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SIMULTANEOUS EXTENSIONS
OF SELBERG AND BUZANO INEQUALITIES

MASATOSHI FUJII, AKEMI MATSUMOTO, AND MASARU TOMINAGA

ABSTRACT. We give a simultaneous extension of Selberg and Buzano inequalities:
If y1,y2 and nonzero vectors {z;;¢ =1,2,...,n} in a Hilbert space J# satisfy the
orthogonality condition (yx, z;) =0 for i =1,2,...,n and k = 1,2, then

| (2, 2i) P

[ ) (2 |+ B 1,2) D 5=

= < B(y1,y2) Hl””2
p i1z, 25) |

holds for all x € 57, where B (y1,y2) = % (lyall w2l + Ky, y2)1)-
As an application, we discuss some refinements of the Heinz-Kato-Furuta in-
equality and the Bernstein inequality.

1. Introduction

Let ¢ be a Hilbert space in the below. In [21], K. and F. Kubo sought out the
Selberg inequality which is an extension of the Bessel inequality, and they gave it
an elegant proof by using Gersgorin’s theorem.

Selberg inequality. For given nonzero vectors {z;i=1,2,...,n} in S,

Z s e (s1)

holds for all x € 7.

In [11], to give simultaneous extensions of Selberg and Heinz-Kato-Furuta inequal-
ities, the following lemma is prepared:

Lemma A. If y € J satisfies (y,z;) = 0 for given nonzero vectors {z;1 =
1,2,...,n} C I, then

(e.y |2+Z%nyn A H (1.1)
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holds for all x € .

It is regarded as a simultaneous extension of Schwarz and Selberg inequalities.

On the other hand, Buzano inequality, simply (BI), says in [2] that

[ (2, 1) (2, 92) | < %(H?JIH ly2ll | Cyr,w2) 1) 1217, (BI)

holds for all x, 4, yo € 7, which includes Schwarz inequality as in the case y; = ¥s.

In this note, we propose an extension of Lemma A as a simultaneous extension of
Selberg and Buzano inequalities. By using this, we discuss some refinements of the
Heinz-Kato-Furuta inequality and the Bernstein inequality.

2. Simultaneous extension of Selberg and Buzano inequali-
ties

First of all, we recall the Buzano inequality and its equality condition. For conve-
nience, we denote by

1
B (y1,y2) = 5 ([lyall 1y2ll + 1 {y2,92) )

for yy, yo € F.

Lemma 2.1. Let {y1,y2} be a given pair of vectors in . Then (BI) holds for all
xe N

| (2, 1) (@, o) | < B () |21 (BI)

Moreover, if {y1,y2} is linearly independent, then the equality in (BI) holds for
x € A if and only if x = a(||ly2||y1 + € |ly1lly2) for some scalar a, where § =
arg (y1,y2). Incidentally, if {y1,y2} is linearly dependent, then the equality in (BI)
holds for x € € if and only if x = ay, for some scalar a.

Proof. We first review a proof of (BI). We may assume that ||z|| = 1. Then we have

1 1

) o) | = | () = o) + 5 o)

1 1
< <y1,x)x—§y1,y2 + §(y1,yg>

IA

1
y2|| + §| (Y1, 92) |

1
'<ylux> T — §y1

1 1
= Ll el + 31 o110
=B (ylayQ) .



Now we assume that {y;,y2} is linearly independent. Note that the equality holds
for (BI) if and only if the equalities hold in the above inequalities and that the
equality holds in the first (resp. second) inequality if and only if

arg <2 <?Jl, 95> T — yl,y2> = arg <y17y2> =0

(resp. there exists a scalar k such that
kyz =2 (y1, @) x — ).
Hence it follows that arg k = 6 and

E 2l = 112 (y1, 2) & =l = ol

and so k — ||y1Heze.

lly2|l
Next, to determine the form of a vector z, we may assume that x = ay; + by, for

some scalars a, b. Since ky, = 2 (y1,z) x — y1 = 20 (Y1, x) Y2 + 2a (y1, x) y1 — y1 and
{y1,y2} is linearly independent, we have

2a (y1,xzy =1 and 2b(y;,z) =k,

so that b = ak. Therefore it implies that = a(y; + kys), that is, z = c(||yz| y1 +
e ||y1|| y2) for some c and 6 with 8 = arg (y1, y»).

Conversely it is easily checked that if z = ||ya|| y1+€” |41 ]| yo where 0 = arg (y1, ya),
then the equality holds in (BI). As a matter of fact, we have

| (s @) (@, yo) | = 4B (g1, v2)? |l 192l
and

2
121 = 4B (y1, v2) [lyal 12l -

The latter case where they are linearly dependent is obvious. U

Next we recall the equality condition for the Selberg inequality, see [9, Theorem
2].

Lemma 2.2. Let {z;i = 1,2,...,n} be a given family of nonzero vectors in H
which are not mutually orthogonal. Then the equality

Zz | zz,zm = Il

holds for x € € if and only if x = ), a;z; for some scalars ay,--- ,a, such that
(a;zi,ajz;) > 0 and |a;| = |a;| for all i, j.

Now we propose a simultaneous extension of Selberg and Buzano inequalities.



Theorem 2.3. If yi,yo € 2 satisfy (yx,z;) = 0 for k = 1,2 and given nonzero
vectors {z;;i=1,2,...,n} C I, then
| (@, 2:) |”

[ o) o) |+ B (01,02) 3 5

W < B(y1,y2) || (2.1)

holds for all x € .

Moreover, the equality holds in the above if and only if v = x1® xo where x1 (resp.
x9) is in the subspace spanned by yy, yo (resp. zi,...,z,) and satisfies the equality
condition in (BI) (resp.(SI)) as in Lemma 2.1 (resp. Lemma 2.2).

o (mz) _ _ (ma) — _ .
Proof. We put a; = SAIEERT andu=x—) . S eas = > ;aiz. Then we

have

xr — Zazzl
= |||? —2Re2di (xz, ) +

T, %)
<||x|| _QZZ +z:mz |aj|[ (zi, 2;) |

z»]

< || —222 +Z|az| Z|
J i

(x, z;)
= ||z ~
Z > (=, z]> |’
because the second inequality in the above is ensured by

1
D lal® D () | = D laillagll Gz 20 | = 5 D (el = lag)* [, 25)] > 0.
7 J i,

i,J

lul® =

Multiplying B (y1,y2) on both sides, it follows from the Buzano inequality that

B . 2) (nxn O e |) > B (1, 10) )

> [ {u,91) (w,92) | = [, 91) (2, 92) |,

and hence we have the desired inequality.
The equality condition is easily obtained by Lemmas 2.1 and 2.2. 0

3. Generalizations of Theorem 2.3

Now Furuta [18, Theorem 2] showed the following extension of the Selberg inequality:
Let T' be an operator on . with the kernel ker(7"). For given z; ¢ ker(T™) for



| (T2, 2i) | 2
< T[] (3.1)
; > TPz, 25) |
holds for all z € 7 and « € [0, 1].

Corollary 3.1. Let T = U|T| be the polar decomposition of an operator T on I,
zi € ker(T*) fori=1,2,....,n and a € [0,1]. Ifyy,y2 € S satisfy (U|T|* “yx, 2;) =
0fori=1,2,...,n and k =1,2, then

| (T, ) |*
(TP 2, 2;) |

| <|T|al‘7y1> <|T|ax7y2> | + 6(91792) Z Z | S B(yhy?) |||T|Oéx||2
) J

(3.2)
holds for all x € .

Proof. We apply Theorem 2.3 by replacing z, z; to |T|*x, |T|*=*U*z;, respectively.
Incidentally the orthogonality condition is satisfied. O

Next we propose another refinement of (3.1):

Corollary 3.2. Let T = U|T| be the polar decomposition of an operator T on F .
Suppose that z; & ker(T*) fori=1,2,....,n and o, > 0 witha+ 5 > 1> a. If
Y1, Yo € F satisfy <|T*|f8+1_ayk,zi> =0 fori=1,2,...,n and k = 1,2, then

(T, z;)

[(TIT P e, yo) (TIT 1 Y, ya) |+ B (1T Py, [T s o
( )¢ ) ( )ZZJ| (T 200z, 2|
< B (T, IT* ) ||T |||

holds for all x € . In particular, if (|T*[*""y, z) = 0 for a € [0,1], i =
1,2,....,n and k =1,2, then

(T, 2;)
(17202, 25) |

(T, 1) (T, o) | + B (|77 Yy, [T 2) D =
i J
< B(IT* "y [T o) |IT| 2|
holds for all x € .

Proof. We apply Theorem 2.3 by replacing z, z;, yx to |T|%x, |T|*=*U*2;, U*|T*|Pyp..
Incidentally the orthogonality condition is satisfied by

TPy, | T[22 = (|77, ) = 0.



Corollary 3.3. Let T = U|T| be the polar decomposition of an operator T on .
Suppose that z; & ker(T) for i = 1,2,...,n and a,f > 0 with o+ > 1. If
Y1, Y2 € F satisfy <T|T|a+ﬁflz,~,yk> =0 fori=1,2,...,n and k =1,2, then

TP, 2) |
[ (T2, 2) |

(DI, ) (TIT1 P, ) |+ B (1T, 1T Py2) > ZH
i J

< B (T Py, IT*Pys) ||| T| |
holds for all x € .

Proof. We apply Theorem 2.3 by replacing z, z;, yx to U|T|*z, U|T|*z;, |T*|Pyx. In-
cidentally the orthogonality condition is satisfied, and so the conclusion is obtained.
O

4. Extensions via Heinz-Kato-Furuta inequality

In [18], Furuta extended the Heinz-Kato inequality, which is called the Heinz-Kato-
Furuta inequality:

The Heiz-Kato-Furuta inequality. Let A and B be positive operators on .77.
If T satisfies T*T < A% and TT* < B2, then

[(TIT* ) | < [|A%]| || B%|

holds for all z,y € 5 and «, 5 € [0, 1] with a+ 5 > 1. In addition, if A and B are
invertible, then a4+ § > 1 is unnecessary.

Afterwards, several authors have generalized it, e.g. [11], [12], [13], [19].

In this section, we apply the results in the preceding section to extend the Heinz-
Kato-Furuta inequality.

To do this, the point is the following lemma:

Lemma 4.1. If TT* < B? for some B > 0, then for 3 € [0, 1]
BTy, IT"17y2) < || B} | B||
holds for all y1,ys € H.
Proof. Note that the Lowner-Heinz inequality [23] ensures that
T < B for B € [0,1],
so that ||[T*]%y|
BTy IT*Py) < TP [ [ITPwe] < (1B [| B9

< || BPy|| for all y € #°. Hence we have



First of all, the following inequality follows from Corollary 3.1 and the Léwner-
Heinz inequality.

Corollary 4.2. Let T = U|T| be the polar decomposition of an operator T" on F,
2 & ker(T™*) fori=1,2,...,nanda € [0,1]. IfT*T < A% for some positive operator
A, and yy,yo € H satisfy (U|T|*yy, 2;) =0 fori=1,2,...,n and k = 1,2, then

(T, 2;)

< B(y1,92) HAaﬂCHQ
T[22, 25) |

[T %2, 1) (| T2, y2) | + B (Y1, 42) Z AK

(4.1)
holds for all x € .

Now the following inequalities follow from Corollary 3.2 and Lemma 4.1.

Corollary 4.3. Let T = U|T| be the polar decomposition of an operator T on
H. Suppose that z; & ker(T*) fori =1,2,...,n and o, € [0,1] with a + § >
1. If T*T < A? and TT* < B? for some A,B > 0, and y1,y» € S satisfy
(|T*)PH =y, 2i) =0 fori=1,2,...,n and k = 1,2, then

(T, z) |

T|T|*“ P 1, T|T |1, + B (|T* Py, |T*|°
(T|T] ) (TIT y2) |+ B (1T, | |yQ)Ei:Z”<|T*|2<1—a>zz~,zj>|

< [|[B%: | || B7y: || llA°x]I"
holds for all x € . In particular, if (|T*|**~¥y, z) = 0 for a € [0,1], i =
1,2,....nand k = 1,2, then

(T, 2;)
(TP, 25 |

| (T, 1) (T, o) | + B (|70, [T 0) S
i J

< [[B | [|B' =5 A=
holds for all x € .
Next the following inequality follows from Corollary 3.3 and Lemma 4.1.

Corollary 4.4. Let T = U|T| be the polar decomposition of an operator T on .
Suppose that z; & ker(T*) fori=1,2,...,n and o, > 0 witha+ 5 > 1. If T*T <
A? and TT* < B? for some A, B > 0, and yi,y» € F satisfy <T|T|°‘+ﬂflzi, yk> =0
fori=1,2,... nand k =1,2, then

IT)*x, 2) |?
| (| T2z, 2;) |

(VT ) (T ) |+ B (T [7P) 3 2
7 J

< HBﬁylH HBﬁ?hH ||Aa95||2

holds for all x € .



5. Extensions of Heinz-Kato-Furuta and Bernstein inequal-
ities.
In [12, Theorem 2|, we proposed the following improvement of the Heinz-Kato-

Furuta inequality and gave conditions under which the equality holds:

Theorem A. Let T be an operator on 7. If A and B are positive operators on
H such that T*T < A% and TT* < B2, then for each x € S

T2, 2) |17 1Py
11T}z

for all o, 3 € [0,1] with o+ B > 1 and y,z € H such that y # 0, T|T|* P12 #£0
and <T\T|O‘+B_1z,y> = 0. In the case a, B > 0, the equality in (5.1) holds if and

pret P
only if A*z = |T|**x, B*y = |T*|*y, and |T|**P~1T*y and |T|**(x — %z)
are linearly dependent.

(T, ) + < AP |B%F 6.

It is obvious that (5.1) is just Lin’s result [22] in the case of a + 5 = 1.
Next we recall the Bernstein inequality [1, p.319].

The Bernstein inequality. Let S be a selfadjoint operator on €. If e is a unit
eigenvector corresponding to an eigenvalue A of S, then
2 2 2
o _ |lzlI”[1Sz]|” — (=, Sx)
[(z,e)]” < ;
1(S = A)]]
for all x € F for which Sx # \x.

(5.2)

It was extended to nonnormal operators, precisely dominant operators by Furuta
[16] and moreover operators with normal eigenvalues [5]. Afterwards we pointed
out that eigenvalues and its corresponding eigenvectors of adjoint operators are
essential in this discussion [14], and Bessel type inequality [10, Theorem 1] showed
the following:

Theorem B. Let S be an operator on 7 and e; be a unit eigenvector corresponding
to an eigenvalue \; of S* fori=1,2,...,n. Then for each x € H with []_,(S —

n 2
S s, < af? - ol L8 = A0 (5.3
i ITT= (S — Azl
for w; = w1 — (u;_1,€;) e; with ug = x fori=1,... n.
In particular, if {eq,es,...,e,} is an orthonormal set, then

e 22— |(x,H?:1(S—/\Z-)x>|2. 4
D AER o




In this section, we give a simultaneous extension of Theorems A and B. For this,
the following result is really important.
Theorem 5.1. Let T be an operator on €. Then for each x,y;,ys € H
o 2
(TP ui1, 23)|
PSTE
171 z])

[(T\T 4 e ) (TIT |, o) | + B (1T Py, 1T Py2) |
< B(|T*Pys, I T ys) |I|T| ||
(5.5)

foralla, 8> 0 witha+p > 1 and 21, . . ., z, & ker T such that <T|T|°‘+ﬂ_lzi, yk> =0,

(TPouvs)  ith uy = = 1,2 dk = 1,2
ST ug = x fori = 1,2,...,n an = 1,2.
In the case o, B > 0, if {|T*|Py1, |T*|Pya} is linearly independent, then the equal-
ity in (5.5) holds for x € A if and only if U|T|*u, = a(|||T*Py:|| IT*Py1 +
et H|T*|5y1H |T*|Pys) for some scalar a, where § = arg (|T*|y1, |T*|%ys). Inciden-
tally, if {|T*|Py., |T*|%y2} is linearly dependent, then the equality in (5.5) holds for
x € A if and only if U|T|*u, = a|T*|Py, for some scalar a.

where w; = u;_1 —

Proof. Noting that U|T|*"# = U|T|PU*U|T|* = |T*|PU|T|* even if either o = 0 or
£ =0, we have

(T un-1, 2n)

(UIT 1w, [T yi) = (UIT w1, TP — (UIT|*20, | TP yx)

o 2
T[>zl
= <U‘T|aun717 ‘T*|ﬁyk> == <U‘T’ax7 ’T*’ﬁyk>
= <T|T|a+ﬁ_1x7yk>a
and
a a (TP un—, 20) | a (T w1, 2) P
T |%un||* = 1711 ||* == TP =)

(63 2 (63
7]zl T lez|”

by the definition of u; and <T TPy, zi> = 0. Hence it follows from Lemma 2.1
that

(T 2, g0 ) (T|T|* P 2, o) | = [(UIT | wn, [T|Py1) (U|T |, | TP y2) |
< B(IT* Py \T*Py2) 1UIT*wn||* = B (1T yn, [T y2) ||| T|%wnl|?

- x| x| a 2 *| 3 x| ‘(‘T’2aui7172”i>’2
= B (T y1, [T y2) 11 T12|* = B (1T 1, IT") D Tealf
so we obtain the desired inequality (5.5). The equality condition is confirmed by its
of Lemma 2.1. O

As a consequence, we have the following refinement of Heinz-Kato-Furuta inequal-
ity by Lemma 4.1 and the Lowner-Heinz inequality:



Theorem 5.2. Let T' be an operator on . If A and B are positive operators on
H such that T*T < A? and TT* < B2, then for each x,y,,ys € H

‘T|2aui—la Zl> ’2

2
7]z

[(TITI e, ) (T ) | + B (1T Py [T ) 3 1

< || B%nl| || B wel| llA%2*

(5.6)

foralla, B € [0,1] witha+p > 1 and z1, . .., z, & ker T such that <T|T|°‘+5flzi, yk> =
2o,z . .

0, where u; = u;_1 — <|T”||T‘a—z.iQ>zi with ug = x fort = 1,2,...,n and k = 1,2.

In the case o, 8 > 0, the equality in (5.6) holds if and only if A**x = |T|**z,
B¥y,, = |T*|*Pyx and the equality condition of (5.5) hold.

Remark 5.3. If we put n = 1 and y := y; = yo in Theorem 5.2, then we obtain
Theorem A. Moreover if n = 1 the equality condition of (5.6) ensures one of (5.1)
by [12, Lemmal]. On the other hand, let S, \; and e; for i = 1,2,...,n be as in
Theorem B. Moreover if we put T = I (the identity operator), and replace Hz_zH and
y(:=y1 = yo) to e; and H?:1(S — \j)x respectively in Theorem 5.1, then we obtain
Theorem B by the following inequality

<1’,H(S - >\z‘)$> + Z (i1, e5) ]

so Theorem 5.2 is a simultaneous extension of Theorems A and B. Furthermore we
can see that the equality condition of Theorem B (5.3) holds if and only if [[;—_, (S —
i)z and u, are proportional.

2 2

n

=1

n

=1

2
< ||z

I

Next we obtain the following corollary by Theorem 5.1. For this we recall that A
is a normal eigenvalue of T if there exists a nonzero vector e € S such that Te = \e
and T*e = Je.

Corollary 5.4. Let T be an operator on € and let e; be an eigenvector correspond-
ing to a nonzero normal eigenvalue \; of T fori=1,2,... n. If yp € € satisfies
T*yr # 0 and (e;,yr) =0 for i =1,2,...,n and j = 1,2, then for each 5 >0

2 [/ (2 2 {<T|T|’8$7T*yl> <T|T|ﬂx,T*y2>‘
2 MG )P < I = g o TP

(5.7)

for all x € H, where u; = w1 — (u;j—1,€;) e; with ug = x fori =1,2,....,n. In
the case B > 0, if {|T*|PT*y., |T*|°T*y,} is linearly independent, then the equality
in (5.7) holds for x € A if and only if U|T|*w, = a(|||T*|*T*ys|| |T*|PT*y: +
e || T (PTy || |T*|°T*ys) for some scalar a, where 6 = arg (|T*|PT*y,, |T*|°T*ys).
Incidentally, if {|T*|PT*y.,|T*|°T*y>} is linearly dependent, then the equality in
(5.7) holds for x € S if and only if U|T|%u,, = a|T*|*T*y, for some scalar a.



In particular, if {e1,es,...,e,} is an orthonormal set, then

12 N2 2 }<T|T|/BI»T*?J1> <T|T|’B$7T*y2>|
S WPl el < ITelf = B ey 69

The equality condition for (5.8) is the same as that of (5.7), where u, = x — Qx for
Q = Projley, ..., e,

Proof. We put a = 1, z; = ¢; and replace y, to T*y, in Theorem 5.1. Since
<T|T|Bei,T*yk> =0 by {(e;,yx) = 0 for i = 1,2,...,n and k = 1,2, the assump-
tion of Theorem 5.1 is satisfied and so it follows that

[(TIT 2, Ty) (TIT 2, T o) | + B (1T Ty, [T PT ) Y Il (i ) P

< B(|IT*PTy1, |T*°Tys) | T || .
Hence we have the desired inequality (5.7).

If {e;, e9,...,e,} is an orthonormal set, then the definition of u; gives (u;_1,€;) =
(Uj—g,€;) = - = (ug,e;) = (x,e;) for each i = 1,2,...,n, so the inequality (5.8)
holds. O

6. Application of Furuta inequality

The main tool in this section is the Furuta inequality [15]. We now cite it for
convenience:
. . p A q= 1
The Furuta inequality. \ P
If A> B >0, then for each r > 0, \\\\
()  (BrABY)t > (B'BYB)s \\\\
and N
()  (ATAPAT)s > (ATBPA")s (1,1)
hold for p > 0 and ¢ > 1 with
(142r)g>p+2r.

(Oa _T)

Figure

We refer [20] and [3] for mean theoretic proofs of it, and [17] for a one-page proof.
The best possibility of the domain drawn in the Figure is proved by Tanahashi [24].

The Heinz-Kato-Furuta inequality has been extended by the use of the Furuta
inequality in [19]. To give further extensions of the Heinz-Kato-Furuta inequality,
we apply the Furuta inequality, too.



First, we have the following extension of Corollary 3.2 by the Furuta inequality:

Theorem 6.1. Let A and B be positive operators on 7€ and T an operator such
that T*T < A%. Then for each r,s > 0

| <T|T|(1+T)a+(1+8)ﬁ_1$ y1> <T|T|(1+T)a+(1+s)ﬁ_1[lf,y2> |
(Tw, z) |?
T* (1+s),8 T* (1+s)8 i
+B (‘ ‘ 1| Z Z |T*‘2(17a7ra)z,’ ;) (6.1)

< B (||, |0+ )<<|T| AT )

forallp,q>1, o, 8 € [0,1] with (1+r)a+(1+s)8 > 1> (1+4r)a and x, yi, z; € A
such that z; & ker(T*) and (|T*|0T9FH=(may, 25 =0 for i = 1,2,...,n and
k=1,2.

Proof. By replacing « (resp. ) to ag = (1 +7)a (resp. 1 = (1 + s)f3) in Corollary
3.2, we have
| <T|T‘a1+51—lx mn ><T|T|a1+ﬂ1—1x y2> |

| (Tx, ) ]2
B (T Py, [T )
( )2 S TP s ]

< B(IT* Py, IT*rys) (| 2, )

for all z € . Next we replace A, B, r and ¢ to A%, |T|*,  and (ff) respectively

in the Furuta inequality. Then we have

T2 = [T < (IT| A% |T]) 55
Connecting this with the above inequality, we obtain the inequality (6.1). U
Similarly we have the following further extensions by Corollary 3.3:

Theorem 6.2. Let A and B be positive operators on 7€ and T an operator such
that T*T < A%. Then for each r,s > 0

| <T|T|(1+r)a+(1+s)ﬁ T y1> <T|T|(1+r a+(1+s)8— 1, y2> |

| <|T|2 1—}—7")04‘r 2 > |2
5, (TP, 25| (6.2)

+B (‘T*‘(lJrs)ﬁ |T* 1+s Z

< B 10 ) (AP S5 )

forallp,q > 1, o, € [0,1] with (1 +r)a+ (1 +s)8 > 1 and z,yy, z; € F such
that z; & ker(T) and <T|T|(1+T)D‘+(1+s)ﬁ*1zi,yk> =0 fori=1,2,...,n and k =1,2.



Proof. By replacing « (resp. ) to ag = (1 +7)a (resp. 1 = (1 + s)f3) in Corollary
3.3, we have
‘<T‘T|a1+5rlx n ><T|T|a1+ﬂrlx Yo >‘

(TP, 2)
B (TP, |77 32)
( E:Z|WWqu

< B (|7 yn, TP ) (| TP " 2, @)

By the use of the Furuta inequality for |T'|? < A?, we have

(a+r)
(T2 = [T < ([T A% )
Combining them, we obtain the inequality (6.2). O

Theorem 5.1 also gives us improvement of the Heinz-Kato-Furuta inequality via
the Furuta inequality with the same proof as the preceding theorem.

Theorem 6.3. Let T' be an operator on €. If A and B are positive operators on
S such that T*T < A? and TT* < B2, then for each x,y1,ys € H

‘<T|T| (1+r)a+(1+s)8— $ y1> <T|T|(1+r a+(1+s)5— I y2>‘

2
T|2 1+r)aui_1’ Zz>‘
7|37z, |

+B (|T*|(1+s |T* 1+s Z ‘<|

i

B (1T, [ 9%5) (T AT 55, )

forallp,g>1,r,s>0, ap€l0,1] with(1+r)a+(1+s)f>1and z, - ,2, ¢
ker T' such that (T|T|MHet(F98712, v = 0, where u; = ui—q — <7|1|||2;(+;:ZZ_|1|§>
with ug =x fori=1,2,--- ,n and k =1,2. 1

In the case a, B > 0, if {|T*|OFBy, | T*|F8yy) is linearly mdependent then
the equality in (6.3) holds for x € 2 if and only if |T >y = (|T|" A%|T|") ar
and DT, = af|[T{0592y] [T+, + 60 |[T{1590 )| T+
for some scalar a, where 0 = arg {(|T*|0T9Py, |T*|0F98y,)  Incidentally, if
{|T* |48y, | T*| )Py} is linearly dependent, then the equa,lity in (6.3) holds
for x € S if and only if |T|*** ey = (|T|"A%|T|" ) i z and U|T|HDay,, =
a|T*|**)8y, for some scalar a.

We remark that the condition (1 + r)a+ (14 s)3 > 1 in above is unnecessary if
T is either positive or invertible.



7. Heinz-Kato-Furuta inequality under the chaotic order

From the operator monotonicity of the logarithmic function, we introduced the
chaotic order among positive invertible operators by A > B if log A > log B in
[4], and obtained a characterization of the chaotic order in terms of Furuta’s type
operator inequality [6], [7] and [8]. Furthermore based on this, in [13, Theorem
4] we gave a chaotic order version of Theorem A by the Furuta inequality. We
show a variant of Theorem 5.2 by chaotic order. For this, we use the following
characterization of the chaotic order which is an extension of Ando’s theorem [4],
[6], [7], [8] and [25] for a polished proof.

Theorem C. For positive invertible operators A and B, A > B if and only if
(B"APB")s > (B"BPB")s
holds for q > 1, p,r > 0 with 2rq > p + 2r.

Now in [11, Theorem 4] we showed the following theorem as a simultaneous ex-
tension of the Heinz-Kato-Furuta inequality and the Selberg inequality:

Theorem D. Let T be an operator on 5. Then for each x,y € F
o (TP, z) P 171y o .
|<T|T| - 1 >| +Z Z | |T|2a2’ Zj>| <|T|2 JI,ZE> <|T |26y7y> (71)

for all a, 8 > 0 with o+ > 1 and z; & kerT" such that <T|T|0‘+/B_1z,;,y> =0 for
1=1,2,...,n

Moreover Theorem D was extended in [11, Theorem 8] by applying the Furuta
inequality. We now show the chaotic version of Corollary 3.2 by applying Theorem
C:

Theorem 7.1. Let T be an invertible operator on 7. If A and B are positive
invertible operators on € such that A% > T*T, then for each x,y,,y, €
[(T| T4 ) (TIT 4P, )|

(T, 2:)|”
+ B (IT"*Pys, Ty
( ) Z S (T POz, 2] (7.2)

B (T Pys, | T Pye) { (T A% (T ), ).

for all p,qg >0, 78>0, a B €[0,1] withra+s8 >12>ra and z; & ker T* such
that (T|T|** oz, y,) =0 fori=1,2,...,n and k = 1,2.

Proof. By replacing o and 3 to ra and sf respectively in Corollary 3.2, we have

|<T|T|ra+s’8_1$, y1> <T|T|ro¢—|—sﬂ—1x7 y2>|



(Tx z>|
x| *s,B ?
BTy 1T Zz (e ol

S B (’T*’s/jyh ’T*’S’Byz) <|T’2ral', $> )

Moreover we replace A, B, r and ¢ to A%, |T|?, £ and Z° | respectively in Theorem
C. Then we have

(T2 < (|7 A% |T]") 7%,
Combining inequalities above, we obtain the desired inequality (7.2). O

By the same method as Theorem 7.1, we shall show the following theorem as an
extension of Corollary 3.3 under the chaotic order:

Theorem 7.2. Let T be an invertible operator on 7. If A and B are positive
invertible operators on S such that A2 > T*T, then for each x,y,ys € I

‘<T‘T‘roa+s,8—1x7 y1> <T|T‘Ta+sﬁ_lx y2>‘
2
* |53 * sﬁ |T|2Tax z1>|
+ B (TP ys, [Ty, Z S TPz, 2)] (7.3)

< B(IT Py, |T*7ys) <<1T|TA2p!T|T>p%x,x>

for all p,g >0, r,s >0, o, € [0,1] with ra + s > 1 and z; &€ ker T such that
(T|T|rot 2 ) =0 fori=1,2,...,n and k = 1,2.

Proof. By replacing o and 3 to ra and sf respectively in Corollary 3.3, we have
‘<T|T|roz+sﬁ—1l,’ y1> <T|T|ro¢—i-sﬁ—1m y2>|

(T[>, z) [

%80 *3,8
FB(T 1y 771 ZZHTWZ Y

< BTy, IT°3s) (1T, )

Hence we have the desired inequality from Theorem C. U

The following is a chaotic version of Theorem 5.1:

Theorem 7.3. Let T be an invertible operator on 7. If A and B are positive
invertible operators on A such that A* > T*T and B* > TT*, then for each
x,y € H

‘<T‘T|m¢+sﬁflx, y1> <T‘T‘ra+sﬁflx’ Z/2>‘

T 2
+ B (|7 [Py, [T*Fy2) > T, 24) 7.4
| |1 Tz (74)

i

< B(IT" [y, [T ys) ((ITI"A%|T1) 550, 2)




for all p,qg > 0, r,s >0, o, € [0,1] with ra+ sB > 1 and z1,--+ ,z, &€ kerT

2ro¢ui_ 2
SUCh th(lt <T‘T‘T‘a+sﬁ—lzi7yk> — 07 where U = Wi — <|T| 1 >

Tran % with uy = x for
1=1,2,...,nand k=1,2.

Proof. We replace o and 8 to ra and sf3, respectively in Theorem 5.1. Then we
have

(T2 us s, 2:)°

‘<T‘T‘“X+Sﬁilx,y1> <T‘T‘ro¢+sﬂflx,y2>‘ + B (’T*’sb’yh ’T*’sb’yz) Z | ‘ H’T|TQZ'H2

S B (|T*|s,3 |T* s,B ) <’T|2Ta >
Hence we have the desired inequality from Theorem C. U

Next we interpolate between Theorems 6.1 and 7.1 by the use of Furuta’s type
operator inequality which interpolates the Furuta inequality and Theorem C.

Theorem 7.4. Let T be an operator on 7. If A and B are positive operators on
such that |T)° < A% and |T*|° < B°® for some § € [0,1], then for each x,y;,ys € H

}<T\T|(6+r)a+(6+s)ﬂ—1x’y1> <T|T|(5+r)a+(§+s)ﬁ—1x ” >‘

Tz, )|
B(IT* (6+s)8 T* (5+s)ﬁ ‘< v
FBATIT i T 0) 3 s e SR (75

B (||, [T7|0+9y,) (T A% |T1) 5 0, 2)

forallp>46,g>1,1r,s>0, a, 8 €[0,1] with (0+r)a+(6+s)3>1> (§+7r)a and
z & ker T such that (T|T|OTFH=0tey, yh =0 fori=1,2,...,n and k = 1,2.

Proof. By replacing « (resp. ) to (6 + r)a (resp. (0 + s)8) in Corollary 3.2, we
have

| <T|T|(6+r a+(6+s)B— JI U > <T|T‘ (6+r)a+(6+s)8— x y2> ’

T:zc z)|
*[(6+s)8 * (6+9)8 7
HB(TI 0 1) 3 s e

< B (T[54, [T°[3+95y,) ([T, 0

for all x € J7.
Moreover it is known in [7] that

a

(5+1)
(T[E < (T A7)
Combining above inequalities, we obtain the desired inequality (7.5). O

Now we have the following theorem interpolating between Theorems 6.2 and 7.2.



Theorem 7.5. Let T be an operator on €. If A and B are positive operators on 7
such that |T)° < A% and |T*|° < B® for some § € [0,1], then for each x,y;,ys € H

‘ <T|T| (5+7")a+(5+s)5*1x7 y1> <T\T| (6+r)a+(6+s)8-1,. y2> ’

‘<’T|2 6+7")o¢x o >‘
> [(TPE ez, 2) (7.6)

+B (|T*|(6+s)5 |T* 6+s Z

< B (|00, [T+ )«wuwwnwwx@

forallp>d,q>1,r,s>0,a,p€0,1] with (§+r)a+(d+s)3 > 1 and z; € ker T
such that (T|T|TNet@+)8=1, =0 fori=1,2,...,n and k = 1,2.

In addition, we show the following theorem interpolating between Theorems 6.3
and 7.3:

Theorem 7.6. Let T be an operator on €. If A and B are positive operators on 7
such that |T)° < A% and |T*|° < B°® for some § € [0,1], then for each x,y;,y2 € H#

’ <T|T| (5+T)a+(5+5)5—1x 1> <T|T| (5+T)a+(5+8)ﬂ—1x’ y2> ’

2
* (5+s)5 s (5+s | |T|2(6+r)aui—1, Z7,>|
+ B (|T | |T Z |||T|(6+T)O‘Zi||2 (77)

* s * s r r (6+m)
< B(|T |(5+ )’Byl7|T |(SJF yg) <(|T| A%P|T|") o x,:v>

forallp>d,q>1,1r,s>0,a,p €0,1] with (§+r)a+(0+s)8 > 1 and z,--- , 2, &
2(5+r)aui7 \Zi
ker T such that <T|T|(5+T)°‘+(5+S)5flzi,yk> =0, where u; = u;_1 — {71 12i)

lirines|”
with ug =x fori=1,2,....,n and k =1,2.
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