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LINEARIZATIONS OF ORDINARY DIFFERENTIAL
EQUATIONS BY AREA PRESERVING MAPS

TETSUYA OZAWA! anpD HAJIME SATO?

Abstract. We clarify the class of second and third order ordinary differen-
tial equations which can be tranformed to the simplest equations Y = 0 and
Y"" = 0. The coordinate changes employed to transform the equations are re-
spectively area preserving maps for second order equations and contact form
preserving maps for third order equations. A geometric explanation of the re-
sults is also given by using connections and associated covariant differentials
both on tangent and cotangent spaces.

§1. Introduction

In this paper, we consider second and third order ordinary differential
equations, and investigate the conditions under which those equations are
transformed to the simplest equations Y” = 0 and Y = 0, where the
coordinate changes used to transform equations are area preserving maps
for second order equations and contact form preserving maps for third order
equations.

The equivalence problem of ordinary differential equations are classified
into several categories, depending on the diffeomorphisms used to transform
the equations. An interesting version of the problem employs point trans-
formations (z,y) — (X(z,v),Y (z,v)), and the study of second order equa-
tions in this category was originated by Tresse in [1]. In [2] and [3], Cartan
gave a geometric interpretation of Tresse’s results in terms of a projective
connection. For a resent works, see also Kamran-Lamb-Shadwick [5], who
discussed the equivalence problem under fiber preserving diffeomorphims
(2.y) = (X(2), Y (2,)).

Cartan also studied third order equations under the equivalence by
point transformations (z,y) — (X(z,y),Y (z,y)) in [4]. On the other hand,
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Chern treated the problem with contact transformations (x,y,y’) —
(X(z,9,9), Y(x,y,9), Y (x,y,9)), in [6]. In [7] and [8], Sato and Yoshikawa
completed the Cherns works on this category.

Our main theorems are the following;:

THEOREM 1.1.  An ordinary differential equation y" + f(x,y,y’) =0
can be transformed to the equation Y = 0 by an area preserving map
(z,y) — (X,Y), if and only if f(x,y,z) is a polynomial of degree 3 in the
vartable z;

f=P+3Qz+ 3R>+ S22,

and P, @Q, R and S satisfy the equations

P,—Q. = —2(PR-Q?
(1) Q,— R, = —PS+QR
R,— S, = —2(QS—R?).

THEOREM 1.2.  An ordinary differential equation y" + f(z,y,y',y") =
0 can be transformed to the equation Y =0 by a contact form preserving
map (x,y,z) — (X,Y,Z), if and only if f(x,y,z,w) is a polynomial of
degree 3 in the variable w;

f =P +3Quw+ 3Rw? + Suw?,

and the functions P, Q, R and S depend only on x and z, and satisfy the
system of equations

Pz_Qx = _Q(PR—Q2)
(2) Qz — Ry = PS5+ QR
R.—S, = —2(QS-— R2).

By Lemma 3.2 in which we prove that contact form preserving maps
are lifts of area preserving maps, we reduce the proofs of Theorem 1.1 and
1.2 to the same integrability condition, and therefore in both theorems we
have the same system of partial differential equations (1) and (2)

In Section 4, we interpret the integrability conditions in Theorem 1.1
and 1.2 as a flatness of a certain connection form, and show how to con-
struct the required coordinate change using the dual covariant differential
associated with the connection form.



111

§2. Second order ordinary differential equation

In this section, we consider second order ordinary differential equations

y' + f(z,y,9) =0,
and their transformations by area preserving maps.

2.1. Transformations of equations

Being the (z,, z)-space R3 regarded as a contact manifold whose con-
tact form is equal to dy — zdz, for a diffeomorphism ¢ : U — V be-
tween open sets U and V in R?, there exists a unique contact tranfor-
mation ® : R® — R? which is a lift of ¢ with respect to the projection
(x,y,2) — (z,y). If we write ¢(z,y) = (X(z,y),Y (z,y)), then ® is given
by Y, +Y,

z+ y<
‘I’(.%',y, Z) - (X(l’,y), Y(xay)7 Z = m) .

Let ¢ : (a,b) — R? be the Legendrean lift of the graph of a function

y = y(z). Then along the image curve ® o ¢, it holds that

az _dz [dX
A
= XX ey SR+ S(y/)° + ).
x Yy

where P, (), R and S are functions of x and y given by
AP = Yy Xy — X0aYa
BAQ = Y Xy +2Y,, X, — X0V, — 2X,,) Y,
AR = 2Y,, X, +Y,, X, —2X,,Y, — Xy,,)Ys
AS = Y, X, -X,Y,
and A =Y, X, — Y, X, . This shows the following

(3)

LEMMA 2.1. In order that the equation

(4) y' + f(2,y,9) =0,
can be transformed to the equation
() Y” =0,

the function f(x,y,z) has to be a polynomial of order 3 in the variable z;

(6) f(z,y,2) = P+3Qz + 3Rz* + S2°.
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2.2. The integrability condition

Now, we consider the following equivalence problem: what is the neces-
sary and sufficient condition on P, Q, R and S, under which the equations
(4) and (5) can be transformed to each other through the natural lifts of area
preserving maps.

Let ¢(x,y) = (X,Y) be an area preserving map. Differentiating A =
XYy — X, Y, =1byxand y, we get

0= XpaVy + XoYye — XoyVe — X, Vo
0= XYy + XYy — Xy Ve — X, Vay.

Combining these two identities with four equalities (3), we obtain the fol-
lowing system of equations:

P X 0 0 -Y, 0 0 Yia
3Q X, 2X, 0 =Y, 2Y, 0 Yy
3R | 0 2x, X, 0 =2Y, Y, Yy
S | 0 0o X, O 0 -Y, Xz |7
0 -X, X, 0 Yy, -Y, 0 Xay
0 0 -X, X 0 Y, Y, Xyy
and consequently the relation
Yie Y, -Y, 0 0 0 0 P
Yoy 0 0 0 0 Y, Y, Q
You | | O 0 Y, =Y, 0 0 R
Xow | | Xy —Xu 0 0 0 0 S
Xay 0 0 0 0o X, —-Xu Q
Xyy 0 o X, —X; 0 0 R

These are second order partial differential equations on X and Y. We remark
that X and Y satisfy the same equations, namely both X and Y satisfy

Xew = XyP_XxQ
(7) Koy = XyQ@ - Xl
X, = X,R—X,S

The compatibility condition among these equations
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will impose the following relations

) )
(8) 0= 8_y(Xcm) - %(Xacy)
= 2 (X,P - X,Q) - 2 (X,Q - X.R)
oy Y v ox Y v
= Xy P — X0y @ + X, Py — X,Qy
— Xy Q + Xuo R — Xy Qu + X Ry
= (X,R— X,S)P — (X,Q — X, R)Q + X, P, — X.Q,
_(XyQ - X:ER)Q + (XyP - X:EQ)R - Xny + XxR:t
= —X.(Qy — Ry + PS — QR) + X, (P, — Q; + 2PR — 2Q?)
9) 0= (%(X:vy) - %(ny)
o)

0
= a_y(XyQ — X.R) — %(XyR - X,5)

= XyyQ — Xoy R+ XyQy — Xo Ry
~ Xy R+ XS — X, Ry + XS,
= (XyR - Xu5)Q — (XyQ — Xo R) R+ X,Qy — X R,
—(X,Q — XuR) R+ (X, P — X,Q)S — X, R, + XS
= —X,(Ry — Sz +2QS — 2R*) + X,,(Q, — R, + PS — QR).
LEMMA 2.2. In order that there exists a coordinate change (X,Y) which

preserves the area elements and satisfies the equation (7), it is necessary and
sufficient that P, Q, R and S satisfy the system of equations

Py—Q. = —2(PR-Q?
(10) Qy—R: = —PS+QR
R,— S, = —2(QS—R?.

Proof. 1If the map (X,Y) is a coordinate change, then the derivatives
(Xg, Xy) and (Y, Y,) are linearly independent. Thus if the coordinate func-
tions X and Y satisfy (7), then the coeffecients of X, and X, in the ex-
pressions (8) and (9) are equal to zero.

On the other hand, if the equations (10) are satisfied, then the com-
patibility conditions of the equations (7) are satisfied. Then we see that
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there exists an area preserving map (X,Y) which satisfies (7). A geometric
explanation of the map (X,Y") will be given in Section 4.

0
THEOREM 2.1.  An ordinary differential equation y" + f(z,y,y') = 0
can be transformed to the equation Y = 0 by an area preserving map

(z,y) — (X,Y), if and only if f(x,y,z) is a polynomial of degree 3 in the
variable z ;
f=P+3Qz+ 3R>+ 523,

and P, Q, R and S satisfy the equations (10).

§3. Third order ordinary differential equation

In this section, we consider third order ordinary differential equations

(11) y" + f(z,y,y,y") =0,

and their transformations by contact form preserving maps.

3.1. Transformations of third order ordinary differential
equations
Let the (x,y,z,w)-space be regarded as the third order jet space
(x,y,y',y"). For a contact diffcomorphism ¢ : (z,y,2) — (X,Y,Z), let
O (z,y,2,w) — (X,Y,Z,W) denote the canonical lift of ¢;

Zot Tyt 7
(I)(-’L',y,z,w)_(X’Y7Z’W_ z+ Zyz + zw)

X+ Xyz + Xow

Along the image curve ®oé where é(z) = (z,y(z),y' (x),y"(z)), we calculate

(Cil_I;(V as follows: using the notation

[A,B] = ZaXp — ZpXa
for A,B =ux,y,z,xx,2y, -, 22, and
n(af,7v) = the number of y’s in {«a, 3,7},

((af,7) = the number of z’s in {a, 8,7},

aw
Ix 1s equal to

aw _daw jix
dX  dx dzx
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d ( Zy+ Zyz+ Z,w
= — X+ X X
dz (Xx—i—Xyz—i—sz)/( ot Xzt Xow)
1
[* %],
(Xz + Xyz + X w)3

where we denote

(12) [* %] = Z[[aﬁ,fy]]z”(aﬁﬂ)wdaﬁﬂ)

+ly, 2lw + [y, zJw® + ([z, 2] + [2,y]2) v’

w )
and, in the summation ), a8 and ~ run over the set {zx, zy, 2z, yy, yz, 22}
and {z,y, z} respectively.
Thus we obtain

LEMMA 3.1. The equtaion (11) is transformed to the equation

Y/// — 0

by the lift ® of a contact transformation @, only if the function f(x,y,z, w)
s a polynomial of degree three in the variable w;

f(xaya Z,’U)) =P + 3Qw + 3Rw2 + S’U)S.
3.2. Contact form preserving maps

We investigate maps ¢ which preserve the contact forms, that is, the
maps ¢(z,y,2) = (X,Y, Z) which satisfy

dy — zde = dY — ZdX
=Y, —ZXy)dx + (Yy — ZX,))dy + (Y. — ZX,)dz.
For such a map ¢, the coordinate functions X, Y and Z satisfy

Y, —ZX, = -2

Y,-ZX,=1
Y.—ZX,=0.
From the identities Y, = Y,,, Y. = Y,, and Y, =Y, , we get
Zy Xy = Zp Xy
7. Xy =27Z,X,

ZZX:E = Z:th + 17
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in other words,

OZ‘Xx X, :‘Xy X,
Ze Zy| |2, Z.|'
1:')@ X.

Zy 2

Since (X, Z;) and (X, Z.) are linearly independent at each point (z, y, z),
this implies
X, =2, =0,

thus X and Z are functions only on the variables (z,z), and the equality
Y, =1 implies that Y can be written as

Y(z,y,2) =y +9(,2)
for some function ¥ (x, z). Since v satisfies
wx:_z"i'ZX:va ¢z:ZXZ7

1) can be written as
Y(x,z) = /ZdX — zdz.

Therefore we obtain

LEMMA 3.2. If ¢ : (x,y,2) — (X,Y,Z) preserves the contact form,
then X and Z are functions only on the variables (z, z), the transformation
(z,2) — (X, Z) is area preserving, and the function Y is of the form

Y—y—l-/ZdX—zdx.

3.3. Equivalence problem of O.D.E. through contact form
preserving maps
Let ¢ : (z,y,2) — (X,Y,Z) be a contact form preserving map. We
suppose that the equation

0 — P+ 3lel +3R(y”)2 + S(y/I)S +y//l
is transformed to the equation

O — Y///
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by the map ¢. By the formula (12), we see that P, @, R and S are functions
of the derivatives of X and Z . Since our functions X and Z depend only
on (z,z) , we get the following

P = ZyXy — XuaZy
3Q = 272, Xy —2X02 2y + Zya Xy — XuuZe
3R = 27, X, —2X,72,+ 7, X, — X, 2,
S = Z,.X,-X,.7Z,.
This system of equations is completely the same as (3) , provided that we
use the variables z and Z in place of y and Y in (3). Therefore the necessary

and sufficient condition for the existence of the transformation ¢ is the same
as that obtained in Theorem 2.1. Thus we proved

THEOREM 3.1.  An ordinary differential equation y" + f(z,y,y',y") =
0 can be transformed to a standard equation Y =0 by a contact form pre-
serving map (x,y, z) — (X, Y, Z), if and only if f(x,y,z,w) is a polynomial
of degree 3 in the variable w ;

f =P +3Quw + 3Rw* + Suw?,

and the functions P, Q, R and S depend only on x and z, and satisfy the
system of equations

Pz_Qa: = _Q(PR—QQ)
(13) Q.- R, = —PS+QR
R.— S, = —2(QS-R).

§4. Connections on R? and the equation of the geodesics

In this section, we consider the equation of geodesics of a certain type of
covariant differentials on the tangent bundle TR?, and reformulate our re-
sults in Section 2 using dual covariant differentials on the cotangent bundle
T*R2.

4.1. Covariant and dual covariant differentials

Consider P = R? x GLy(R) as a principal GLy(R)-bundles over R?,
on which GL2(R) is acting on the left.

Let dgg~"' denote the right invariant Maurer-Cartan form on G Ly(R).
Then each connection form w € Q'(P, glo(R)) is decomposed into the ver-
tical and the horizontal components

w=dgg~" + Ad(g)w",
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where w” is a gly(R)-valued 1-form on R2.

Given a connection form w, we denote by V the associated covariant
differential on the tangent bundle TR?, and by V* the dual covariant dif-
ferential on the cotangent bundle T*R?2.

If we identify a map £ = (:}L) : R? — R? with a section of TR? by

) B
E(z,y) = U(w,y)% + v(:v,y)a—y,

then V is, by definition, given by

v(0)=(2) ()
v v v
If we use the Christoffel symbol, w” is given by
oo ) () o)
The dual covariant differential V* is given by
V*(u,v) = d(u,v) + (u,v)w",
where we identified a map a = (u,v) : R? — R? with a section
alz,y) = u(z,y)dz + v(z,y)dy € T(T*R?) = Q' (R?).
We remark that the flatness of w
dw” — Wt AW =0

and that of the corresponding covariant differentials V and V* are all equiv-
alent.

4.2. Geodesics on R?
In the following lemma, we will derive the equation of the functions
y = y(r) whose graphs are V-geodesics on R2.

LEMMA 4.1. The graph of a function y = y(zx) is a V-geodesic, if and
only if y(x) satisfies the ordinary differential equation

y" +T7 + (F%2 +T3 - Fh)y’ + <F§2 —Ty — F%l)(y/)Q —T)* =0
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Proof. By definition, a parametrized curve t — (x(t), y(t)) is V-geodesic,
if it satisfies

=L () () G 3 ()}

(14)
d*y dx\? dx dy dy 2
a ~~UTh(G) + (i) G +T2(5)
dt? {+ ) T et gt dt
Since Zy = Zﬁ’ flf, we have

@d(dy dry
dx?  dt\dt/ dt/)/ dt

_ (@d_x _ d_de_ﬂc)/(d_ﬂf)S

C\dt2 dt dt di? dt/) -
Substituting for % tQ and ¢ dtg the right hand sides of (14), we obtain the
required equation. 0

4.3. Torsion free flat connection

LEMMA 4.2.  Suppose a connection form w is flat, that is, the horizon-
tal component wh satisfies

dw — o AWt = 0.

Let a = (u,v) = udz + vdy be a local V*- parallel section. If V is torsion
free, then « is a closed 1-form.

Proof. By definition, V is torsion free, if V satisfies
Ven — Vg = (€]

for all vector fields ¢ and 7. In the Christoffel symbol, this is equivalent to

the symmetricity

If a local section a = (u,v) = udx +vdy of T*R? is V*-parallel, then u

and v satisfy
o 0 r{, Ti,
(%“’%”)”W)(P& r%2>

o 0 i, Ti,
(ayu, 8yv> * (u,v) (Fgl F%Q '

0

o
I
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The symmetricity on {FZ} implies that

0 0
—U= =1,

oy Oz

and thus the closedness of .

O

Suppose that V is flat and torsion free. Let o and 3 be V*-parallel local
sections of T*R? on a simply connected nighborhood U of the origin (0, 0).

By Lemma 4.2, there exist functions X and Y on U such that

o =dX, 6 =dY.
Define a map ¢ : U — R? by

v =(X,Y).

If dX and dY are linearly independent at one point on U, then they are so

at all points.

PROPOSITION 4.1.  V-geodesics are transformed to lines by the above

map ©.

Proof. Since the transformation matrix J(y) is equal to

lows, from the fact that o and (3 are parallel, that J(y) satisfies

dJ(p) + J(p)" = 0.

By multiplying J(¢)~! from the right, we obtain

dJ()J ()" + Ad(J(p))w" = 0.

(07

g

) , it fol-

This means that the horizontal component of the connection form that
is obtained by the gauge transformation with respect to J(¢) is equal to
zero. Thus the corresponding Christoffel symbols all vanish. Therefore we
conclude that all V-geodesics are transformed into lines by the map ¢. []

Remark. Lemma 4.2 and Proposition 4.1 still hold for higher dimen-

sional spaces.
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4.4. Linearization of geodesics
In the following, we will show that the graphs of all solutions of the
equation
Y+ P+3Qy +3RY)?+SH)>=0
are geodesics of a certain connection, and interpret the results in the pre-
vious sections using the connection.

Given smooth functions P, @, R and S on R?, we associate a connection
form w whose horizontal component is equal to

ri. it > <r1 ri >

h 11 12 21 22

W' =— dx — dy
<r§1 r2, Iy T3

([ Q R R S
_<—P _Q>dﬂz+(_Q _R>dy

and by V and V* respectively the corresponding covariant differential and
its dual. We remark that the connection form w is sla(R)-valued and torsion
free.

The following three lemma are verified by direct calculations:

LEMMA 4.3.  The graph of a function y = y(x) is V-geodesic, if and
only if it satisfies the equation

Y+ P+3Qy +3R(y)*+S()=0.

LEMMA 4.4. w is flat, if and only if P, Q, R and S satisfy

Py—Q. = —2(PR-Q?
Qy— R, = —-PS+QR
R,— S, = —2(QS—R?.

LEMMA 4.5.  For a function X, dX is V*-parallel, if and only if X
satisfies

Xow = XyP_XxQ
X,y = X,Q—X,R
X,y = X,R-X,S.

Since w is sla(R)-valued, the map ¢ = (X,Y’) constructed in Section
4.3 is area preserving. Now Theorem 2.1 is a corollary of Lemmas 4.3, 4.4
and 4.5 , and Propositions 4.1.
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