k>0

Here Uy (k > 0) are n by n matrices, and A (0 < k < ¢/n), A, are
diagonal matrices; in particular Ag = (ao/(g/n)) diag[l,w,...,w" '], and
Up € GL(n,C) satisfies Uy ' AgUy = ap diag[l,w,...,w" ] (see [26, Sec-
tions 10, 11]). Hence equation (aE) has formal solutions of the form

(4.3) Wj(t)_ffj(t)exp<tq/" > dj,kt‘kJr/%jlogt),
0<k<g/n
wjao

q/n

Yity= &at™" Go=1 djo= 0<j<n-1).
h>0

In the case where ¢/n ¢ N, putting 7 = '/ in (S), we have
dw =nA(T")w, O =7(d/dr)
with

nA(r") =74 Z nApr " 4 Z ApmF,

0<k<g/n k>0
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69
From this we obtain formal solutions of (aE) expressed as

(4.4) ﬁ/j(t)_ffj(t)exp(tq/” Y a

ozjykt_k + /ZQJ‘ log t> ,

=, z _ z = CUjOéO
B0 =S aa a1, by 22

0<j<n-1).

It is known that, for each sector S, there exist uniquely determined
linearly independent solutions ¢, 0(t),

), s un—1(t) of (aE) admitting the
asymptotic representations

(pl%j(t)NWj(t) (OI’ NWj(t))a j=0,1,... ,n—1

as t — oo through the sector S, ([3, Theorem A], see also [24], [25]).
)

By the facts above, it is sufficient to show that (4.3) (or (4.4)) coincides

with the formal solution W;(t) of Proposition 4.1. We write W;(t) in the
form

Wit) = exp(Q,(t),  Q(t) =™ Y~ aut ™" +ijlogt + Ot
0<k<q/n
By induction on v € N, we can verify that

v 1 dufl d
v =1 dtv +Ny—lt dtv—1 ++N1ta, Ny—lzy(y_l)/27

and that

(exp(2(1))) ™/ exp(; (1))
= Q1)+ NI 90720 (8) + O~ .

Using (1.4) and observing ¢/n € N, we have

(4.5) W;(t)™" (79” + Ryt (0" 4+ Ry(8)9 + Ro(t)) W;(t)
_ Wj(t)fl(,ﬂn + Rnil(t)ﬁnfl)wj(t) + Ro(t) 4 O[t(nfl)Q/nfl]il
— (19 (8)" + én(n 1) (9 ()2 (P(0) + (1 (1))

+ Ry—1(00) (825 (1))" ™ + Rot) + Oftn=1a/m=1)_,
= 0.
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Note that tQ}(t) = wlapt?™(1 4 O[t~']_), and that
(4.6) (€5 ()" (5 (1)) + (4 (1))"
= w(g/n)ag =D/ O[p(n—Da/n=1]
By the definition of V(t),
(4.7)  —Ro(t) = (tVL(0)" + nag Loyt 4 Ofn=Ha/n=1]
Substitution of these into (4.5) yields
(4.8)  (tQ5(1)" — (V)"
—nw™d (wjaq/n —(n—1)q/(2n) — Rn_l(oo)/n) ozg_lt("_l)q/"
+ Ot~ = o,
from which we obtain

1 (t) = VL (8) + (wagn — (n = 1)g/(2n) = Rar(s0)/n) + Ot "] 1.

This implies that W;(t) coincides with W;(t). In case ¢/n ¢ N, replacing
Oft")-1, Ot~ DU"=1_y by Oft~Y"] ), OF"=DUP=1M] ), respec-
tively, in the argument above, and using
(LU () 2 (2 (1)) + (1 (1)
= w—j(q/n)agflt(n—l)q/n + O[t("_l)‘I/”_l/”]_l/n,
— Ro(t) = (tV(1))" + Of" D/t

instead of (4.6), (4.7), respectively, we can verify that ﬁ/j(t) = W;(t). Thus
the propositions are proved.

§5. Zero-ample solutions of (aE)

Recall the sector S, and the corresponding linearly independent solu-
tions ¢,0(t),...,¢un—1(t) of (aE) given by Proposition 4.2. Let x(t) be
an arbitrary nontrivial solution of (aE). In each sector Sy, it is uniquely
expressed as

(5'1) X(t) = ’Y;L,O‘P;L,O(t) 4+ ’Yu,n—l‘Pu,n—l(t)a Y, i e C.

We call x(t) a zero-ample solution at t = oo, if, for some pu (€ Z), there
exist at least two distinct indices j, 7/ (0 < j < j/ < n — 1) such that

Viaj Vg’ F 0-
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PROPOSITION 5.1.  Let x(t) be a zero-ample solution at t = co. Then,
for some sector Sy,

#{t € S, | x(t) =0, Mo < [t| <7} > r9/"
asTr — Q.

Proof. There exists a sector S, such that expression (5.1) of x(t) con-
tains at least two non-vanishing coefficients. Since the opening of S, is
larger than nm/q, there exist a pair (ji,j2) (j1 # j2) of indices and the
direction argt = 0y = 0y(j1, j2) in the interior of S, with the properties:

(1) Vg Yngo # 0

(2) Re((w? — wi)apt?/™) = 0 on the ray argt = 6p;

(3) for every j satisfying j # j1, j2 and v, ; # 0, Re((wj —wjl)ozotQ/”) <
0 on the ray argt = 6.
Then, for a sufficiently small positive constant e, we have

X(E) = VagePuais () Vg /Yo + Prao (6)/ Ppagn (8) + 0(1)]
= Vpuogo P () [’le [ Vg
+ exp((w’? — W) (neg /@)t ™ (1 + o(1))) + 0(1)]
as t — oo through S(fy,e) = {t € S, | |argt — 6| < £}. This yields
#{t € S(0o.e) | x(t) =0, M < [t| <7} > V",
from which the desired estimate follows. U

PROPOSITION 5.2.  Suppose that ¢(t) (# 0) is not a zero-ample solu-
tion at t = oo. Then, in every sector S,, we have

Y(t) = Y0Ppu,. (1),
where the constant vy (# 0) and the index j,. are independent of .

Proof. By definition, (t) is expressed as ¥(t) = () Pu.j(w) (t)
(Yu,j(u) # 0) in each S,,. By Proposition 4.2,

Y(t) ~ VuiwWig @), and  »(t) ~ Vi1 ey Wigus1) ()

as t — oo through S, N S,41 # (0. Viewing the asymptotic behaviour, we
have j(u) = j(p + 1) and 7, j(u) = Yut1,j(u+1)- Repeating this procedure,
we can verify the assertion. 0
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PROPOSITION 5.3. For each (u1,7) (n € Z, 0 < j <n—1), the solution
©u,j(t) of Proposition 4.2 is not zero-ample at t = oo, if and only if the
formal series Yj(t) is convergent around t = oco.

Proof. 1f Yj(t) is convergent, then, clearly, ¢, ;(t) = W;(t) (t € R)
is not zero-ample. Suppose that ¢, ;(t) is not zero-ample, and that t € S,.
Note that e?"™t € Sy+24- By Propositions 5.2 and 4.2,

(52) i (62n7rit) = ut2q (62n7rit) ~ Wj (€2n7rit) — 62nnjm'Wj (t)

as "™t — oo through S),4+24, namely as ¢t — oo through S,,. On the other
hand, by the monodromic property, there exist constants Cy, ..., Cy_1 such
that

(5.3) Pug(€7™t) = Cowpo(t) + -+ + Coo19pn-1(2),
and hence, by Proposition 4.2,
(5.4) tpmj(e%mit) ~ CoWo(t) + - + Crma Wi ()

as t — oo through S,. Since the opening of S, is larger than nm/q, from
(5.2) and (5.4) it follows that C; = e*"i™ C; =0 (I # j). Hence, by (5.3),
we have

i (62n7rit) — 62m~cj7rispu7j (t),

which implies that ¢. (1) = 7™, ;(7") satisfies ¢, (e*™7) = ¢, (1), and
that '
pu(r) ~ T = Y5(r) exp (6 Vi (7))

around 7 = oo. Therefore Y;(t) converges around ¢t = co. This completes
the proof. 0

Remark 5.1. In the case where p € N, we call a solution x(°)(t) of (aE)
a zero-ample solution at t = 0, if x()(1/7) is zero-ample at 7 = co. By
Propositions 5.1 and 4.4, there exists a sector 520 such that

#{t e S5 [ xO(t) =0, 1/r < |t| <o} > r?/"

as r — o0o. Furthermore, by Propositions 4.4, 5.2 and 5.3, we have the
following;:
(1) if O (t) (£ 0) is not zero-ample at ¢t = 0, then, for every pu € Z,

w0 (1) =190 ()
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in 82, where 70 (# 0) and the index j.. are independent of y;

(0)
22Y)

only if Yj(o) (t) is convergent around ¢t = 0.

(2) for each (u, j), the solution ¢, %(t) is not zero-ample at ¢ = 0, if and

Remark 5.2. Suppose that p < 0. Then t = 0 is at most a regular
singular point of (aE). For convenience’ sake, in this case, we regard an
arbitrary solution x(©)(¢) (% 0) of (aE) as non-zero-ample at t = 0.

86. Proofs of Theorems 2.1 and 2.3

6.1. Solution of (aE) which is zero-ample neither at co nor
at 0
Suppose that (aE) possesses a meromorphic solution ®(¢) (# 0) which
is zero-ample neither at ¢ = oo nor at ¢ = 0. Then, by Propositions 4.1, 5.2
and 5.3, around ¢ = oo,

(6.1) ®(t) = Y (£)"(%°) exp(weo Voo (1)),

““»_{—W—JMK%O—RnNmVn if g/n ¢ N,
—(n—=1)q/(2n) — Rp—1(00)/n + woorg,  if g/n € N,

in which V() (t) = O[]y (if ¢/n ¢ N), = O[1] 1 (if ¢/n € N) satisfies
Y(*)(00) # 0 and converges near t = 0o, and wy, is an n-th root of 1.

Furthermore, when p > 1, by Proposition 4.3 and Remark 5.1, around
t=0,

(6.2)  @(t) = YO (1)r"” exp(woVo(t)),

“m_{m—nmam—anmm if p/n ¢ N,

(n—1)p/(2n) — Rn-1(0)/n — woBy/ if p/n €N,

in which YO(t) = O[1]y,, (if p/n € N), = O[1]y (if p/n € N) satisfies
Y (©)(0) # 0 and converges near t = 0, and wp is an n-th root of 1. There
exists an integer (9 € N such that the multiplicity of every pole of ®(t)
in R does not exceed tg. This fact is verified by substituting a Laurent
series expansion of ®(t) into (aE) around each pole. We can choose non-

negative integers ¢(§) (£ € P) as small as possible in such a way that
d(t) ngp(t — f)b(é) is analytic on R.
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6.1.1. Casep>1
Consider the function

(63)  F(t)= () (Hu - 5)“9)“‘0) exp(—woV(t) — woe Vao (),

£epP

which is analytic on R. Then we have

(6.4) F(t) = YO (H (t - 5)“9) exp(—wm Vio (1)
Eep
— YO0 T[(-6/© + 0[],
EepP

near t = 0, and

65  F(t)=v®) (H (i - f)b(’f’)t“(”)‘“(o) exp(—woVa ()

£epP
= Y (00)t™ (14 O[]y ),

K =1(®,P) + k(c0) —w(0),  I(®,P) =Y uE),
EepP

near ¢ = oo. By (6.4),F(7") is entire with respect to 7 and satisfies
F(0) # 0. Hence, by (6.5),F(t") = P(7) is a polynomial in 7, and
nk* = n(I(®,P) + k(co) — k(0)) € N U{0}. This implies that ®(t) is
written in the form (2.3) with k = k(0). By the definition of +(£), P(7)
is not divisible by 7" — & for every & € P satisfying ¢({) € N. In par-
ticular, if p/n € N, then we see that F'(¢) is a polynomial in ¢, and that
k* = I(®,P) + k(o0) — k(0) € NU{0}. Suppose that ¢/n ¢ N, p/n € N.
Then, by (6.2), ¥(t) = ®(t)t~" is single-valued on C —{0}. On the other

hand, around t = oo,
W(t) = Y (1)t =" OFA() exp (weonan /q)t 9™ (1 + O(t71))).

Since g/n ¢ N, U(t) is not single-valued around ¢ = oo, which is a contra-
diction. In a similar way, we can show that ¢/n € N and p/n ¢ N do not
hold simultaneously. Thus we have proved that either of the following cases
occurs:

(a) a/n & N, p/n & N, p 2 1, —(n—1)(q+p)/2— (Ra—1(00)— Ru1(0)) +
nI(®,P) e NU{0};

(b) q/n € N, p/n eEN,p2>1, —(TL - 1)(q +p)/<2n) - (Rn_l(OO) -
Rn_l(O))/n + WooQg/n + woﬁp/n + I(@,’P) e NU {0}
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6.1.2. Casep<0
We put
6(0) = o(0)( T[ (1~ 9" )= expl a1

£eP

Then G(t) is analytic on R. Consider the case where ¢/n ¢ N. Since

(6.6) G(t) =Y ) [Tt - @ = @Pof]_y,
£ep

converges near t = oo, the function G(7") is analytic on C—{0}, and 7 = 0o
is at most a pole of G(7"). Hence, observing that ¢ = 0 is a regular singular
point, we have

67) e = o) (H (t- 5)“(5)) exp(wac Vo 1)

£ep
:tm/n(Co+O[t]1/n), Co 7&0

near t = 0 for some m € Z. This implies that, for the solution ®(¢),
pm =m/n+k(co) = (2m—(n—1)q)/(2n) — R,,—1(00)/n is a characteristic
exponent at ¢t = 0, and hence p,, is a root of (2.4). By (6.7),t"™/"G(t) =
Pt/ = O[1]y/n, P(0) # 0, and hence P(7) is a polynomial in 7. Fur-
thermore, by (6.6), m/n < I(®,P). When ¢/n € N, the function G(t) is
analytic on C — {0}, and ¢t = oo is at most a pole of G(t). By an anal-
ogous argument, we verify that, for some m € Z satisfying m < I(®,P),
pm =m + k(00) =m — (n —1)q/(2n) — R,—1(00)/n + wootg/p is a oot of
(2.4), and that t7G(t) is a polynomial in t.
Summing up the facts above, we have the following;:

PROPOSITION 6.1. Suppose that there exists a meromorphic solution
O(t) (# 0) of (aE) which is zero-ample neither at t = oo nor at t = 0.
Then ®(t) is expressible in the form (2.3), and one of the cases (i), (ii),
(iii), (iv) of Theorem 2.1 with I(®,P) in place of I,(P) occurs.

6.2. Proof of Theorem 2.1
Concerning the zero-density we have the following:

LEMMA 6.2. Let ¢(z) = ®(e*) be a meromorphic solution of (E). If
®(t) is zero-ample at t = oo, then N(r,1/¢) > r~2el@/M" [fp > 1, and if
®(t) is zero-ample at t = 0, then N(r,1/¢) > r~te®/™r,
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Proof. Suppose that ®(t) is zero-ample at ¢t = co. Let S, be a sector
such that Proposition 5.1 is valid for x(t) = ®(¢). Note that, by ¢ = €,
the strip log Mo < Rez < 1/, (n/q)(um —90) < Imz < (n/q)(n + 1)w
is conformally mapped onto the region {t € S, | My < [t| < e’”/}. By
Proposition 5.1 the number of zeros of ¢(z) = ®(e*) in |z| < r is estimated
as n(r, 1/¢) > el@/mr+00/7) g4 that

"1
N(r,1/¢) > / —(n(0,1/¢) = n(0,1/¢))do >~ ela/mr,
1
The second assertion is verified in a similar way. 0

Suppose that ¢(z) = ®(e*) (# 0) is a meromorphic solution of (E)
satisfying A(¢) < +oo. Then, by Lemma 6.2, ®(t) is zero-ample neither at
t = oo nor at ¢ = 0. Combining this fact with Proposition 6.1, we obtain
Theorem 2.1.

6.3. Proof of Theorem 2.3

Suppose that a meromorphic solution ¢(z) = ®(e*) of (E) satisfies
A(¢) = 4o00. Then, ®(t) is zero-ample at t = 0 or ¢ = oo; otherwise, by
Proposition 6.1, we have A(¢) < +oo. For example consider the case where
®(t) is zero-ample at t = co. Then, by Lemma 6.2, N (r,1/¢) > r—tel@/m)r,
The other cases are treated in a similar way. Thus we obtain (2.7).

Take a polynomial of the form II(t) = [[ccp(t — €)%© 5(¢) e NU {0}
in such a way that n(z) = ¢(2)I(e*) = ®(e*)II(e?) is entire. It is easy to
see that 7(z) satisfies an equation of the form

(E) "+ Quor ()" + -+ Qi) + Qole”)n = 0.

Here Qn(t) (h = 0,1,...,n — 1) are rational functions of ¢ whose poles
belong to P. All the poles of the coefficients of (E’) are written in the form
Cap =24 +2mi,e* € P (d=1,...,dg <§P, | € Z). Consider the domain

do
A=Cc-J ULzl le—cal < (U +1)77)

d=11€Z

All the radiuses of the circles I', : |z| = r satisfying ', ¢ A constitute the
set Ey C Ry = {r | r > 0} of finite linear measure. If r € Ry — Ej, then
I, € A. Note that |I] < (4, as |I] — oco. Hence

(6.8) log |Qr(e®)| <7, h=0,1,...,n—1,
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as r — oo, r & Ep. For the entire function n(z) =3~ cp2®, we put
w(r,n) = max{]ck]rk ‘ k> 0}, v(r,n) = max{k | w(r,n) = ]ck\rk}.
Then, by the Wiman-Valiron theory ([20], [21]),

h
6.9  nM(z) = (M> (1+o0))n(z), r=|z|, h=1,...,n

z

for z satisfying |n(z)| = M(r,n) = max{|n(¢)| ‘ I¢| =1}, |2| & E1, where
E; is a set of finite logarithmic measure. Substituting (6.9) into (E'), and
using (6.8), we have logv(r,n) < rasr — oo, r ¢ F = EygU E;. By |20,
Satz 4.4],

log M (r,n) < log (u(r, n (v (2r,n) + 2)) < v(r,n)logr +logv(2r,n)

as r — oo, and hence logT(r,n) < r, as r — oo, r ¢ F. Note that
Jpdx/x = ug < +00, and that, for every r > 0, fTUOT dz/x = 2uy (Uy =
exp(2ug)). There exists ' = r/(r) satisfying r < ' < Upr and ' ¢ F.
Observing that log7T'(r,n) is monotone increasing, we have logT'(r,n) <
logT(r',n) < r' < Upr for r > 1y, where r( is a sufficiently large positive
constant. Therefore

log N(r,1/¢) < logT(r,n) +log T (r,11(e*)) < r
for r > 7o, which implies (2.6). This completes the proof.

87. Proof of Theorem 2.2

By definition, ny = n/dy and g9 = q/dy are relatively prime. Since
q/n ¢ N, we have dy < n, so that ny > 1. By the change of the variable
e?/™ = 5, equation (E) is transformed into

(aE")
"w + noRy—1(s™)0" w4 -+ nf T Ry (8™)Dw + nf Ro(s™)w = 0,

¥ = s(d/ds), where
nSRo(s"O) = ng(aosqno + als(Q*l)no 4ot aks(qfk)no 4o )
Observing that gng/n = qo € N, we write

1/n 00 o0
[—ngsqno E aksnok} = g% g Qs "0k = g9 g Ays~h
k=0 =0

0<nok<qo
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Since qo/no € N,

(7.1) Agno n = Agy = 0.

qno/n

Suppose that (E) possesses a meromorphic solution ¢(z) = ®(e*) (£ 0)
satisfying A(¢) < 400, where ®(t) is a meromorphic solution of (aE). Note
that ¢(¢) = @(no¢) = Po(ed) (¢ = z/ng) also satisfies A(§) < +oo as a
function of ¢, where ®(s) is a solution of (aE*). Then, by Theorem 2.1
with gng (instead of q), ®¢(s) is written in the form

(7.2) Do (s) = ( II - 5’)L’<f’>)P*(s)s'fo exp(wao VZ (5)),

é‘/e”)/

where wo is some n-th root of 1, P’ = {¢ € C — {0} | &™ € P}, and
/() € NU{0}. Note that case (iv) of Theorem 2.1 with gng occurs. For
some mg € Z satisfying mo < I)(P') = Y pcp ' (€),

ko =mg — (n — 1)gng/(2n) — Ry—1(c0)ng/n
=mg — (n — 1)QQ/2 — Rn,l(oo)/do

(cf. (7.1)), and Py (s) is a polynomial in s satisfying P, (0) # 0 and P.(¢) # 0
for every ¢ € P’ such that /(¢') € N. Observing that ®y(s) = P(s™)
(cf. (2.3)), and that, for each £ € P,

no—1

(570 — €)= [ (s — €™ O & = exp(2ni/no),
5=0
we have «(§) > //(§'), if & =&, ¢ € P'. Hence mg < Ij(P') < noly(P).
By Theorem 2.1, (iv) (with (c)), o is a characteristic exponent of ®q(s) at
s =0, and Py(s) is expressed as

(7.3) Do(s) = 5" ) eo(k)s®, co(0) £0

k>0

near s = 0. To derive other characteristic exponents, we note the fact
that equation (aE*) remains invariant under the replacement of s by &’s
(j € Z). Hence, ®q(&'s) (j = 0,1,...,n9 — 1) are solutions of (aE*).
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Furthermore these solutions are linearly independent, because the lead-
ing terms of VX (&7s) and V} (@"s) coincide with each other, only when
(h — j)qo/no € Z, which is equivalent to (h — j)/ng € Z. It is easy to see
that ¢;(2) = @(z + 2jmi) = Bp(elZH2m)/m0) (j = 0,1,...,n9 — 1) satisfy
A(¢j) < +o00. By (7.3), we have, for j =0,1,...,n9 — 1,

Wy = Bo(@s) = 5™ cj(k)s*,  ¢;(0) = @"co(0) # 0.
k>0

From these solutions, we derive the linearly independent solutions

(74) w0 =5"(co(0) + O(s)),
W = @™ = SHID(ej(0) + O(s)), 1j) €N, ¢(0) #0,
1< j <ng-—1.

Thus we obtain the sequence
Ko < K1 = Ko +1(j1) < ko +1(j2) <+ < Ko+ 1(Jng-1),

which contains at least two distinct characteristic exponents xg, k1. Repeat-
ing this procedure within (ng—1) times, we obtain ng distinct characteristic
exponents kj = kg +1; (0<j<ng—1),l; €Z,lp=0<11 < <lpy—1.
Hence they satisfy equation (2.5). This completes the proof.

§8. Proof of Theorem 2.4

Suppose that there exist linearly independent entire solutions x;(z) =
®;(e*) (=0,1,...,n— 1) satisfying A(x;) < +oc.

8.1. Casep>1

Under the assumptions P = 0, R,,_1(t) = 0, the case (i) of Theorem 2.1
does not occur. It is sufficient to treat the case where ¢/n € N, p/n € N.
Then, each ®;(t) is zero-ample neither at ¢ = oo nor at t = 0. Using
Propositions 4.1, 4.3, 5.2 and 5.3, we have, for j =0,1,...,n — 1,

@;(t) = 19 (1) exp(w Vo (1)), w = exp(2ri/n)
(the indices of ®¢(t),...,P,_1(t) are suitably rearranged if necessary), and

®;(t) = OV (1) exp (W (1))
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Here Yj(oo)(t) = O[1]-; and Y( )( t) = [ ]1 converge near ¢ = oo and
near t = 0, respectively, €(j) (] 0,1,. — 1) are integers satisfying
0<e(j)<n-—1,and

kj = —(n—1)g/(2n) + Wagm,  15(0) = (n—1)p/(2n) — w5,

By the same argument as in the proof of Theorem 2.1 (cf. Section 6.1.1),
we have, for 7 =0,1,...,n—1,

(8.1.5) (n—1)(p+q) =2n(—m); + oy, + wE(j)ﬂp/n)a

where m}; € N U{0} (I,,(P) = 0). Note that e(j) # e(j') for j # j',

because ®q(t), ..., P,_1(t) are linearly independent solutions of (aE). Sum-
ming (8.1.5) over 0 < j < n—1, we have n(n—1)(p+q) = —2n Z?;& m; <0,
which is a contradiction.

8.2. Casep<0
By Theorem 2.1 with P = (),

®;(t) =t Pj(t) exp(w! Vo (t)), §=0,1,...,n—1,
where Pj(t) (j =0,...,n — 1) are polynomials in ¢ and

ki =m; — (n—1)q/(2n) —|—ijéq/n, m < 0.

Hence
n—1 n—1

(8.2) Y kj=—(n—1)g/2+ > mf <0.
=0 =0

On the other hand, by assumption, x; (0 < j < n —1) are n distinct
characteristic exponents at ¢ = 0. Then, from (2.4), we have Z] "o ki =0,
which contradicts (8.2). This completes the proof.
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