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ANALYTIC DISCS IN SYMPLECTIC SPACES

LUCA BARACCO anxp GIUSEPPE ZAMPIERI

Abstract. We develop some symplectic techniques to control the behavior
under symplectic transformation of analytic discs A of X = C" tangent to a
real generic submanifold R and contained in a wedge with edge R.

We show that if A* is a lift of A to T X and if x is a symplectic transformation
between neighborhoods of p, and g, then A is orthogonal to p, if and only
if A := mxA”* is orthogonal to ¢,. Also we give the (real) canonical form of
the couples of hypersurfaces of R?"® ~ C* whose conormal bundles have clean
intersection. This generalizes [10] to general dimension of intersection.

Combining this result with the quantized action on sheaves of the “tuboidal”
symplectic transformation, we show the following: If R, S are submanifolds
of X with R C S and p, € T$X|r but ip, ¢ TrX, then the conditions
codpeg(TCR) = codrs(TR) (resp. codres(TCR) = 0) can be characterized
as opposite inclusions for the couple of closed half-spaces with conormal bun-
dles x(T%X) and x(T5X) at x(po).

In §3 we give some partial applications of the above result to the analytic
hypoellipticity of C'R hyperfunctions on higher codimensional manifolds by the
aid of discs (cf. [2], [3] as for the case of hypersurfaces).

§1. Real symplectic manifolds

Let X be a real manifold and 7*X the cotangent bundle to X, (z,¢)
symplectic coordinates, a = £ dx the canonical one form, o the two form,
H the Hamiltonian isomorphism, v the Euler vector field, x : T X — T*X

a real symplectic transformation.
Let D be a C!' manifold, D* a C" section of T*X over D. Suppose

p x(D)

bk

and let Do = (xovgo)a qo = X(po) = (5507770)-
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PROPOSITION 1. &, is orthogonal to T, D if and only if n, is orthog-
onal to Tz, D

Proof. We have

(&0, T, D) = <§077r/TpoD*> = <7T*§O’TPOD*>
o(Hn*&, 1, D") = o(—v(po), Tp, D*)
= 0(=X'v(po), X'Tp, D) = 0(—v(q0), Ty, (xD"))
= o(Hn"(no), Tg,(xD")) = (710, Tg,(xD"))
= (1o, ™' Ty, X (D)) = (110, T, D).

O

A Lagrangian submanifolds A of T7*X is a C'! submanifold whose tan-
gent plane A(p) = T,A verifies A\(p)* = A(p), Vp (with L denoting the
o-orthogonal). The intersection A; N Ag is said to be clean when it is a
manifold and when T'(A; N Ay) = T'A; N T'Ag. All manifolds will be conic
i.e. invariant under R+.

Fix p, = (2,,&) € T*X:

PROPOSITION 2. Let My, My hypersurfaces, po, a point of Ty, X N
Ty, X and set
2
R =m(Ty, X N Ty, X).

Then Ty, X N Ty, X is clean if and only if R is a manifold and there exist
real coordinates t = (t1,t',t") such that

M = {t, = 0},
R ={t; =t' =0},
My ={t1 =Q{') + O(t")o(t',t")}, Q non degenerate.

Proof. Since Ty, XOT:, X has fiber-dimension = 1, then clearly

Ty, X NTy, X is a manifold if and only if R is so. Take then real coor-
dinates t = (¢,#',t") in RN ~ X such that

My ={t;1 =0}, R={t1=0,t =0}, My={t; =g, t")},
and p, = (0;dty1), g(0,0) =0, dg(0,0) = 0. We have

Ty Tin X = {(u;tdty) ;u € TMy, t € R},
Tpo Ty, X = {(ustdty + Hess(g)u ; u € TMs, t € R}.
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Since g|g = 0 and dg|g = 0, then Hess(g)u = 0 if «” = 0; therefore
g = Q') + O")o(t',t"). Next cleanness is equivalent to the implica-
tion: “Hess(g)u’ = 0 implies v/ = 0” which is in turn equivalent to non-
degeneracy of Q. 0

Remark 3. When codry x (T3, X NTy, X) =1, then Q is necessarily

1
definite (positive or negative). Hence R = My N My and My, M, intersect
to the order 2 along R. Let M;", M; denote the (closed) half-spaces with

boundary Mi, M5 (and inward conormal p). By the above remarks we must
then have either M;" C M;™ or M;" € M.

§2. Complex symplectic manifolds

Let X be a complex manifold of dimension n, T* X the cotangent bundle
to X with symplectic coordinates (z,(), o (= d{ A dz) the canonical 2-
form on T*X, R a real submanifold of X, T X the conormal bundle to
R in X, p, = (20,() a point of T X with ip, ¢ T;X. In this situation
we can identify, by a choice of coordinates, T X, to a totally real plane
R, CC"~T; X.

For a vector ( € C™ we shall denote by |¢| the Euclidean norm |¢| =
(3, 1GI2) % 1 [ Sm¢| < [Re(| we also define [|¢]| = (3,;¢2)"* (for the
determination of the square root which is positive over R™). If B is a neigh-
borhood of z,, and I', for z € RN B is a continuous distribution of cones
in T3 X, such that I',, is conic neighborhood of (y in T} X, we consider
the neighborhood ¥ = {(z,T';) ; 2 € RN B} of pg and denote by 3. its
e-trumcation.

We have an identification

® (:0) — Z+id
Here W is a wedge of X with edge R; for an identification X ~ C" (in
coordinates)

WS (RNB)+T)NB

with T’ a cone of R! C X. In fact we see that if ¢ and (; belong to T', with
¢ # (1, then ¢/|IC|| # ¢i/|I¢1]| because T', N4, = (. On the other hand
the normals issued from different points of the C? manifold R cannot have
nontrivial intersection in a neighborhood of R; and this is still true if one
replaces normal directions ¢/|C| by ¢/||<]|-



58 L. BARACCO AND G. ZAMPIERI

In the identification (1) we shall call 2’ the R-components of z and |(|
the distance to R. Thus X \ R is foliated by the surfaces of fixed distance:

(2) ]jzt:{z:z'ﬁ-tﬁ;(z';C)ETEX XXB}, t > 0 small.

We consider the symplectic transformation y = x; of T* X into itself:

X (2¢) — (zHﬁ;C)-

Let sli%(p) denote the number of respectively positive and negative eigenval-
ues for the Levi form Lg(p) and also set

Yr(z) = dim(Tp X, NiTRX,)
and
dr(p) = cod(R) + sxz(p) — V&

Consider now a new manifold S O R, suppose p € R xgT¢X and note that
(3) ds < dr < dg + codg R.

Also notice that T¢X NTxX is clean. NLet E = ﬁt, S = gt (t < 1) be the
subspaces defined by (2). Denote by S*, R* the closed half spaces with
boundary S, R and inward conormal ¢,.

THEOREM 4. Let RC S C X, and let p, € R xgT¢X, ip, ¢ THX.
(i) Assume

(4) YR =1s-
Then R, S intersect at the order 2 along 7T(T§X N T}%X) with St C R*.
(ii) Assume
(5) YR — s = codg R.
Then the same conclusion as in (i) holds but with St > Rt instead of
St C RT.
Proof. Consider

RcS cScCc---CS,=05, COdSi+1(Si):1'
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We have

(6) Z = Mhom(ZSiHvZSi)p
= uhom(Z§+1,Z§,i)q[(d§,i+l — dsi+1) — (d:stz - dSZ)]

= Rlgy (Bgp:lldg, , —dsin) = (d — ds)]
Note now that
(7) s=(q) = s5,(p) Vi
In fact we have

Ker(Ls,) < 1,74, X NiT, T35 X XL T, T X NiT, T X = Ker(Lg),
dim TS, — dimT¢S; = codx S; — 1 — 7s,,

ie.
9) rank(Lg,i) = rank(Lg,) + (coden TCS; — 1).

On the other hand it is easily seen that

(10) s} > s& + (coden TES; — 1).

Thus (9), (10) give (7). It follows from (7):

(11) (d~ - d5i+1) - (dg;z - dSi) = COdTCShq (TCSi)'

Sit1
(i): Assume (4). Note that
(12) YR =VS = VSip1 =S, Vi
> codpe TCS; =1 Vi.
Sit1

Thus in this case (6) gives:

(13) Z ~ RT

We know on the other hand from Proposition 2 that :S’VZ and §i+1 intersect
at the order 2 along a 1-codimensional manifold (namely 7 (T’ 5’} X HT§ X))
i+1 [

o S ~+ = S+ S St v
with either Sjb, € S;" or Sji; D S; . But (13) says that S, C Sf Vi.
Iteration of this inclusion gives the conclusion.
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(ii): Assume (5). We have

(14) YR — VS = Cods(R) s, — VSii1 = 1 Vi
> codpeg,  (T€S;) =0 Vi

Thus we have in this case

which obviously implies g;:l D g@ O

63. Application to analytic discs and symplectic transformations

Let R be a real submanifold of codimension ! of a complex manifold
X of dimension n in a neighborhood of a point z,. Let us choose complex
coordinates such that 75X, is the plane CJ, .. X iR;ﬁ,---,yz_w and write
z=(2,2"), 2 = z1,...,2_,. Let us introduce a new complex symplectic

transformation, that we still call x:

CI
X :(2¢) — (Z+ HC’H;C
from a neighborhood of a conormal p, = (z,,(,) with ¢, € (C! x iRI=27)\
(C! x {0}) to a neighborhood of p, = x(p,). For this transformation y all
conclusions of §2 hold without modifications. In particular

R:= mx(T5X) is a hypersurface.

We shall deal with analytic discs in X and denote A = {A(7) ; 7 € A}
(where A is the unit disc in C). We shall say that A is “attached” to R if
0A C R. The transformation above defined has the great advantage of giv-
ing a rule to interchange analytic discs “attached” to R and R respectively.
Assume that R is defined by a system of equations r =0 (r =ry,...,7—y)
with Orjl., = dzj, j = 1,...,7, Orjl,, = —idy;, j =~v+1,...,1 — v and
that ¢, = (...,0,—1i,0,...) where —i is in the (I — )-th position. We write
z=(2,2"), 2 = (21,...,2—); we similarly write ( = (¢’,¢"), 0 = (9',0")
and so on. Let A be a “small” analytic disc attached to R with A(1) = z,.
It is easy to prove existence of an (I — 7) x (I — ) matrix G, real on JA
with G(z,) = id such that

GJ'r extends holomorphically from A to A.
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To this end it is enough to solve the Bishop equation
(15) GSmd'r —T1(GRed'r) = idj_yxi—y on dA

where T3 is the Hilbert transform with 71(-)[1 = 0. Note that (15) is
solvable, in suitable Banach spaces, by the implicit function theorem, due
to |[Red'r| < 1. Let A= (...,0,1,0,...)G and define

A" = (A(r); AT a(ry), A = {A(T) + Augfr((%}'

It is clear that, if 7 : T*X — X is the canonical projection, then
(16) A= Ty A",
It is also obvious that A*, and hence A are holomorphic discs and that
DACR

due to )\87“]3,4 — TFX|oa. If we apply Proposition 1 to A* C T*X® we get
Re(0, A, o) = 05 if we apply it to iA* — T*X® we get Sm(0, A, C) =0
which implies 0, A€ TCR.

Let W be a “wedge” with edge R (cf. [8]). For an open cone I" C
(TsX),, the so called “profile” of W, in an identification by coordinates
X ~C"=T,R® (TgX).,, and for a neighborhood B of z,, W has the

form

W=(BnNnR)+TI)NB.

Let Ox be the sheaf of holomorphic functions on X. Let S be a sub-
manifold of X which contains R and which has (, among its conormals at
zo. Let Cg|x, Bgjx be the complexes of C'R microfunctions and C'R hyper-
functions along S respectively. Let sp : HO(W*185|X) — HO(CS‘X) be the
spectral morphism, and define

SS(u) = supp sp(u), u € Bgx.

Note that SS(u),, = {0} if and only if u is a holomorphic function in
a neighborhood of z,. Let {, € T§X, , take I' C {Re(z,(,) > 0}, and set
W* =((BNR)+T)NB.

THEOREM 5. Assume
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(i) ACRUW™ (resp. AC RUWT),
(ii) vs = vr (resp. yr — vs = codg R),
(iii) T, A L ¢,

(iv) A & R in any neighborhood of z,.

Then for f € (Bojx)s, we have p, ¢ SS((f)) (resp. —po ¢ SS((f))).

Remark 6. It is not necessary to assume A ¢ R in order to get an
analytic disc Ac S* \ S which is the only fact we really need in the proof.
Here again ST are the closed half spaces with boundary S and inward
conormal F(,. Thus let S: 7' =0, R: 7' = 0,r” = 0. Assume for instance
there is an analytic “lift” A* i.e. a holomorphic section of T*X over A such
that:

A*ga CTRX \TeX
ie. A* = (A;00r) with 00r extending holomorphically, 6 real over 0A,
0" # 0. Then
OACRCS  but 9A¢S.

Proof. Let {B,} (resp. {B,}) be the family of spheres with center z,

(resp. z,) and radius r. We can find a sequence of subdiscs A, such that

AVCAOBTV, 0A, ¢ R

(for a sequence r,, — 0). Suppose we are proving the statement for p,. By
the discussion above, these are interchanged to analytic discs A, such that

A, c (R"NBs)C (S NB,) but dA, ¢S,

(since R~ C 5 due to YR = 7s) for a new sequence s, — 0). By Proposi-
tion 1 we also have B B
(17) T: A, CTES.

We then enter [3, Theorem 1] and conclude that holomorphic functions

f in S—N E,, extend to a full neighborhood of Z,; thus germs of holomorphic

functions on S~ extend to C™ at Z,.- Now we introduce a quantization ¢g
of x by a kernel K. This induces a “microlocal” transformation of Ox.
CR hyperfunctions u at z, are transformed into sums of boundary values
b(fH)+b(f) on S of germs f* € Ox ( S+ ) insuch away that p, ¢ SSb(f)
if and only if f ~ extends at Z,. The proof is complete. 0
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If we take R = S in Theorem 5 and consider wedges W with edge S we
regain [2, Proposition 7] by a new method of “reduction to a hypersurface”.
If moreover we assume that A is orthogonal to any conormal ( € T¢X.,
(instead of the only (,) we get:

COROLLARY 7. Assume
(i) ACWTUS but AZ S in any neighborhood of z,,
(i) T.,ACTCS.

Then any f € Ox(WT),

Zo-

extends holomorphically to a full neighborhood of

o

Proof. We apply Theorem 5 to all p € £I'* and conclude that £I"™ N
SSb(f) = {0}. On the other hand recall that there is an elementary estimate
of microsupport; for f € Ox(WT),, we have SSb(f),, C £I'"*. Hence we
can conclude SSb(f)., = {0}. 0

ExAMPLE 8. In C* let

S ={ys=z120+ 2122, y1 = 0}, Fp = Fdys + Adya,
R = {y2 = 07 Yz = 2122 + Z122, Yg = 0}7
A=C,, x {0} x {0} x {0}.

We can find a section \or € (T} X\T§X)|pa which extends holomorphically.
For that just notice that the tangent direction u = (1,0,...) to A verifies
u € Ker(Lg)(AOr). Hence Remark 6 applies and yields +p ¢ WF(f).

§4. Appendix. Positivity of Lagrangians (cf. [4])

We shall further exploit here the techniques of §2 to give an extension
of the results of [4].

Let X be a complex manifold, R and S real submanifolds of X with
R C S. Recall that T/hX N T§X is clean and that (3) of §2 holds. Let
peERxsTEX, ip ¢ THX.

THEOREM 9. (i) Suppose

(18) dr — dg = codg R.
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Then there exists a germ of a homogeneus complex symplectic transforma-
tion x of T*X from a nmeighborhood of p, to a neighborhood of q, = Xx(po)
which interchanges

THX —TEX, T3X - TEX,

for a pair of hypersurfaces R, S with sé(qo) =0, s:;,(qo) =0 and such that
E, S intersect at the order 2 along W(T}%X N TSiX) with Rt > 5.

(i) Suppose
(19) dr = dg.

Then there exists x such that the same conclusion as in (i) holds but with
ST D RY instead of ST C R™T.

Remark 10. Generally, the transformation x of §2 does not suffice for
the conclusion of Theorem 9.

Proof. Consider

R=S5CScC---CS,=S8, codg,,S;=1.

i+1 M1

Put a; =dy —dy ,a;=ds, —ds

3 9%, By the result of §2 we have

i+1°

Recall that 0 < a; < 1. Thus (18) and (19) are equivalent to a; = 1 V¢ and
a; = 1 V1 respectively.

We recall that if a submanifold A C 7%X is R Lagrangian (i.e. La-
grangian for o® the real part of o) and verifies

(20) dim(Tp, ANCH ({, dz)) = 1,

then A is symplectically equivalent to the conormal bundle to a hypersur-
face. (Note here that if A = T} X, then (20) is equivalent to ip, ¢ ThHX,
hence this latter condition characterizes the higher codimensional manifolds
R which are “symplectically equivalent” to a hypersurface.) In particular
for any family of Lagrangian manifolds A;, ¢ = 1,...,m which satisfy (20)
we can find x such that

(21) A 5T X, cod(My) =1 Vi
X
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Also we can arrange (cf. [6]) that
(22) $a1,(90) =0 for at least one i.

We shall apply the above remarks for A; = TgiX .
(i): We take in this case y such that

TEX S TLX, cod(S;) =1 Vi, 5=(go) = 0

Assume sg' (¢o) = 0; we show that

23
(23) s~ (o) =0 Vi.
Sit1

In fact we are in the situation

{ EI/Z = _3i+1 (QO)a

aizl,

whence a; — a; = s~ (p,) + 1 and
Sit1

(24) 7 = RFEH(ZE);; 1+ séﬂ

But since we know from Proposition 2 that gi, §i+1 intersect at the order 2
along a 1-codimensional submanifold with either of the inclusions S;EH C S;r

or g;:l D gj‘, then (24) implies (23).
Hence induction applies and gives the conclusion

{ St c RY,
s5(q0) = 0.
(ii): We take now x:
x:T5X 5 T X, cod(S;) =1 Vi, 5=(¢0) =

Assume ‘% (go) = 0; we show that
i1

(25) Sé (QO) = 0:

~+ ~
S; C S:H



66

L. BARACCO AND G. ZAMPIERI

In fact we have

ai = +3§’i(q0)7

CLZ'ZO

Thus a; — a; = —sé and therefore

K3

which implies (25). The conclusion will follow again by induction. 0

Remark 11. Recall the semiorder relation of positivity “»>” between

Lagrangians in the sense of [5]. Thus we have in fact proved that T/;X =
T¢X in case (i) (resp. T¢X = T/X in case (ii)).
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