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ABSTRACT. We consider the pointwise multipliers on Musielak-Orlicz spaces. We
treat a wide class of Musielak-Orlicz spaces with generalized Young functions
which include quasi-normed spaces.

1. Introduction

Let (Q, 1) be a complete o-finite measure space. We denote by L°(€)) the set of
all measurable functions from 2 to R or C. Let F; and Fy be subspaces of LY(Q).
We say that a function g € L°(Q) is a pointwise multiplier from FE; to E,, if the
pointwise multiplication fg is in E, for any f € E;. We denote by PWM(E}, E»)
the set of all pointwise multipliers from FE; to E,. We abbreviate PWM(E, E) to
PWM(E).

In this paper we consider the pointwise multipliers on Musielak-Orlicz spaces
L?(Q). For the definitions and basic properties of Orlicz and Musielak-Orlicz spaces,
see [3, 6, 8, 10], etc. For p € (0, 0], we denote by LP(£2) the usual Lebesgue spaces.
Then it is known that

PWM(LP (), L2 (Q)) = L™ (%),

if 1/p1+1/ps = 1/p2 (p; € [1,00], i = 1,2,3). This result was extended to Orlicz
spaces by [4, 5]. Our results in this paper are their further extension. We treat a

wide class of Musielak-Orlicz spaces with generalized Young functions which include
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quasi-normed spaces, for example, generalized Lebesgue spaces LP) () with variable
exponent p(-) : Q — (0, 0c]. For the space LP0)(Q), see [1, 2], for example.

Note that Holder’s inequality implies the inclusion
L7(Q) € PWM(LP (2), L7*(2),

if 1/p1 + 1/p3s = 1/pe. In this paper we also use a generalized Holder’s inequality
for Musielak-Orlicz spaces (Proposition 3.4). However, the reverse inclusion is non-
trivial. Actually, in our result on Musielak-Orlicz spaces (Theorem 4.1), the difficulty
is in the proof of the reverse inclusion.

Our proof method is the same as in [4]. However, we must adapt the method
to Musielak-Orlicz spaces. To do this we first investigate the properties of Young
functions and their generalization in Section 2. Next, in Section 3, we give several
examples and state propositions and lemmas on Musielak-Orlicz spaces with gener-
alized Young functions. Then we state the main results in Section 4 and prove them

in Section 5.

2. Young functions and their generalization
Let @ be the set of all functions ® : [0, 00] — [0, 0] such that

lim &(t) =®(0) =0 and lim ®(t) = ¢(c0) = 0. (2.1)

t—+0 t—o00

Let
a(®) =sup{t >0: ®(t) =0}, b(P)=inf{t >0:P(t) = o0}.

Definition 2.1. A function ® € @ is called a Young function (or sometimes also
called an Orlicz function) if ® is nondecreasing on [0, 00) and convex on [0, b(P)),
and

lim ®(t) = ¢(b(P)) (< 0).

t—b(P)—-0

We denote by @y the set of all Young functions. Any Young function is neither
identically zero nor identically infinity on (0,00). We define three subsets of Young
functions Y@ (i = 1,2,3) as

YV ={d e by : b(d) = o0},
VO = {d e by : b(P) < 00, D(b(P)) =0},
VO =D € by : b(P) < 00, D(B(P)) < 00}

Then we have the following properties of ® € @y:
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(i) If ® € YU, then ® is absolutely continuous on any closed interval in [0, oc),
by the convexity and nondecreasingness, and @ is bijective from [a(®), c0)
to [0, 00).
(ii) If ® € Y@, then ® is absolutely continuous on any closed interval in
[0,b(®)), and P is bijective from [a(P),b(P)) to [0, 00).
(iii) If ® € Y@, then ® is absolutely continuous on [0, b(®)] and ® is bijective
from [a(®P), b(P)] to [0, D(b(D))].
Next we recall the generalized inverse of Young function ® in the sense of O’Neil
[9, Definition 1.2]. For a Young function ® and u € [0, oc], let

O (u) = inf{t > 0: (t) > u}, (2.2)

where inf () = oco. Then ®~!(u) is finite for all u € [0,00). If @ is bijective from
[0, 00) to itself, then ®~! is the usual inverse function of .
We have the following properties of ® € ¢y and its inverse:
(P1) ®(®*(u)) < u for all u € [0,00) and ¢t < ®7HD(t)) if ®(t) € [0,00)
(Property 1.3 in [9]).
(P2) @ H(®(t)) =t if B(t) € (0,00).
(P3) If & € YW U Y then (P! (u)) = u for all u € [0, 00).
(P4) If ® € Y and 0 < § < 1, then there exists a Young function ¥ € Y such
that b(®) = b(¥) and

U(ot) < P(t) < W(t) forallte|0,00).
To see (P4) we only set ¥ = ® + O, where we choose © € Y such that a(©) =
db(®) and b(O) = b(P).

Definition 2.2. Let @} be the set of all ® : 2 x [0, 00] — [0, 00] such that &(z,-)
is a Young function for every x € Q, and that ®(-,¢) is measurable on  for every
t € [0,00]. Assume also that, for any subset A C Q with finite measure, there exists
t € (0,00) such that ®(-,¢)x4 is integrable.

Definition 2.3. (i) Let @¢y be the set of all ® € & such that ®((-)¥/¢) is in
Py for some ¢ € (0,1].
(ii) Let ®%, be the set of all ® :  x [0, 00] — [0, 00| such that ®(-, (-)/¢) is in
@Y, for some ¢ € (0,1].
For ®, U € @, we write ® ~ U if there exists a positive constant C such that

O(C't) < U(t) < (Ct) for all t € (0,00).
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For &, U : Q2 x[0, 00] — [0, 00|, we also write & ~ W if there exists a positive constant
C such that

O(x,C't) < W(x,t) < ®(x,Ct) for all (x,t) € Q x (0, 00).

Definition 2.4. Let ¢y, ®%, &gy and %, be the sets of all ® such that & ~ ¥

for some U in @y, &3, Doy and Py, respectively.

For ® € @Yy, let
a(®;z) =sup{t > 0: ®(x,t) =0}, b(P;2) =inf{t > 0: ®(x,t) = co}.
From the property (P4) we have the following:

(P5) For any & € 9%, and 0 < § < 1, there exists ¥ € &¢, such that
U(x, ()Y € YV U Y for all z € Q and for some £ € (0,1], and

U(z,0t) < ®(x,t) < U(x,t) forall (z,t) € Q x [0,00).

To see (P5) we only set ¥ = &+ 0O, where we choose O(x,t) by the following way:
If &(x, (1)) € YOUY? then O(z, ) = 0. If &(x, (-)1/¢) € YO, then O(z,-) € Y?
such that a(©;x) = §b(P; x) and b(O; ) = b(P; z).

At the end of this section we give a lemma.

Lemma 2.1. Let ® € &%,. For a subset A C Q with 0 < u(A) < oo, let ®4(t) =
[y ®(x,t) du(x). Then &4 € dgy.

Proof. By the definition of @Y%, we have that ®4(¢) < co for some t € (0,00). As-
sume that ®(-, (-)/¢) € @Y for some ¢ € (0,1]. Then by the properties of Young
function and the Lebesgue dominated convergence and monotone convergence the-

orems, we see that ®4((-)1/%) is a Young function. O

3. Musielak-Orlicz spaces

In this section we define Musielak-Orlicz spaces L®(2) for ® € &%, and give their

properties.

Definition 3.1 (Musielak-Orlicz space). For a function ® € ¢%, let

1) = {f € () : /Q<I>(x,c]f(m)\) du(x) < o for some ¢ > 0} |

[fllze = inf{A >0 /ch(x, &;)‘)m(m) < 1}.
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Then |f(z)] < coa.e.x € Qforall f € L*(Q). By the assumption in Definition 2.2
all simple functions are in L*(Q). Moreover, || - ||z+ is a quasi-norm, that is, there
exists k € [1,00) such that, for all f, g € L®(Q) and a scalar c,

@) Nfllze 20, Ifllze =0 f =0,
(i) llefllze = lell[fllze,
(ili) [If + gllze < £ f]lze + llgze)-
If ® € %y and ®(-, (-)1/*) € &%, then

(@) If +gllze < Nf117e + lgl7e-
If & € ¢}, then || - ||ze is a norm.
The following is clear:
(v) If g € L*(Q) and |f(z)] < |g(x)| a.e.x € Q, then f € L?(Q) and || f]|ze <
gl e
The property (v) is called the lattice property or ideal property.
Let & € ®4,. Then by the left-continuity of ®(x,t) with respect to ¢ and the
theory of the Lebesgue integral we have the following:
(vi) If liminf, o || fillze < oo and lim; o f; = f a.e.Q, then f € L*(Q) and

[fllze < Timinf;o [ f]]2e-
(vii) If sup; || fillze < 00,0 < fi < fo < --- = f ae.Q, then f € L*(Q) and
lim oo [| fll Lo = [[f]]ze-
The properties (vi) and (vii) are called the Fatou property.
Let ®, ¥ € @Y%y If ® ~ U, then L*(Q) = LY(Q) with equivalent quasi-norms. If
there exist #g,?; € (0, 00) such that

O(x,t) =W(x,t) for (x,t) € Qx((0,t] U [t;,00)),

then & ~ V.
In the following examples we always interpret ®(z,0) = 0 and ®(z,00) = oo for
all z € Q.

Example 3.1. Let p € (0,00] and ®(z,t) = tP. Then L®(Q) is the usual Lebesgue

space LP(Q). Here we use the following interpretation:

. {0, te0,1],
t pr—

oo, te (1,00].
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Example 3.2. Let p € (0, 00] and
o(z.) = {1/exp(1/t1’), te0,1],
exp(tP), t € (1,00].
Here we use the following interpretation:
1/exp(1/t>*) =0, te]0,1],
{exp(too) = 00, t € (0, 00].
Note that, if p € (0, 00), then we can choose a convex function E, such that E,(t) =

1/ exp(1/t?) for small t and E,(t) = exp(t?) for large ¢, that is, ® € @y. In this case
we denote L*(Q) by exp(LF)(1).

Example 3.3. Let p be a variable exponent, that is, it is a measurable function
defined on € valued in (0, cc], and let ®(x,t) = t?@) . If p_ = inf,eq p(x) > 0, then
d € ¢Yy and O(x, (-)mxL1/P-)) € @Y. In this case we denote L®(Q) by LPO)(Q)

which is a generalized Lebesgue space with variable exponent p.

Example 3.4. Let w be a weight function, that is, it is a measurable function
defined on Q valued in (0,00) a.e., and [, w(z)du(z) < oo for any A C Q with

finite measure. Let p be a variable exponent, and let
®(z,t) = tPDw(x).
If infeqp(z) > 0, then & € &%,.. In this case we denote L*(Q) by pr(')(Q).

Example 3.5. Let p be a variable exponent, and let

exp(tP@), t e (1,00,

If inf,cq p(x) > 0, then & € @Y. In this case we denote L®(Q) by exp(LPM))(Q).
Remark 3.1. In Examples 3.3, 3.4 and 3.5, let
Qoo = {2 € Q:p(x) = o0}.

If sup,eo\o.. P(7) < oo, then there exists ¥ € &f, such that ® ~ ¥ and TA(()V) €
YO U Y for some £ € (0,1] and for any A C Q with 0 < u(A) < oo, where
UA(t) = [, U(x,t)du(x). To see this we have only to set

(o t) = O(z,t), z € Q\ Quo,
e O(z,t) +O(t), x€ Qu,

where we choose © € Y such that a(6©) = 1/2 and b(0) = 1.
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By using the method in [1, pages 38-40] or [6, pages 35-36], we can prove the

following proposition and lemma:
Proposition 3.1. Let ® € ®%y. Then L®(Q) is complete.

Lemma 3.2. Let ® € &%y If a sequence {f;} converges in L*(Q) to f, then there

exists a subsequence { i)} which converges pi-almost everywhere to f.

The next lemma follows from Lemma 3.2 and the closed graph theorem, see [7]
for example. See also [11, Theorem 1 in page 79] for the closed graph theorem on

complete quasi-normed spaces (F-spaces).

Lemma 3.3. Let &), @, € ®%y. Then every pointwise multiplier g from L®1 () to
L*2(Q) is a bounded operator.

For ® € &gy, we define its generalized inverse by the same way as (2.2). Then
O (u) = (U (w) if U(t) = &Y, and ¥ H(u)/C < & u) < CU 1 (u) if
U(t/O) < ®(t) < U(Ct). For & € &Yy, we denote by @1 the generalized inverse
with respect to t. Then we give a proposition on a generalized Holder’s inequality,

which can be proven in the same way as O’Neil [9].

Proposition 3.4. Let ®; € @Y%y, i = 1,2,3. Assume that there exists a constant
C > 0 such that

O (x, )3 (2, t) < C B (w,t)  for (x,t) € Q x (0,00). (3.1)
If f € L*(Q) and g € L*3(Q), then fg € L*2(Q) and
1Fgllzes < Ol N Lanllgl pos,

where C" is a positive constant dependent only on ®;, 1 =1,2,3, and C.

4. Main results

In this section we state the main results. For ® € &%, we denote by ®~! the

generalized inverse with respect to ¢.

Theorem 4.1. Let ®; € %y, i = 1,2,3. Assume that there exists a constant C > 0
such that
1

5(132_1(%75) <O N, )5 (2, 1) < CO N (a,t)  for (w,t) € QA x (0,00). (4.1
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Assume also that there exists Vg € D¢y such that
Oy~ Uy and Vi(()V) e YV UY®?, (4.2)

for some £ € (0,1] and for any A C Q with 0 < u(A) < oo, where V5(t) =
Sy Ws(x,t) du(x). Then

PWM(L*(Q), L*2(Q)) = L**(Q).
Moreover, the operator norm of g € PWM(L®(Q), L*2(Q)) is comparable to ||g|| s -

Remark 4.1. There exists ® € &% such that ®(z,-) € YV for all # € Q and
P ¢ YO . Actually, let Q = (0,1) be the open interval in the real line with
the Lebesgue measure and take Young functions ®(x,t) for all x € Q such that
O(x,1) =1and &(x,1 +2) =2/x. Then
1 1 €
/q)(af,l)deL /@($,1+e)d:v2/(I>(:L',1—|—:E)d:v:oo,
0 0 0

for any € € (0,1). In this case we can find ¥ € &% such that ® ~ ¥ and ¥4 €
YHUY for any A C (0,1). However, it is unknown whether we can take U € &%,
which satisfies (4.2) for any ® € &%y, in general.

Corollary 4.2. Let ® € &Y. Then
PWM(L*(Q)) = L=(Q).
Moreover, the operator norm of g € PWM(L®(Q)) is comparable to ||g|| L.

Next we give three examples of Theorem 4.1, by using the properties in Exam-
ples 3.3, 3.4, 3.5, and Remark 3.1.

Example 4.1. Let p; be variable exponents, i = 1,2, 3, and
Qoo = {z € Q: p3() = o0}.

Assume that inf,eq pi(z) >0, i = 1,2,3, sup,co ., p3(z) < 0o and
1 1 1
+ =
pi(z)  ps(x)  pa(z)

for x € Q. (4.3)

Then
PWM(LPO(Q), LP20)(Q)) = LPO(Q).
Moreover, the operator norm of ¢ € PWM(LP1")(Q), LP2()(Q)) is comparable to

||9||Lp3<~>-
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Example 4.2. Let p; be variable exponents, w; be weight functions, ¢ = 1,2, 3, and
Qoo = {2 € Q: p3(z) = o0}.

Assume that inf,eqpi(z) > 0,4 =1,2,3, sup,ecq\q. P3(z) < oo and
1 1 1
+ = ,
pi(x)  p3(z)  pa(x)
Then

wy ()P @ g ()P = 4y (2)V/P2@) for z e Q. (4.4)

PWM(LE (), L () = L3 (9Q).
Moreover, the operator norm of g € PWM(LE(Q), L220(Q)) is comparable to
ol g
Example 4.3. Let p; be variable exponents, ¢ = 1,2, 3, and
Qoo = {2 € Q: p3() = o0}.

Assume that inf,eqpi(z) > 0,4 = 1,2,3, sup,eq\q. P3(z) < oo and
1 1 1

@ @) " ) o rel (4.5)

Then
PWM(exp (L) (Q), exp(LP21)(Q2)) = exp(LP*) ().
Moreover, the operator norm of g € PWM(exp(LP*"))(Q), exp(LP21))(€2)) is compa-

rable to {|g|exp(zrst))-

Remark 4.2. In Examples 4.1, 4.2 and 4.3, the condition sup,co o p3(z) < oo is

not necessary. We only need the condition (4.2).

5. Proof of main results

In this section we prove Theorem 4.1. From Proposition 3.4 it follows that
PWM(L* (Q), L**(Q)) D L**(%),
and that
lgllop < Cligllpes for g€ L**(Q),

where ||g|lop is the operator norm of g as a pointwise multiplier.
Conversely, let ¢ € PWM(L?1(Q), L*2(Q2)). Then g is a bounded operator by
Lemma 3.3. In the following we prove that g is in L**(Q) and that

9]l 2 < Cllgllop- (5.1)
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If &; ~ U,;, ¢ = 1,2,3, then ¥, also satisfy (4.1). Hence we may assume that
(-, (-)V%) € @Y for some ¢; € (0,1], i = 1,2,3. Moreover, by (P5) and the
assumption, we may assume that ®,(z, (-)¥/*) € YH U Y@ for all x € Q and that
D)) € YD U YD for any A C Q with 0 < u(A) < oo, where ®4(t) =
J ®s(e, ) du(z).

To show (5.1) we consider two cases.

Case 1: g is a simple function. In this case g € L®3(Q). Let

g:ickXAk, 0<e << - <ecp,
- 0<pu(Ag) <oo(k=1,2,--- N), and A;NA, =01if j # k.
and let
#(0) = [ Galalg@l) dute). B0 = [ o) duta).

Then

N
DY(t) = > Dy (cxt).

k=1

Then ®§((-)¥/%) € YV U YD and

a(®3) = m,jna(@?k('/ck)), b(®3) = min b(®4" (- /cx)).

Therefore, ®J((-)'/%) is continuous and convex on [0,b(®3)) and bijective from
[a(®F),b(PF)) to [0,00). Since

lgllpes = inf{A > 0: ®Y(1/A) < 1},

we have
5(1/|gllpes) = 1.
That is,
/q>3 (a: 9(z) ) du(z) = 1. (5.2)
Q 9]l Les
Let

h(z) = &3 (x, 9()] ) .
gl o
Then h is in L*(Q2) and h(z) < oo a.e.z € Q. Let

_ d 1 (z, h(x)), 0< h(z)< oo,
fle) = {0, h(xz) = 0.

— 144 —



From the property (P1) it follows that ®,(z, f(z)) < h(z) a.e.z €  and
x
[ oo st@n dute) < [ @ (w0 200) aue) 1.
o o g1l es
That is, || f|| ;2. < 1. If 0 < h(x) < oo, then by the property (P2) and the assumption
(1),

F@0@) g o (o g (o 90
Tl 00 (@A) <‘I’( ’Hgnm))
= CI)I_I(Z‘J h(x))(l)gl(x, h(ZL’))

CH @y (@, h(2)),
and hence, by (P3),

o (. CJ0sts

gl s ) > By(®y " (z, h(w))) = h(x).

If h(z) =0, then f(z) =0 and ®, <x Cf(x)g(x)> = 0. Thus, by (5.2),

gl e

[ e ( M) (o) 2 [ 1) dute)

gl Los

gllzes < Cllfgllze < Cllgllopll fllzer < Cllgllop-

That is, we have (5.1).

Case 2: For general g, let {g;} be a sequence of simple functions such that

Therefore,

0<g1 <ga<---—g| ae. in Q.
Then, by the result in Case 1 and the lattice property of L2(2) we have
lg5llzes < Cligsllop < Cllgllop.
By the Fatou property of L3(2) we have (5.1).
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