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HEIGHT ONE MATRICES
MASAO OKAZAKI

ABSTRACT. Let P1(Q) be the projective line over Q and H the Weil height on
P}(Q). A classical result in algebraic number theory, so called Kronecker’s theo-
rem, states that H(1,x) = 1 if and only if z € Q is 0 or a root of unity. In [4],

Talamanca introduced some height functions on M, (Q). The purpose of this pa-
per is to show analogues of Kronecker’s theorem for these heights: We determine
height one matrices relative to these heights.

1. Introduction

Let K be an algebraic number field. Throughout the paper, we employ the following
notation:

e Q: the field of rationals;

e Q: the field of algebraic numbers;

e C: the field of complex numbers;

e Og: the ring of integers of K

o M%: the set of all field homomorphisms from K to C;

o MY the set of all non-zero prime ideals of O;

o M K ‘= M?{o L M?@

e |-|,: an absolute value on K defined for each v € My as
I (EC (v e M3).
U O/ O (0 e M),
where ord,(z) is the order of x € K for each v € M%, i.e., if x € K* and
() = [5_, vi* is the prime factorization of the fractional ideal (x), we set
ordy () = er (v =y for some k),
0 (v # vy for any k),

and ord,(0) := oo for all v € MY%;
e K,: the completion of K by the absolute value | - |,;
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o M,(F): the ring of n x n square matrices over a field F.

For & ="(z1,...,2,) € K", we set
1/[K:Q
H(¥) := ( H max{]x1|v,...,|xnlv}> :
vEMEK

=,

As usual, we set H(0) = 1. Now, we note the product formula
H |z, =1 for all x € K,
vEMK

and hence we have H(cZ¥) = H(Z) for all Z € K™ and ¢ € K*. Since we know
that the value of H(Z) is independent of the choice of K, we can consider H to be
a function on Q. The function H is called the Weil height, measuring a certain
kind of arithmetic complexity of # € Q". Note that H(Z) > 1 for all Z € Q. The
following theorem, which determines the vectors # € Q" which satisfy H(Z) = 1, is
an immediate consequence of Kronecker’s theorem (see, e.g., [1], Theorem 1.5.9):

Theorem (A) . Let Z € Q". Then H(Z) = 1 if and only if there exist a constant
r e Q and a vector € € Q" such that each of entries of € is 0 or a root of unity and
X =re.

Now for each v € Mk, we set a norm N, on K™ with respect to | - |,:

N, () = VT 2 (ve M),
’ . ma’X{|x1|U7 Tty |$n|v} (U S M?{)

In [4], Talamanca introduced some height functions on M, (K):

/1K Q)
H(A) = ( 11 HAIIU> :

veEMK

1/[Kz:Q]
N, (AZ)

Ny(Z) ’

HP(A) := sup
#eQ"\{0} vEMK,,

where ||Al|, denotes the operator norm of K] 3 & — AZ € K induced by N,,
and Kz == K(xy,...,x,) for each & = “(z1,...,2,) € Q" \ {0}. As usual, we set
H(O) = HP(O) = 1. Since the values of H(A) and H°P(A) are also independent
of the choice of K, we can also consider H and H° to be functions on M, (Q); see
Sections 2 and 3 for more details.

The main purpose of this paper is to show analogues of Theorem (A) for H
and HP, i.e., to determine the matrices A € M, (Q) which satisfy H(A4) = 1 or
HP(A) = 1. Throughout this paper, we call a matrix scattered if no two non-zero

entries lie in the same row or the same column.



Theorem 1.1. Let A € M,(Q). Then:

(1) H(A) = 1 if and only if there exist a constant r € Q and a matriz B € M, (Q)
such that B s scattered, each of entries of B is 0 or a root of unity, and
A=rB;

(2) HP(A) = 1 if and only if A has at most one non-zero row vector, or there
existr € Q and B € Mn(@) such that B s scattered, each of entries of B is
0 or a root of unity, and A =rB.

2. The Weil L*-height

As mentioned in Section 1, we defined H and H°P by using the L:norm N, for
each v € M%, while H is defined by using the L>-norm for each v € Mg. So the
following height functions are more suitable when we study H and H°P; for ©¥ € K",
we set

1/[K:Q]
Hy(F) = ( 1T M(f)) :

veEMK

1/[K:Q)
HY () := ( 11 max{LNv(f)}) :

VEM K

As usual, we set Hy(0) = 1. By the product formula, we have Hy(cZ) = Hy(F) for
all ¢ € K*. We can also consider H, and H; to be functions on Q". The function
H, is called the Weil L*-height. Note that Ho(Z) > 1 for all Z € Q". Now we have
VI
op (HUGMK; NU(A$)> H2(A-f)
HP(A) = sup UK (2P \UHy (@) [
7"\ (0} (Hve M Nv(:z:)) 7T\ (0}

Consequently, we can consider H°® to be a function on M,(Q); we will show
HP(A) < oo in the next section.
The following lemma is an analogue of Theorem (A) for the Weil L% height.

Lemma 2.1. Let 7 € Q". Then:
(1) Ho(Z) = 1 if and only if & has at most one non-zero entry.
(2) HS(Z) = 1 if and only if each of entries of ¥ is 0 or a root of unity and T
has at most one non-zero entry.

Proof. (1) We know that the former condition implies the latter condition by the
inequality Hy(a,b) > Hs(a) for any a, b # 0, and that the latter condition implies
the former condition by the product formula.



(2) We know that the latter condition implies the former condition. So we shall
prove the converse. Take any 7 € Q" with H; (#) = 1. By the inequality H(1,#) <
H(#) and Theorem (A), each of entries of 7 is 0 or a root of unity. By the inequality
Ho(7) < HJ (%) and (1), # has at most one non-zero entry. O

3. Some basic properties of H and H°P

In this section, we summarize some basic properties of H and H°P.
First, we shall make some remarks on the operator norms mentioned in Section
1. Let B = (bi;) € M, (K,). It is known that

|Bllu = \/sp(B°B) if v e MG, (3.1)
| Bll, = rr%e}x{]bijlv} ifve /\/l?(, (3.2)

where B* is the adjoint of B and sp(B*B) is the maximum eigenvalue of B*B. Thus
we find that for any A € M,,(K), we have ||A||, = 1 for all but finitely many v € M.
Therefore to set H, as is in Section 1, makes sense. We also find that the value of
H(A) is independent of the choice of K, and hence we have HP(A) < H(A) < oo.
Thus we find that to set H°P, as is in Section 1, also makes sense.

Next, to study H, we introduce an auxiliary height H*:

1/[K:Q]
HY(A) = ( 1T max{l,HAHU}) :

vEMK

where A € M, (K). By (3.1) and (3.2), we have the following:

-
Lemma 3.1. For any A € M,(Q), we have HT(A) = H <é 12)

Thus we can consider H* to be a function on M, (Q). The following inequalities
play important roles in the proof of the main theorem.

Lemma 3.2. Let A = (dy,...,d,) € M,(Q). Then for any 1 < j < n:
(1) Ha(aj) < HP(A);
(2) Hy (d;) < H*(A).

Proof. Let (a;;) == A, K := Q(ai1,...,an,) and €; :="(0,...,1,...,0).

(1) We have

_ Hy (Ae))

@) =, @) <M



(2) We have

VEM K
U
Let F be R or C, and B € M,(F). We know that
18"l = 1Bl (3.3)
where || - || is the operator norm induced by the standard L?*norm on F". Therefore,
for any A = (a;;) € M,(K) and 0 € M%, we have
I*Alle = (e (@)l = 1@ (@)l = l|Allz. (3.4)

where 'A is the transpose of A and 7 is the composition of the complex conjugation
and o. By (3.2) and (3.4), we have the following:

Lemma 3.3. For any A € M,(Q), we have H(A) = H(*A) and HT(A) = HT(*A).

The following lemma is a key to prove Theorem 1.1.

Lemma 3.4. Let A € M,(Q). Then H™(A) =1 if and only if each of entries of A
is 0 or a root of unity and A is scattered.

Proof. By (3.1) and (3.2), we know that the latter condition implies the former
condition. So we shall prove the converse. Suppose that HT(A) = 1. Then, by
Lemma 3.2 (2) and Lemma 2.1 (2), we find that each of column vectors of A has at
most one non-zero entry and it is a root of unity. On the other hand, by Lemma
3.3, we find that each of row vectors of A has at most one non-zero entry. U

4. Proof of Theorem 1.1

Proof of Theorem 1.1. (1) We know that the latter condition implies the former
condition. So we shall prove the converse. Let A € M,(Q) \ {O} with H(A) = 1.
By the inequality H°P(A) < H(A), Lemma 3.2 (1) and Lemma 2.1 (1), we find that
each of column vectors of A has at most one non-zero entry. On the other hand, by
Lemma 3.3, we find that each of row vectors of A has at most one non-zero entry.
Therefore A is scattered. Now note that multiplying A by any permutation matrix
does not change the value of H(A). So we may assume that a;; # 0. Furthermore,
by the product formula, we may also assume that a;; = 1. Thus we may assume

that A is a form of
1 0
0 A’



where A" € M, 1(Q). By Lemma 3.1, we have H*(A") = H(A). Therefore, by
Lemma 3.4, each of entries of A’ is 0 or a root of unity and A’ is scattered. This
completes the proof of (1).

(2) First, we shall prove that the latter condition implies the former condition.
Suppose that A has at most one non-zero row vector:

0,

Then for any Z = *(x1,...,2,) € Q" \ {0}, we have

HQ(Af) = Hg(alxl + -+ anxn) = 17
Hy (%) >

—_

Therefore we have H°P(A) = 1. Suppose that there exist 7 € Q and B € M, (Q)
such that B is scattered, each of entries of B is zero or a root of unity, and A = rB.
Then we have 1 < HP(A) < H(A) =1 by (1).

Next, we shall prove the converse. Let A = (a;;) € M, (Q) with HP(A) = 1. By
Lemma 3.2 (1) and Lemma 2.1 (1), we find that each of column vectors of A has at

most one non-zero entry. Suppose that A has more than one non-zero entries a;;,
ap with j <l and i # k. We set

o

:=1%0,...,0,1,0,...,0,1,0,...,0).
A A
j-th I-th

Then we have

Hy(AG) = H, (iAz) — my(1,a),

aij

Hy(C) = \/§>

where a = ay/a;;. By the inequality Hy(AC)/Hz(¢) < HP(A), we find that
Hy(1,a) < V2. Let K := Q(a11, ..., any,) and d := [K : Q]. Now, note that

max{1,t} > V1, (4.1)
VIt > V2 (4.2)



for all t > 0, and both the inequalities become equalities if and only if £ = 1. Hence

we have
\/5 Z H?(lv a)
1/2d 1/2d
> I lak 2 11 lal. (by (4.1),(4.2)) (4.3)
veMY, veMP
=2 (by the product formula).

Therefore, the inequality (4.3) must be an equality. So we have |a|, = 1 for all
v € Mg. Thus, by Kronecker’s theorem, we find that a is a root of unity. Therefore
if A is scattered, then there exist r € Q and B € M, (Q) such that B is scattered,
each of entries of B is zero or a root of unity, and A = rB. Now, suppose that A is
not scattered and that A has more than one non-zero row vectors. Then there exist
non-zero entries a;;, ay and ag,, of A with ¢ # k and j # [ # m # j. For simplicity,
we assume that j < [ < m. By the argument described above, u; := ay/a;; and
Uy 1= Qpm/a;; must be roots of unity. Taking positive integers p and ¢ such that

p_ 9 _
uy = uy = 1, we set

7.t p—1 q—1

di="(0,...,0,1,0,...,0,uy™,0,....0,u§ ™0, 0).
. A A

j-th I-th m-th

Then we have

H,(Ad) = H, (iAcij — Hy(1,2) = V/5,

Qi
Hy(d) = V3,
Hence HP(A) > Hy(Ad)/Hy(d) = \/5/3 > 1, which contradicts the assumption
HoP(A) = 1. O
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