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A GEOMETRICAL STRUCTURE
IN THE FURUTA INEQUALITY, II

MASATOSHI FUJII*, JIAN FEI JIANG**, AND EIZABURO KAMEI***

ABSTRACT. We discuss some geometrical structures in the Furuta inequality as a
continuation of our preceding note. We show the monotonicity of operator functions
associated with the Furuta inequality under the chaotic order. Consequently it gives
us geometrical views and helps us to explain obtained operator inequalities,

1. Introduction. In what follows, a capital letter means a (bounded linear)
operator acting on a Hilbert space $H$ . An operator $T$ is said to be positive, in
symbol, $T\geq 0$ , if $(Tx, x)\geq 0$ for all $x\in H$ . In particular, we denote by $T>0$ if
$T$ is positive and invertible. The positivity of operators induces the (usual) order
$A\geq B$ by $A-B\geq 0$ and moreover the operator monotonicity of log $t$ does the
weaker order $A\gg B$ by log $A\geq\log B$ for $A,$ $B>0$ . It is called the chaotic order,
cf. [7].

It is interesting to discuss order-preserving problems for positive operators. One
of the most typical examples is the L\"owner-Heinz inequality $[18, 22]$ :
Theorem LH. If $A\geq B\geq 0$ , then $A^{\alpha}\geq B^{\alpha}$ for $0\leq\alpha\leq 1$ .

Related topics are discussed in [2, 3, 9, 12, 13, 14, 15, 17, 19, 20, 23, 24]; among
others,an elementary and one-page proof is given in [12] and the best possibility of
the conditions on $p,$ $q$ and $r$ in the Furuta inequality is discussed in [23].
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Now the Furuta inequality can be rephrased by using operator means established
by Kubo and Ando [21]. For the sake of convenience, we define the binary operation
$-\alpha(\alpha\in R)$ by

$A\#\alpha B=A^{1/2}(A^{-1/2}BA^{-1/2})^{\alpha}A^{1/2}$

for $A>0$ and $B\geq 0$ . If $0\leq\alpha\leq 1$ , then it is the $\alpha$-power mean $\#_{\alpha}$ . In fact, $\#_{\alpha}$ is
defined for $\alpha\geq 0$ in [16]. The Furuta inequality (1) should be understood in our
discussion as follows: If $A\geq B\geq 0$ and $A$ is invertible, then

(2) $A^{t}\#_{\frac{1-t}{p-\ell}}B^{p}\leq B\leq A$

holds for $p\geq 1$ and $t\leq 0,$ $[20]$ .
In our preceding note [9], a geometrical structure in the Furuta inequality is

discussed. It is pointed out that for $A\geq B>0$ and $s\geq 0$ , the figure deduced by the
set $\{B^{-s}\#_{\alpha}A^{p};p\geq 1, \alpha\in[0,1]\}$ , which is equivalent to the set $\{B^{-s}\#z\pm p+\frac{s}{s}A^{p};p\geq$

$1,$ $-s\leq q\leq p$}, looks like a gingko leaf. In this paper, the discussion will be
continued in general setting under the weakened condition $A\gg B$ . Precisely,
geometric structures of the following sets are discussed under the assumption $ A\gg$

$B$ :
(1) $\{B^{-s}\mathfrak{h}_{\iota,p^{\frac{+l}{+s}}}A^{p};-s\leq q\leq 2p+s\}$ for a fixed $p\geq 0$ .
(2) $\{A^{-s}\#_{p+^{\frac{s}{\epsilon}}}z\pm B^{p};-s\leq q\leq 2p+s\}$ for a fixed $p\geq 0$ .
(3) $\{B^{-s}\#_{p+^{\frac{s}{s}}}z\pm A^{p};-2s-p\leq q\leq p\}$ for a fixed $s\geq 0$ .
(4) $\{A^{-s}\#_{p+}s\pm\frac{s}{\epsilon}B^{p};-2s-p\leq q\leq p\}$ for a fixed $s\geq 0$ .

They are basis of our results in this paper. As a matter of fact, the set (1)
stated above corresponds to the following result: For $A\gg B,$ $p\geq 0$ and $q\in R$ , the
operator function

$f_{p,q}(s)=B^{-s}\mathfrak{h}_{z\pm,r+}\frac{s}{\epsilon}A^{p}(s\geq 0)$ .

is increasing for $s\geq-q$ if $p\geq q$ , and it is decreasing for $s\geq q-2p$ if $p\leq q$ . The
other sets (2), (3) and (4) induce the monotonicity of the corresponding operator
functions. Consequently our result [4; Theorem 3] is discussed in a general setting.

2. Results. For our purpose, we have to cite the following fundermental in-
equality [4] which characterizes the chaotic order and is given a simple proof in [5]
recently.

Theorem C. For $A,$ $B>0,$ $A\gg B$ if and only if

(3) $(B^{r}A^{p}B^{r})\overline{p}+2r2=\geq B^{2r}$ , or $B^{-2r}\#\frac{2\tau}{p+2r}A^{p}\geq 1$

for $p,$ $r\geq 0$ .
Next we state simple lemmas; Lemma 1 was used in $[14, 16]$ and our note $[6,10]$ .

Lemma 2 follows from the fact that $\#_{\alpha}$ is a mean for $\alpha\in[0,1]$ , and Lemma 3 is a
consequence of it.
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Lemma 1. For $A,$ $B>0$ and $\alpha\in \mathbb{R}$ , the following equalityies hold:
(1) $A\#\alpha B=B\#_{1-\alpha}A$ .
(2) $A\mathfrak{h}_{\alpha\beta}B=AU_{\alpha}(A\#\beta B)$ .
(3) $A\mathfrak{h}_{\alpha}B=B(B^{-1}\#_{\alpha-1}A^{-1})B$ .
(4) $A\mathfrak{h}B=A(A^{-1}\mathfrak{h}_{-\alpha}B^{-1})A$ .

Lemma 2. If $A\geq C\geq 0,$ $B\geq D\geq 0$ and $\alpha\in[0,1]$ , then

$A\#\alpha B\geq C\#\alpha D$ .

Lemma 3. If $A\geq C>0,$ $B>0$ and $\alpha\in[1,2]$ , then
$A\#\alpha B\leq C\#\alpha B$ .

Proof. It follows from Lemma 1 (3) and Lemma 2 that
$A\#\alpha B=B(B^{-1}\#_{\alpha-1}A^{-1})B\leq B(B^{-1}\#_{\alpha-1}C^{-1})B=C\#\alpha B$ .

Under this preparation, we prove our theorems on the monotonicity of some
operator functions.
Theorem 4. For $A\gg B,$ $p\geq 0$ and $q\in R$ , define an operator function by

$f_{p,q}(s)=B^{-s}\mathfrak{h}_{9\pm,p+^{\frac{s}{s}}}A^{p}(s\geq 0)$ .

Then it is increasing for $s\geq-q$ if $p\geq q$ , and it is decreasing for $s\geq q-2p$ if
$p\leq q$ .

Proof. First of all, Lemma 1 (1) and (2) imply that for $\delta>0$

$f_{p,q}(s+\delta)=B^{-(s+\delta)}\#\frac{q+\epsilon+\delta}{p+s+\delta}A^{p}$

$=A^{p}\#_{p}x_{+s}^{-}r_{+7}B^{-(s+\delta)}$

$=A^{p}\mathfrak{h}_{\mapsto-f,p+s}(A^{p}\#\frac{p+s}{p+s+\delta}B^{-(s+\delta)})$

$=(B^{-(s+\delta)}\#\frac{\delta}{p+s+\delta}A^{p})\mathfrak{h}_{a\pm,p+^{\frac{s}{s}}}A^{p}$ .

Next we note that for $p,$ $s\geq 0$

$B^{-(s+\delta)}\#\frac{\delta}{p+s+\delta}A^{p}$

$=B^{-(s+\delta)}\#_{\epsilon+}=^{\delta}(B^{-(s+\delta)}\#\frac{\epsilon+\delta}{p+\epsilon+\delta}A^{p})$

$\geq B^{-(s+\delta)}\#_{s+}=^{\delta}1$ by Theorem $C$ and Lemma 2

$=B^{-s}$ by Lemma 1 (1).

Now suppose that $-s\leq q\leq p$ . Since $qp^{\frac{+s}{+s}}\in[0,1]$ , we have

$f_{p,q}(s+\delta)=(B^{-(s+\delta)}\#\frac{\delta}{p+\cdot+\delta}A^{p})\mathfrak{h}_{z,p^{\frac{+s}{+\epsilon}}}A^{p}\geq B^{-s}\#_{p^{\frac{+s}{+s}}}zA^{p}=f_{p,q}(s)$ ,

which implies the former. On the other hand, if $p\leq q\leq 2p+s$ , then $L+p+\frac{s}{s}\in[1,2]$ ,
so that Lemma 3 implies

$f_{p,q}(s+\delta)=(B^{-(s+\delta)}\#\frac{\delta}{p+\epsilon+\delta}A^{p})\#_{p+}z\pm\frac{s}{s}A^{p}\leq B^{-s}\#_{p+^{\frac{s}{s}}}s\pm A^{p}=f_{p,q}(s)$ .

The following theorems are variational expressions of Theorem 4.
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Theorem 5. For $A\gg B,$ $p\geq 0$ and $q\in \mathbb{R}$ , define an operator function by

$\tilde{f}_{p,q}(s)=A^{-s}\#_{p^{\frac{+s}{+s}}}IB^{p}(s\geq 0)$ .

Then it is decreasing for $s\geq-q$ if $p\geq q$ , and it is increasing for $s\geq q-2p$ if
$p\leq q$ .

Proof. This follows from Theorem 4 and the fact that $B^{-1}\gg A^{-1}$ and

$\tilde{f}_{p,q}(s)=A^{-s}\#_{p^{\frac{+\epsilon}{+s}}}IB^{p}=[(A^{-1})^{-s}\mathfrak{h}_{L+,p+}\frac{\epsilon}{\epsilon}(B^{-1})^{p}]^{-1}(s\geq 0)$ .

Theorem 6. For $A\gg B,$ $s\geq 0$ and $q\in \mathbb{R}$ , define an operator firnction by

$g_{s,q}(p)=B^{-s}\#_{p^{\frac{+s}{+\epsilon}}}LA^{p}(p\geq 0)$ .

Then it is increasing for $p\geq q$ if $q\geq-s$ , and it is decreasing for $p\geq-2s-q$ if
$q\leq-s$ .

Proof. We first remark that

$g_{s,q}(p)=B^{-s}\mathfrak{h}_{g,p^{\frac{+s}{+\theta}}}A^{p}=A^{p}\#_{p+s}z-\Delta B^{-s}=(A^{-1})^{-p}\mathfrak{h}_{A+}-s+p(B^{-1})^{s}(p\geq 0)$

by Lemma 1 (1), and $-s\leq q\leq p$ (resp. $-2s-p\leq q\leq-s$) is equivalent to
$-p\leq-q\leq s$ (resp. $s\leq-q\leq 2s+p$). Hence Theorem 4 implies the conclusion
since $B^{-1}\gg A^{-1}$ .

The following theorem is obtained by using Theorem 6 and the same way as in
the proof of Theorem 5:

Theorem 7. For $A\gg B,$ $s\geq 0$ and $q\in \mathbb{R}$ , define an operator function by

$\tilde{g}_{s,q}(p)=A^{-s}\#_{p+}L+\frac{\epsilon}{s}B^{p}(p\geq 0)$ .

Then it is decreasing for $p\geq q$ if $q\geq-s$ , and it is increasing for $p\geq-2s-q$ if
$q\leq-s$ .

Concluding this section, we have two corollaries; Corollary 8 (resp. Corollary 9)
follows from Theorems 4 and 6 (resp. Theorems 5 and 7).

Corolary 8. If $A\gg B$ and $q\in R$ , then

$\alpha(s,p)=B^{-s}\#_{p+^{\frac{\epsilon}{\epsilon}}}s\pm A^{p}(s,p\geq 0)$

is increasing for both $s$ and $pu\dot{n}th-s\leq q\leq p$ .
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Corollary 9. If $A\gg B$ and $q\in \mathbb{R}$ , then

$\beta(s,p)=A^{-s}\#_{p}L_{\frac{+s}{+s}}B^{p}(s,p\geq 0)$

is decreasing for both $s$ and $p$ with-s $\leq q\leq p$ .

Remark. Corollary 9 is also a variant of the result [4; Theorem 3] which is an
extension of Ando’s theorem [1], cf. [8].

3. Geometrical structure. In this section, we investigate the geometrical
view of our results. By regarding $B^{-s}\#_{p^{\frac{+s}{+s}}}gA^{p}$ as $(1-\alpha)b^{-s}+\alpha a^{p}$ for $\alpha=p^{\frac{+s}{+s}}g$

we have a line $\{(q, (1-\alpha)b^{-s}+\alpha a^{p});q\}$ through both points $(-s, b^{-s})$ and $(p,a^{p})$ .
Similarly we can regard $A^{-s}\#_{p+^{\frac{s}{s}}}g\pm B^{p}$ as a line through both points $(-s, a^{-s})$ and
$(p, b^{p})$ . From the viewpoint of this, we can draw the following figure corresponding
to Theorem 4. Suppose that $0<b<1<a$ and put $f_{q}(s)=f_{p,q}(s)$ for a fixed $p$ .
Then one can see $f_{q_{1}}(s)\leq f_{q_{1}}(s+\delta)$ for $-s<q_{1}<p$ and $f_{q_{2}}(s+\delta)\leq f_{q_{2}}(s)$ for
$p<q_{2}<2p+s$ in the figure.

Figure 1. Corresponding to Theorem 4.
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Figure 2. Corresponding to Theorem 5.

Figure 3. Corresponding to Theorem 6.
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Figure 4. Corresponding to Theorem 7.

4. Some interesting corollaries and counterexamples. In this section,
we mention some corollaries of results in \S 2, which are based on the corresponding
figures in the preceding section.

Corollary 10. If $A\gg B,$ $p\geq 0$ and $t\leq 0$ , then

$B^{t}\#_{p-}L^{-}\frac{\ell}{t}A^{p}\geq A^{q}$ for $p\geq q\geq t$

and
$B^{t}\#_{p^{\frac{-\ell}{-\ell}}}\iota A^{p}\leq A^{q}$ for $2p\geq q\geq p$ .

In particular, if $A\gg B$ , then for $t\leq 0$

(1) $B^{t}\#_{\frac{1-t}{p-t}}A^{p}\geq A$ for $p\geq 1$

(2) $B^{t}\#_{\frac{1-t}{p-t}}A^{p}\leq A$ for $1\geq p\geq\frac{1}{2}$

(3) $B^{t}\#_{\frac{2p-\ell}{p-t}}A^{p}\leq A^{2p}$ for $p\geq 0$ .

Proof. Taking $s=0$ in Theorem 4, we have $f_{p,q}(0)=A^{q}$ . If $t\leq q\leq p$ , then for
$t\leq 0$

$A^{q}=f_{p,q}(0)\leq f_{pq})(-t)=B^{t}\#_{p^{\frac{-\ell}{-t}}}IA^{p}$ .
If $p\leq q\leq 2p$ , then for $t\leq 0$

$A^{q}=f_{p,q}(0)\geq f_{p,q}(-t)=B^{t}\#_{p^{\frac{-\ell}{-\ell}}}AA^{p}$ .

The reminder is easily checked.

The following corollary is an equivalent expression to Corollary 10 because $ A\gg$

$B$ if and only if $B^{-1}\gg A^{-1}$ .
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Corollary 11. If $A\gg B,$ $p\geq 0$ and $t\leq 0$ , then

$A^{t}\#_{p^{\frac{-\ell}{-\ell}}}gB^{p}\leq B^{q}$ for $p\geq q\geq t$

and
$A^{t}\mathfrak{h}_{\iota,p^{\frac{-t}{-\ell}}}B^{p}\geq B^{q}$ for $2p\geq q\geq p$ .

In particular, if $A\gg B$ , then for $t\leq 0$

(1) $A^{t}\#_{\frac{1-\ell}{p-\ell}}B^{p}\leq B$ for $p\geq 1$

(2) $A^{t}\mathfrak{h}_{\frac{1-\ell}{p-\ell}}B^{p}\geq B$ for $1\geq p\geq\frac{1}{2}$

(3) $A^{t}\mathfrak{h}_{\frac{2p-\ell}{p-\ell}}B^{p}\geq B^{2p}$ for $p\geq 0$ .

Remark. (1) in Corollary 11 is just the left hand side of the Furuta inequality (2)
in the first section, in which the assumption is weakened from the usual order to
the chaotic order, cf. also [4].

It is known in [23] that the Furuta inequality (1) is not true for $t>0$ and
$p<1$ , by which we have counterexamples to Theorems 5, 6 and Corollary 10. For
simplicity, $A$ and $B$ are said to be well-ordered if either $A\geq B$ or $A\leq B$ holds.

Counterexample 1. We take $p=1$ and $q=5$ in Theorem 5; we consider the
function

$\tilde{f}_{1,5}(s)=A^{-s}\mathfrak{h}_{\frac{5+s}{1+s}}B^{p}(s\geq 0)$ .

Then it is increasing for $s\geq 3$ by the theorem, but it is not monotone for $0\leq s<3$ .
As a matter of fact, we have

$\tilde{f}_{1,5}(0)=1\mathfrak{h}_{5}B=B^{5}$

and by Lemma 1 (3)

$\tilde{f}_{1,5}(1)=A^{-1}\#_{3}B=B(B^{-1}\#_{2}A)B=B^{\xi}(B^{\S}AB^{\xi})^{2}B^{\xi}$ .

Clearly they are well-ordered if and only if so are $B^{4}$ and $(B^{\xi}AB^{\frac{1}{2}})^{2}$ . In addition,
if $A\geq B>0$ and $A\neq B$ , then

$B^{4}\leq(B$ AB $)^{2}$

must be true by Theorem LH, but it is not true in general by Tanahashi’s consider-
ation stated above [23]. This contradiction shows that the function is not monotone
in $0\leq s<3$ .

Counterexample 2. Next we consider the function

$g_{q,q}(p)=B^{-q}\#_{\overline{p}+\overline{q}}2\Delta A^{p}(p\geq 0)$
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by putting $s=q$ in Theorem 6. Then $g(p)=g_{q,q}(p)$ is increasing for $p\geq q(>0)$ .
On the other hand, $g(p)$ is not monotone for $p\in[0, q]$ . Since

$g(O)=B^{q}$ and $g(q)=A^{q}$ ,

they are not well-ordered for $q>1$ in general even if $A\geq B>0$ .

Counterexample 3. Finally we discuss a counterexample related to Corollary 10
(2) (and (1));

$B^{t}\mathfrak{h}_{\frac{1-\ell}{p-\ell}}A^{p}\leq A$ for $\frac{1}{2}\leq p\leq 1$ .

On the other hand, take $p\in[0, \frac{1}{2}$ ). Then we choose $t\leq 0$ such that $p<\frac{1+t}{2}\leq\frac{1}{2}$

and put $q=E1^{\frac{-t}{-p}}$ Since $q\in(O, 1)$ , there exist $A$ and $B$ such that $A\geq B>0$ and

$(A^{\xi}B^{-t}A^{\xi})^{\frac{1}{q}}\not\leq A^{z_{\frac{-t}{q}}}$

by Tanahashi’s result again. Namely we have

$ B^{t}\#_{\frac{1-\ell}{p-t}}A^{p}=A^{\xi}(A^{\xi}B^{-t}A^{g\frac{1}{p}\rightarrow\S})-\ell$$A-\not\leq A$

by Lemma 1 (3).
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