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ON SOME TYPES OF VECTORIAL SADDLE-POINT
PROBLEMS

KENJI KIMURA

ABSTRACT. In the paper, we consider some types of vectorial saddle-point prob-
lems. We present some existence results of vectorial saddle-point problems. After
that we consider a generalized vector equilibrium problem as an application.

1. Introduction

Let X and Y be two nonempty subsets of two real topological vector spaces, respec-
tively. Let Z be a real topological vector space. A set C' C Z is said to be a cone
if Az € C for any A > 0 and for any z € C'. In this paper, we assume every convex
cone C' is not the whole space and not only consisting of the origin, i.e., C' # Z and
C # {0z}, where 0 denotes the origin point of Z. A cone C is said to be solid if
its topological interior is nonempty and C'is said to be pointed if C'N(—C) = {6z}.
For a set A of topological vector space, let int A and co A denote the topological
interior and convex hull of A, respectively, where the convex hull of A is the smallest
convex set containing A.

In the paper, we consider the following vectorial saddle-points problems: find a
pair (xg,yo) € X x Y such that

fu,yo) — f(xo,90) ¢ —int C' for all u € X, and

(P1) f (20, 90) — f(w0,v) ¢ —int € for all v € Y,

where f: X XY — Z;

(Py) fu,yo) — f(xo,90) € C for all w € X, and
2 f(zo,y0) — f(zo,v) ¢ —int C' for all v € Y;

(Py) fu,y0) — f(zo,90) ¢ —int C' for all u € X, and
3

f(zo,90) — f(zo,v) € C for all v € Y;
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f(u,v0) — f(zo,y0) € C for all u € X, and

(Py) f(zo,90) — f(x0,v) € C" forallveY.

In the literature, vectorial saddle-point problems are investigated by some re-
searchers, [5, 6, 12, 13]. They established existence results for vectorial saddle-point
problems,; especially for (P;) type problem. In [5], existence results have been es-
tablished by assuming the following conditions:

(1) x— f(x,y) is C-invex on X with respect ton: X x X — X;
(2) T(x)={y €Y : f(z,v) — f(x,y) ¢ int C for all v € Y} is singleton.

The above theorem is based on Fan-KKM Lemma and utilize the following a kind
of vector variational inequality problem: find a pair x € X and y € T'(z) such that

F'(z,y)n(u,x) ¢ —int C for all u € X,

where F'(z,y) stands for the Fréchet derivative of F' with respect to the first variable
at (z,y) € X x Y. In [12], some existence results have been obtained for problem
(P1) in the special case, where f takes the following forms:

f(z,y) = u(z) +v(y);
f(z,y) = u(z) + B(x)v(y).

The results obtained in [12] are based on a semi-continuity assumption of u and
v and compactness property of the domains. In [12], some existence results of
vectorial saddle-points for saddle-function f on topological vector spaces have been
also established under the following assumptions:

(1) x — f(z,y) is C-lower semicontinuous and naturally quasi C-convex on X
for every y € Y;

(2) y — f(z,y) is C-upper semicontinuous and naturally quasi C-concave on Y’
for every z € X.

This is utilizing Sion’s minimax theorem in [9] for scalar function and an extended
result of a theorem in [13].

Recently, Lin[7] investigated some types of quasi saddle-point problems for con-
tinuous functions on locally convex spaces.

For (P4) type problem, Gong [3] have been studied the existence of strong saddle-
point for vector-valued function on locally convex spaces. The results obtained in
[3] are based on the Kakutani-Fan-Glicksberg fixed point theorem.

In Section 3, we present existence results and examples for problems (Py), (P3),
(P3) and (P4). In Section 4, we consider a generalized vector equilibrium problem.



2. Preliminaries

Definition 2.1 (C-quasiconvexity, [2, 8, 11]). Let X be a convex subset of a real
vector space and Z a real vector space. Suppose that C' is a convex cone of Z and
that f: X — Z is a vector-valued function. Then f is said to be C-quasiconvex on
X if for each z € Z,

A(z) ={r e X : f(x) e z - C}
is a convex set.
Definition 2.2 (Weak C-quasiconvexity). Let X be a nonempty subset of a real
vector space, Z a real vector space and D a nonempty subset of Z. Suppose that C

is a convex cone of Z and that f: X — Z is a vector-valued function. Then we say
that f is weakly C-quasiconvex on X with respect to D if for each z € D,

Alz) ={r e X : f(x) e z - C}
is a convex set. Especially if D = f(X) then we say that f is weakly C-quasiconvex
on X, where f(X) = Uzex f(2).

Remark 2.1. Obviously, f is C-quasiconvex on X means f is weakly C-quasiconvex
on X. However the inverse is not true.

Ezample 2.1. Let X =1(0,2], Z=R?* C =R%, and f: X — Z defined by

(—1,1) if v =0,
flx) =4 (x—1,2) it 0 <z <1,
(r — 1,z —2) otherwise.
Then f is weakly C-quasiconvex on X, but not C'-quasiconvex.
Ezample 2.2. Let X ={(1,0),(0,1)}, Z=R?, C =R2, and f : X — Z defined by

f(z) ==

Then f is weakly C-quasiconvex on X. This example shows that the weak C-
quasiconvexity notion can be defined on non-convex set.

Definition 2.3 (C-proper quasiconvexity, [11]). Let X be a convex subset of a real
vector space and Z a real vector space. Suppose that C' is a convex cone of Z
and that f : X — Z is a vector-valued function. Then, f is said to be C'-properly
quasiconver on X if for every x1,z5 € X and X € [0, 1] we have either

fAzy + (1 = Nag) € f(z1) — C,

or

fOz+ (1= Nag) € f(za) — C.



Proposition 2.1. Let X be a convex subset of a real vector space and Z a real vector
space. Suppose that C' is a convex cone of Z and that f : X — Z is a vector-valued
function. Then f is C-properly quasiconvex on X if and only if the following set is
convex for each z € Z:

Alz) ={zx e X : f(z) ¢ 2+ C}.

Proof. Let z € Z. Assume that A(z) is convex. Suppose to the contrary that f is
not C-properly quasiconvex on X. Then, there exist z1, 25 € X and X\ € [0, 1] such
that
Az + (1= A)z2) & ({f(21), fz2)} = C).

Then x1, 29 € A(f(Ax1+ (1 — N)xg)) and clearly (Azy + (1 —N)xo) & A(f( Az + (1 —
A)x3)), i.e., A(f(z)) is not convex. This is a contradiction to the assertion.

Inversely, assume that f is C-properly quasiconvex on X. Let z € Z and x1, 29 €
A(z). Since f is C-properly quasiconvex on X, we see that

f(z) e ({f(x1), f(x2)} — C) for all x € [, x]

and that z ¢ ({f(x1), f(z2)} — C), where [z, 25| denotes the line segment between
x1 and xo. Since C'is a convex cone, it follows

(z+ O (Y {f (@), fla)} = C) = 0,

i.e., A(z) is convex. O

Definition 2.4 (C-continuity, [8]). Let X be a topological space, Z a topological
vector space and C' a nonempty convex cone of Z. Suppose that f : X — Z
is a vector-valued function. Then, f is said to be C-continuous on X if for any
neighborhood V() C Z of f(x), there exists a neighborhood U, C X of x such that
f(u) € Vi@ + C for all u € U,.

Remark 2.2. In [12], the concept of continuity introduced in Definition 2.4 is called
“C-lower semicontinuity.” However, these days many papers adopt “C-continuity”
appellation. So, in this paper we also call it “C-continuity.”

If C is solid, we have the following proposition.

Proposition 2.2. [12, Proposition 2.1] Let X be a topological space, Z a topological
vector space and C' a solid convex cone. Suppose that f : X — Z is a vector-valued
function. Then, the following three statements are equivalent:

(1) f is C-continuous on X;

(2) for every z € Z, f~Y(z+ int C) is open;

(3) for each x € X and for any k € int C, there exists a neighborhood U, C X
of x such that f(u) € f(x) —k+int C for all u € U,.



Lemma 2.1. [10, Theorem 6.1.7] Let X be a nonempty compact convex subset of a
real Hausdorff topological vector space and let A : X — 2% satisfying the following
conditions:

(1) for eachy € X, A" y) ={x € X : y € A(z)} is open;

(2) for each x € X, A(x) is convex;

(3) for each x € X, x ¢ A(x).

Then there exists xo € X such that A(zq) = 0.
Next we obtain a system result of Lemma 2.1.

Theorem 2.1. Let I = {1,...,n} be an index set. For each i € I, let X; be
a nonempty convexr compact subset of a real Hausdorff topological vector space and
A; : X — 2% g set-valued mapping, where X denotes the product space of X1, ..., X,,
e, X = Hje[ X,. For each i € I, we also assume the following conditions:

(1) for each y; € X;, A (y;) ={x € X:y;, € Aj(x)} is open;

(2) for each x € X, Ai(x) is convex;

(3) for each x € X, z; ¢ A;(x), where x; denotes the i th element of x.

Then there exists & € X such that A;(x) =0 for every i € I.

Proof. For each i € I, let B; : X — 2% be a set-valued mapping defined by

Bi(z) = [[ X}
jel
Ai(m) if j =1,
X; if j e I'\{i}.
Let A : X — 2% be a set-valued mapping defined by

Alx) = { mie[(m) Bi(x), if I(x) # 0,

where X j’ =

0, otherwise,

where I(x) = {i € I : A;(x) # 0}. Then we have the following facts:

(1) for each y € X, A~!(y) is open;

(2) for each & € X, A(x) is convex;

(3) for each x € X, x ¢ A(x).
Therefore by Lemma 2.1, there exists & such that A(x) = 0, i.e., for every i € T
Ai(x) = 0. O

More general results are investigated in [1]. However for reader’s convenience, we
include a simple result and a plain proof.



3. Existence results for vectorial saddle-points problems.

In this section we consider existence of solution for vectorial saddle-points.

3.1. Existence results and examples for type 1 problem

Theorem 3.1. Let X and Y be two nonempty convex and compact subsets of two
real Hausdorff topological vector spaces, respectively. Let Z be a real topological
vector space and C' C Z a solid convex cone. Suppose that f : X XY — Z is a
vector-valued function. Let F : X xY — 2% and G : X xY — 2Y be two set-valued
mappings defined by

F(z,y)={uve X : f(u,y) — f(z,y) € —int C}
and
G(xr,y)={veY: f(x,y) — f(z,v) € —int C'}.
Suppose the following conditions hold:
(1) F(x,y) is convex for each (z,y) € X XY ;
(2) ¢
(3) F
(4) G
Then (P1) has at least one solution, i.e., there exists a pair (zo,yo) € X X Y such
that

(x,y) is convex for each (x,y) € X X Y;
~Yu) is open for each u € X;
~1(v) is open for each v €Y.

flu,yo) — f(xo,90) & —int C' for allu € X, and
f(zo,y0) — f(zo,v) ¢ —int C' for allv €Y.

Proof. By the definitions of F' and G, x ¢ F(x,y) and y ¢ G(z,y) for each (z,y) €
X x Y. Therefore by Theorem 2.1, there exists (xg,yo) € X x Y such that

F(xg,y0) = 0 and G(zg, yo) = 0.

Hence
flu,yo) — f(zo,90) ¢ —int C' for all uw € X, and
f(xo,m0) — f(xo,v) & —int C'  for allv €Y,
i.e., (zo,70) € X x Y is a solution of (Py). O

Lemma 3.1. Let X and Y be two nonempty convex and compact subsets of two real
Hausdorff topological vector spaces, respectively. Let Z be a real topological vector
space and C' C Z a solid convex cone. Let f : X XY — Z be a vector-valued function
and F : X xY — 2% be a set-valued mapping defined by

F(z,y)={ue X : f(u,y) — f(z,y) € —int C'}.

If f(-,y) is weakly C-quasiconvex on X for each y € Y, then F(x,y) is convex for
each (x,y) € X x Y.



Proof. Let uy,uy € F(x,y), i.e.,

flur,y) — f(z,y) € —int C and f(ug,y) — f(z,y) € —int C.

Therefore, f(u1,y), f(u2,y) € f(z,y) —int C. Since f(-,y) is weakly C-quasiconvex
on X, v € [uy,us] implies f(v',y) € f(z,y) —int C. Hence F(x,y) is convex for
each (z,y) € X x Y. O

Corollary 3.1. In Lemma 3.1, let G : X xY — 2% be a set-valued mapping defined
by

G(z,y) ={veY: f(zx,y) — f(z,v) € —int C}.
If f(x,-) is weakly (—C)-quasiconver on'Y for each x € X, then G(x,y) is convex
for each (xz,y) € X x Y.

Lemma 3.2. Let X and Y be two topological spaces. Let Z be a real topological
vector space and C C Z a solid conver cone. Suppose that f : X XY — Z is a
vector-valued function. Let F : X x Y — 2% be a set-valued mapping defined by

F(z,y) ={ue X : f(u,y) — f(z,y) € —=int C}
and g : X x X XY — Z a vector-valued function defined by

g(u,x,y) - f(U,y> - f('r7y)

If g(u, -, ) is (=C)-continuous on X x Y for each u € X, then F~1(u) is open for
each v € X.

Proof. Let (z,y) € X xY and u € F(z,y). Then g(u,z,y) € —int C'. Since g is
(—C)-continuous on X X Y and —int C' is a neighborhood of g(u, x,y), there exists
a neighborhood U of (z,y) such that g(u,2’,y') € —int C for all (z/,y') € U, i.e.,
U C F(z,y). Hence F(x,y) is open. O

Corollary 3.2. In Lemma 3.2, let G : X xY — 2 be a set-valued mapping defined
by
Gz,y)={veY: f(z,y) - f(z,v) € —int C}

and g : Y X X XY — Z a vector-valued function defined by

g(v,x,y) = f(xvy> - f(l’,’U).

If g(v,-,-) is (—C)-continuous on X XY for each v € Y, then G~ (v) is open for
each u € X.

Corollary 3.3. Let X and Y be two nonempty convexr and compact subsets of two
real Hausdorff topological vector spaces, respectively. Let Z be a real topological
vector space and C C Z a solid convex cone, and f : X XY — Z be a vector-valued
function. Suppose the following conditions hold:



1) for each y €Y, f(,y) is weakly C-quasiconvex on X ;

3) for eachuw € X, f(u,y) — f(z,y) is (—C)-continuous on X X Y;
(4) for eachu €Y, f(x,y) — f(x,v) is (—C)-continuous on X x Y.

Then (Py) has at least one solution, i.e., there exists a pair (xo,yo) € X X Y such
that

(1)
(2) for each x € X, f(x,-) is weakly (—C')-quasiconver on'Y';
(3) (

)

fu,yo) — f(zo,90) & —int C' for allu € X, and
f(zo,y0) — f(zo,v) ¢ —int C' for allv €Y.

Proof. Let ' : X xY — 2¥ and G : X x Y — 2Y be two set-valued mappings
defined by
F(z,y)={uve X : f(u,y) — f(z,y) € —int C'}
and
G(z,y) ={veY: f(z,y) — f(z,v) € —int C}.
Then, we see that
(a) by condition (i) and Lemma 3.1, F(x,y) is convex for each (z,y) € X x Y
(b) by condition (ii) and Corollary 3.1, G(x,y) is convex for each (z,y) € X xY;
(¢) by condition (iii) and Lemma 3.2, F'~*(u) is open for each u € X;
(d) by condition (iv) and Corollary 3.2, G~*(v) is open for each v € Y;
(e) by the definitions of F' and G, x ¢ F(x,y) and y ¢ G(z,y) for each (z,y) €
X xY.

Therefore by Theorem 2.1, there exists (xg,yo) € X X Y such that
F(x0,50) = 0 and G(xo,0) = 0.

Hence
fu,y0) — f(zo,90) ¢ —int C' for all w € X, and
f(zo,90) — f(z0,v) ¢ —int C'  for allv €Y,
i.e., (zo,70) € X x Y is a solution of (Py). O

Ezample 3.1. Let X =[0,1], Y = [0,1], Z = R* and C' = R%. Suppose that f is a
vector-valued function from X x Y to Z defined by

r,x+ay+1), fo0<z<i
fay) =4 | y+1) o
(x,z —1), otherwise.

Then all assumptions of Corollary 3.3 are satisfied. Hence f has at least one vectorial
saddle-point in the scene of (Py). Indeed, (0,0) is a solution of (Py).

Ezample 3.2. Let X, Y = [-2,2], Z = R? and C = {(21, 22) : 21 > |22|}. Suppose
that f: X XY — Z is a vector-valued function defined by

f(z,y) = g(x) + 2y + h(y),



where g : X — R and h: Y — R are the following functions:

o(e) = {(m,—|x|), L {(y,—|y|), if 2| < 1,

(x,|z| — 1), otherwise (y,]y| — 1), otherwise.

Then X and Y are two compact and convex sets of R, C' is a solid closed pointed
convex cone of Z, where R denotes the set of all real numbers. Moreover, we see
that for each u € X f(u,y) — f(z,y) is (—C)-continuous on X x Y and for each
veY f(r,y) — f(z,v) is (—C)-continuous on X x Y and that f(-,y) is weakly
C-quasiconvex on X for each y € Y and f(z,-) is weakly C-quasiconcave on Y for
cach © € X. Hence, f has at least one vectorial saddle-point in the sense of (Py).
Indeed, (0,0) € X x Y is a solution.

Lemma 3.3. Let X and Y be two topological spaces, respectively. Let Z be a real
topological vector space and C' C Z a solid convexr cone. Let f : X XY — Z be a
vector-valued function and g : X X X xY — Z be a vector-valued function defined

by

9w, z,y) = f(u,y) — f(x,y).
If f is C-continuous and (—C')-continuous on X XY, then g(u, -, ) is (—C)-continuous
on X XY foreachue X.

Proof. Let u,x € X, y € Y, and z € f(u,y) — f(z,y) + int C. Then we have
flu,y) — f(z,y) — 2z € —int C. Since f is (—C)-continuous and C-continuous on
X x Y, there exist two neighborhoods U and V of (u,y) and (x,y) such that

1
f(uv g) € f(u7y> + 5(2 - g(u,x,y)) - HltC fOI‘ all <u7:&) € U7
where v is fixed and

_f(;%7g) € _f(x7y> + %(Z _g(u7x7y>) —int C for all (j7g> eV

Therefore
flu,9) — f(2,9) —2z € —int C for all (z,5) e UNV,
ie.,
g(u,z,7) € z—int C for all (Z,y) e UNV.
Hence g(u, -, -) is (—C)-continuous on X x Y. O

Corollary 3.4. In Lemma 3.3, let g : Y x X XY — Z be a vector-valued function
defined by

g(U,JI,y) = f(xay) - f(:L’,U).

If f is C-continuous and (—C')-continuous on X XY, then g(v, -, -) is (—C')-continuous
on X XY foreachu € X,



Corollary 3.5. Let X and Y be two nonempty conver and compact subsets of two
real Hausdorff topological vector spaces, respectively. Let Z be a real topological
vector space and C' C Z a solid convex cone and f: X XY — Z be a vector-valued
function. Suppose the following conditions hold:

(1) for eachy €Y, f(-,y) is weakly C-quasiconver on X;

(2) for each x € X, f(x,-) is weakly (—C)-quasiconver on'Y;

(3) f is C-continuous and (—C')-continuous on X x Y.
Then (Py) has at least one solution, i.e., there exists a pair (xo,yo) € X XY such

that
fu,yo) — f(zo,90) & —int C' for allu € X, and

f(zo,y0) — f(zo,v) ¢ —int C' for allv €Y.

Proof. By condition (iii) and Lemma 3.3, f(u,y) — f(z,y) is (—C)-continuous on
X x Y for each v € X. By condition (iii) and Corollary 3.4, f(z,y) — f(x,v) is
(—C)-continuous on X x Y for each v € Y. Therefore by Corollary 3.3, there exists
(x0,%0) € X x Y such that

fu,y0) — f(zo,90) ¢ —int C' for all uw € X, and
f(zo,y0) — f(zo,v) ¢ —int C' for all v € Y,

ie., (zo,70) € X x Y is a solution of (Py). O

Remark 3.1. Whenever a vector-valued function g : X — Z is continuous at = € X,
g is C-continuous and (—C')-continuous at a point x € X. However the inverse is
not true, even if C' is a pointed closed convex cone of Z.

Ezample 3.3. Let X, Y = [—1,1] and Z = [*. Suppose that C'is a cone in Z defined
by

1
C .= {zEZ:zlz—,|zi|, i:2,3,...},
)

where z; denotes the i th element of z € Z and that f : X XY — Z is a vector-valued
function defined by

n(n + 1) ((1 S (2 fe))ert (fo] - ﬁ)ez+l)+§|y| ] - e

x,Y) = .
f(z,y) if |x|€(n+qv%]>
0 otherwise, i.e., x = 0,
where e;,7 = 1,2, ... denote fundamental vectors of Z and ef = " . ey.

Then X and Y are two compact and convex sets of R, C' is a solid closed pointed
convex cone of Z. Moreover, we see that f is C-continuous and (—C')-continuous on
X xY but not continuous and that f(-,y) is C-quasiconvex on X for each y € Y and
f(x,-) is C-quasiconcave on Y for each x € X. Hence, f has at least one vectorial
saddle-point in the sense of (P1). Indeed, (0,0) € X x Y is a solution.



3.2. Existence results and examples for type 2 problem

Next we consider existence of solution for (Ps).

Theorem 3.2. Let X and Y be two nonempty convex and compact subsets of two
real Hausdorff topological vector spaces, respectively. Let Z be a real topological
vector space and C' C Z a solid convex cone. Suppose that f : X XY — Z is a
vector-valued function. Let F : X xY — 2% and G : X xY — 2Y be two set-valued
mappings defined by

Faz,y) ={ue X : flu,y) — flz,y) ¢ C}
and
G(z,y) ={veY: f(x,y) — f(z,v) € —int C'}.
Suppose the following conditions hold:
(1) F(z,y) is convex for each (z,y) € X X Y;
(2) G(z,y) is convex for each (z,y) € X X Y;
(3) F~Y(u) is open for each u € X;
(4) G=Y(v) is open for eachv €Y.
Then (Py) has at least one solution, i.e., there exists a pair (xg,yo) € X X Y such
that
f(uyy())_f(xmy())ec fOT CL”UEX, and
f(zo,y0) — f(zo,v) ¢ —int C' for allv €Y.

Proof. By the definitions of I’ and G, x ¢ F(z,y) and y ¢ G(z,y) for each (z,y) €
X x Y. Therefore by Theorem 2.1, there exists (zq,y9) € X X Y such that

fu,y0) — f(o,%) € C for all v € X, and
f(zo,y0) — f(zo,v) ¢ —int C' for all v €Y,
ie., (zo,90) € X x Y is a solution of (P3). O

Note that Theorem 3.2 does not require the closedness of C'; but the following
Corollaries 3.6 and 3.7 need the closedness of C.

Corollary 3.6. Let X and Y be two nonempty convexr and compact subsets of two
real Hausdorff topological vector spaces, respectively. Let Z be a real topological
vector space and C' C Z a solid closed convex cone. Suppose that f: X XY — Z is
a vector-valued function. Assume the following conditions:

(1) for eachy €Y, f(-,y) is properly C-quasiconver on X ;

(2) for each x € X, f(x,-) is weakly (—C)-quasiconvez on'Y;

(3) for each u € X, f(u,y) — f(x,y) is (—C)-continuous on X XY ;
(4) for eachu €Y, f(x,y) — f(x,v) is (—C)-continuous on X x Y.



Then (Py) has at least one solution, i.e., there exists a pair (xg,yo) € X X Y such
that
f(u,y0) — f(zo,90) € C forallu e X, and

f(xo,y0) — f(xo,v) ¢ —int C' for allv €Y.

Proof. Let F : X xY — 2¥ and G : X x Y — 2Y be two set-valued mappings
defined by

F({L‘,y) :{UGXIf(U,y)—f(ZL’,y) ¢ O}
and
G(z,y)={veY: f(x,y) — f(z,v) € —int C'}.

By condition (i) and Proposition 2.1, F(z,y) is convex for each (z,y) € X x Y. By
condition (ii) and Lemma 3.1, G(z,y) is convex for each (z,y) € X x Y. Since C is
a convex cone and f(u,y) — f(x,y) is (—C)-continuous on X x Y for each u € X,
F~!(u) is open for each u € X. By condition (iv) and Corollary 3.2, G~'(v) is open
for each v € Y. Therefore by Theorem 3.2, there exists (xg,yo) € X x Y such that

f(u,y0) — f(z0,%) € C for all uw € X, and
f(zo,y0) — f(zo,v) ¢ —int C' for all v €Y,

ie., (zg,y0) € X X Y is a solution of (P). O

Corollary 3.7. Let X and Y be two nonempty conver and compact subsets of two
real Hausdorff topological vector spaces, respectively. Let Z be a real topological
vector space and C C Z a solid closed convex cone. Suppose that f: X XY — Z is
a vector-valued function. Assume the following conditions:

(1) for eachy €Y, f(-,y) is C-properly quasiconvex on X;
(2) for each x € X, f(x,-) is weakly (—C)-quasiconvez on'Y;
(3) f is C-continuous and (—C)-continuous on X x Y.

Then (Py) has at least one solution, i.e., there exists a pair (xo,yo) € X X Y such
that
f(uvy())_f(xmy())ec fOT CL”UEX, and

f(xo,y0) — f(zo,v) ¢ —int C' for allv €Y.

Proof. By Lemma 3.3 and condition (iii), f(u,y) — f(z,y) is (—C)-continuous on
X x Y for each u € X. By Corollary 3.4 and condition (iii), f(z,y) — f(z,v) is
(—C')-continuous on X x Y for each v € Y. Therefore by Corollary 3.6, (P2) has at

least one solution. 0
Ezample 3.4. Let XY = [—1,1]>° and Z = [®. Suppose that C' is a cone in Z
defined by

CI:{ZEZ121207 212’31"7 Z:274>6a}



and that f: X XY — Z is a vector-valued function defined by

f@y) ==zl -yl - er + Z(Meza‘ + [yeit1]€2it1),
1=1

where for each a,k € R, |a| denotes the largest integer satisfying & < a. Then X
and Y are compact and convex sets of R>; C is a solid closed convex cone of Z.
Moreover, we see that f is C-continuous and (—C')-continuous on X x Y and that
f(-,y) is C-properly quasiconvex on X for each y € Y and f(z,-) is C-quasiconcave
on Y for each x € X. Hence, f has at least one vectorial saddle-point in the sense
of (P3). Indeed, (fx,0) € X x Y is a solution.

3.3. Existence results and examples for type 3 problem
Similarly, we obtain the following existence result for (Pj3).

Theorem 3.3. Let X and Y be two nonempty convex and compact subsets of two
real Hausdorff topological vector spaces, respectively. Let Z be a real topological
vector space and C' C Z a solid convex cone. Suppose that f : X XY — Z is a
vector-valued function. Let F : X xY — 2% and G : X xY — 2V be two set-valued
mappings defined by

F(z,y)={ue X : f(u,y) — f(z,y) € —int C'}
and
G(r,y)={veY: f(z,y) — f(z,v) € C}.

Suppose the following conditions hold:

(1) F(x,y) is convex for each (x,y) € X x Y

(2) (x y) is convex for each (x,y) € X x Y;

(3) F~Y(u) is open for each u € X;

(4) G7'(v) is open for eachv €Y.

Then (Py) has at least one solution, i.e., there exists a pair (xo,yo) € X X Y such

that
flu,yo) — f(zo,y0) ¢ —int C' for allu € X, and

f(xo,y0) — f(zo,v) € C forallve.

Corollary 3.8. Let X and Y be two nonempty conver and compact subsets of two
real Hausdorff topological vector spaces, respectively. Let Z be a real topological
vector space and C' C Z a solid closed convex cone. Suppose that f: X XY — Z is
a vector-valued function. Assume the following conditions:

(1) for eachy €Y, f(-,y) is weakly C-quasiconvex on X ;
(2) for each x € X, f(x,-) is (—C)-properly quasiconvez on Y,
(3) for each u € X f(u,y) — f(z,y) is (—C)-continuous on X xY;



(4) for each v €Y f(x,y) — f(z,v) is (—=C)-continuous on X x Y.

Then (Ps3) has at least one solution, i.e., there exists a pair (xo,yo) € X X Y such

that
f(u,y0) — flzo,y0) ¢ —int C' for allu € X, and

f(xo,y0) — f(zo,v) € C for allv e.

Corollary 3.9. Let X and Y be two nonempty conver and compact subsets of two
real Hausdorff topological vector spaces, respectively. Let Z be a real topological
vector space and C C Z a solid closed convex cone. Suppose that f: X XY — Z is
a vector-valued function. Assume the following conditions:

(1) for eachy €Y, f(-,y) is weakly C-quasiconvex on X;

(2) for each x € X, f(x,-) is (—C)-properly quasiconver on Y;

(3) f is C-continuous and (—C)-continuous on X x Y.

Then (P3) has at least one solution, i.e., there exists a pair (xo,yo) € X XY such

that
flu,yo) — f(zo,y0) ¢ —int C' for allu € X, and

f(zo,y0) — f(zg,v) € C forallvey.

3.4. Existence results and examples for type 4 problem

Theorem 3.4. Let X and Y be two nonempty convex and compact subsets of two
real Hausdorff topological vector spaces, respectively. Let Z be a real topological
vector space and C C Z a proper convex cone. Suppose that f: X XY — Z is a
vector-valued function. Let F : X xY — 2% and G : X xY — 2Y be two set-valued
mappings defined by

F(z,y) ={ue X : f(u,y) — f(z,y) ¢ C}
and
Glr,y)={veY: f(z,y) - f(z,v) ¢ C}.
Suppose the following conditions hold:
(1) F(x,y) is convex for each (x,y) € X x Y

(2) G
(3) F
(4) G
Then (Py) has at least one solution, i.e., there exists a pair (xo,yo) € X XY such
that

(z,y) is convez for each (x,y) € X x Y
“(u) is open for each u € X;
~Y(v) is open for each v €Y.

fu,yo) — f(zo,90) €C forallu € X, and
f(zo,90) — f(zo,v) €C forallvey.

Remark 3.2. In Theorem 3.4, we don’t require any topology of Z. Thus, Z can be
replaced by a real vector space.



Corollary 3.10. Let X and Y be two nonempty conver and compact subsets of
two real Hausdorff topological vector spaces, respectively. Let Z be a real topological
vector space and C C Z a proper conver cone. Suppose that f: X XY — Z is a
vector-valued function. Assume the following conditions:

(1) for each y €Y, f(-,y) is C-properly quasiconver on X ;

(2) for each x € X, f(x,-) is (—C)-properly quasiconver on'Y;

(3) f(u,y) — f(z,y) is (—=C)-continuous on X xY for each u € X;

(4) f(x,y) — f(z,v) is (—C)-continuous on X XY for each v € Y.

Then (Py) has at least one solution, i.e., there exists a pair (xg,yo) € X X Y such

that
f(u7y0)_f(x07y0)eo fOT G’HUEX) and
f(zo,y0) — f(zo,v) € C forallveY.

Theorems 3.4 and Corollaries 3.10, 3.11 are extended results of Corollary 2.1 in
[3]. Example 2.1 in [3] is also an example satisfying every condition of Theorem 3.4
and Corollaries 3.10, 3.11. Moreover the following example does not meet conditions

of their results. However, it does not mean that our results cover all existence results
of Gong [3].

Ezample 3.5. Let X = [-1,1],Y =[0,1], Z = R?, and C' = R? = {(z1,2) € R*:
21,22 > 0}. Suppose that f: X x Y — Z is a vector-valued function defined by

(3,0) + |x| -y - (1,1) ifx >0,
fla,y) = (0,0) if z =0,
(0,3)+ |z| -y - (1,1) ifx <O.

Then, X and Y are nonempty, convex and compact subsets of R and C' is a proper,
closed and convex cone of Z. Moreover, we see that

(1) for each y € Y, f(-,y) is C-properly quasiconvex on X;

(2) for each z € X, f(x,-) is (—C)-properly quasiconvex on Y;

(3) for each u € X f(u,y) — f(z,y) is (—C)-continuous on X X Y’; and
(4) for each v € Y f(z,y) — f(z,v) is continuous on X x Y.

Hence, f has at least one vectorial saddle-point in the sense of (P,). Indeed, (0,1) €
X xY is a solution.

Corollary 3.11. Let X and Y be two nonempty conver and compact subsets of
two real Hausdorff topological vector spaces, respectively. Let Z be a real topological
vector space and C C Z a closed convex cone. Suppose that f : X XY — Z is a
vector-valued function. Assume the following conditions:

(1) for eachy €Y, f(-,y) is C-properly quasiconver on X ;
(2) for each x € X, f(x,-) is (—C)-properly quasiconvez on Y,



(3) f is C-continuous and (—C')-continuous on X X Y.

Then (Py) has at least one solution, i.e., there exists a pair (zo,yo) € X X Y such

that
Flu,90) = F(zo,y0) € C for allu € X, and

f(xo,90) — f(zo,v) €C forallvey.

Ezample 3.6. Let X, Y =[0,3], Z = R® and C = {(z1, 22, 23) € R® : 21 = 29, 23 > 0}.
Suppose that f: X x Y — Z is a vector-valued function defined by
(x —siny,z —siny, —x), ifx €[0,1),
flr,y)=¢ B—z+4y,3—x+vy,—x), ifxell, 2],
(x+2,2+2,y% —4), otherwise.
Then, X and Y are nonempty, convex and compact subsets of R, and C'is a proper,
closed and convex but non-solid cone of Z. Moreover, we see that

(1) for each y € Y, f(-,y) is C-properly quasiconvex on X;
(2) for each z € X, f(x,-) is (—C)-properly quasiconvex on Y’;
(3) fis C-continuous and (—C')-continuous on X x Y.

Hence, f has at least one vectorial saddle-point in the sense of (P,). Indeed, (2,2) €
X xY is a solution.

Ezample 3.7. Let X =Y =10,1]>, Z = [*°. Suppose that C' is a cone in Z defined
by
1
C .= {ze Z 21 =0,20 > =z, i:3,4,...}
i

and that f: X XY — Z is a vector-valued function defined by
. 1
flz,y) = (0, sup { (1 + sup{yj}) (2 —co s(zxi))—,xi} LT3, T, - - ) )
ieN jeN ¢

Then, X and Y are nonempty, convex and compact subsets of RY, and C'is a closed
convex, (but non-solid), cone of Z. Moreover, we see that

(1) for each y € Y, f(-,y) is C-properly quasiconvex on X;

(2) for each z € X, f(x,-) is (—C)-properly quasiconvex on Y;

(3) fis C-continuous and (—C)-continuous on X x Y.
Hence, f has at least one vectorial saddle-point in the sense of (P4). Indeed,
(0x,0y) € X XY is a solution.

4. On generalized vectorial equilibrium problems.

In the section, we consider the following generalized vectorial equilibrium problem
as an application of existence results for vectorial saddle-point problems. Let X and
Y be two nonempty convex and compact subsets of two real Hausdorff topological



vector spaces, respectively. Let Z be a real topological vector space and C' C Z a
solid closed convex cone. Suppose that f: X xY — Z. Then, generalized vectorial
equilibrium problem, (GVEP) for short, consists to find y € Y such that

f(z,y) ¢ —int C for all x € X.
We use the above assumptions throughout this section.
Proposition 4.1. Let a ¢ (—C). Then
(a+C)N(=C)=10.

Proof. Suppose to the contrary that there exists z € (a+C)N(—C'). Then there exist
¢1,c2 € C such that © = —cy = a + ¢;. However it follows a = —(¢1 + ¢2) € (—=C).
This contradicts to the assumption. U

Theorem 4.1. Suppose

= - flwy) = flzy) ¢ —int C Vu € X, and
Sﬂ—{@weXxY.ﬂ%w_ﬂLw¢qmcV“ﬂ, }#@

and f(xo,yo) € C for some (xg,yo) € SPi. Then,(GVEP) has at least one solution,
i.e., there exists y € Y such that

f(z,y) ¢ —int C for all x € X.
Proof. Since (z9,yo) € SPy, it follows
f(z,y0) — f(zo,90) ¢ —int C for all x € X.
Since f(zo,yo) € C by Proposition 4.1, we have
f(x,y0) ¢ —int C for all x € X.

Hence yp € X is a solution of (GVEP). Therefore (GVEP) has at least one solution.
U

Examples 3.1, 3.2 and 3.3 are also examples of Theorem 4.1.

Theorem 4.2. Suppose

_  fluy) = flz,y) ¢ —intC Vu € X, and
ﬁ%—%LMEXxY.ﬂLw_ﬂLWGC Yoy }#@

and f(zo,y0) € C for some (xo,y0) € SPy. Then,(GVEP) has at least one solution,

i.e., there exists y € Y such that
flz,y) ¢ —int C for all x € X.



Proof. Since (z9,y0) € SPs, it follows
f(z,y0) — f(xo,90) ¢ —int C for all z € X.
Since f(xg,yo) € C' by Proposition 4.1, we have
f(z,y0) ¢ —int C for all x € X.

Hence yy € X is a solution of (GVEP). Therefore (GVEP) has at least one solution.
U

Example 3.4 is also an example of Theorem 4.2.

Theorem 4.3. Suppose that SPy # () and for each v € X there exists y € Y such
that f(z,y) € C. Then,(GVEP) has at least one solution, i.e., there exists y € Y
such that

f(x,y) & —int C' for all z € X.

Proof. Let (xg,y0) € SPy. Then there exists § € Y such that f(zg,79) € C. Since
f(zo,y0) — f(xo,9) € C, f(xo,y0) € C. Hence by Theorem 4.2, yo € Y is a solution
of (GVEP). O

Theorem 4.4. Suppose

SP3I{(:U,Z/)€X><Y: flu,y) = fla,y) € C Yu € X, and}7£®

flz,y) — f(z,v) ¢ —intC Yo €Y

and f(xo,y0) ¢ —int C' for some (xo,y0) € SPs. Then,(GVEP) has at least one
solution, 1.e., there exists y € Y such that

f(z,y) ¢ —int C for all z € X.
Proof. Since (¢, yo) € SP3, it follows
fz,y0) — f(zo,90) € C for all x € X.
Since f(xo,y0) ¢ (—C) by Proposition 4.1, we have
f(z,y0) ¢ —int C for all x € X.

Hence yp € X is a solution of (GVEP). Therefore (GVEP) has at least one solution.
U

Theorem 4.5. Suppose that SPs # () and for each y € Y there exists x, € T(y)
such that f(x,,y) ¢ —int C, where

Ty)={xe X: f(u,y) — f(z,y) € C for allu € X}.
Then,(GVEP) has at least one solution, i.e., there exists y € Y such that
f(z,y) ¢ —int C for all x € X.



Proof. Let (zo,y0) € SP3. Then there exists & € T'(yo) such that f(Z,y) ¢ —int C.

Since & € T(yo), f(u,y0) — f(Z,90) € C for all u € X, i.e., f(xo,%) = f(Z,y0).
Therefore f(xg,y0) ¢ —intC. Hence by Theorem 4.4, yo € Y is a solution of
(GVEP). O

Theorem 4.6. Suppose that SP3 # () and for each v € X there exists y, € Y such
that f(x,y,) € C. Then,(GVEP) has at least one solution, i.e., there exists y € Y
such that

flx,y) & —int C' for all z € X.

Proof. Let (xq,y0) € SP3. Then there exists § € Y such that f(zg,4) € C. Since
(z0,%0) € SPs, f(zo,y0) — f(x0,9) ¢ —int C. Therefore f(zo,yo) ¢ —int C. Hence
by Theorem 4.4, yo € Y is a solution of (GVEP). O

Theorem 4.7. Suppose

SP4:{(£,ZJ)€XXY: f(uay)—f(f,y)EC Yu € X, and}#(b

flz,y) — f(z,0) €C YveY

and f(xg,yo) ¢ —int C' for some (xo,y0) € SPy. Then,(GVEP) has at least one
solution, i.e., there exists y € Y such that

f(z,y) ¢ —int C for all x € X.
Proof. Since (z9,yo) € SPy, it follows
fz,y0) — f(zo,90) € C for all x € X.
Since f(xo,y0) ¢ (—C') by Proposition 4.1, we have
f(x,y0) ¢ —int C for all x € X.

Hence yp € X is a solution of (GVEP). Therefore (GVEP) has at least one solution.
U

Examples 3.5, 3.6 and 3.7 are also examples of Theorem 4.7.

Theorem 4.8. Suppose that SPy # 0 and for each y € Y there exists x, € T(y)
such that f(x,,y) ¢ —int C, where

Ty)={xe X: f(u,y) — f(z,y) € C for allu € X}.
Then,(GVEP) has at least one solution, i.e., there exists y € Y such that
flx,y) & —int C' for all z € X.

Proof. Let (zo,y0) € SP4. Then there exists & € T'(yo) such that f(Z,y) ¢ —int C.

Since & € T'(yo), f(u,y0) — f(Z,90) € C for all uw € X, ie., f(zo,y0) = f(Z,0)-
Therefore f(xo,y0) ¢ —intC. Hence by Theorem 4.7, yo € Y is a solution of

(GVEP). 0



Theorem 4.9. Suppose that SPy # () and for each x € X there exists y, € Y such
that f(z,y,) ¢ —int C. Then,(GVEP) has at least one solution, i.e., there ezists
y € Y such that

flz,y) ¢ —int C for all x € X.

Proof. Let (x0,y0) € SP4. Then there exists g € Y such that f(zg,9) ¢ —int C.

Since (zo,y0) € SPa, f(zo,%0) — f(%0,9) € C, i.e., f(zo,50) = f(20,9). Therefore
f(zo,y0) ¢ —int C. Hence by Theorem 4.7, yo € Y is a solution of (GVEP). O
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