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ON REAL HYPERSURFACES IN QUATERNIONIC
PROJECTIVE SPACE WITH
DL-PARALLEL SECOND FUNDAMENTAL FORM

JuaN DE Dios PEREZ AND YOUNG JIN SUH¥*

ABSTRACT. In this paper we give a complete classification of real hypersurfaces in
a quaternionic projective space QP™ satisfying certain conditions on the orthogonal
distribution D.

§1. Introduction

Throughout this paper let us denote by M a connected real hypersurface in a
quaternionic projective space @QP™,m>3, endowed with the metric g of constant
quaternionic sectional curvature 4. Let N be a unit local normal vector field on M
and U; = —J;N, 1 = 1,2,3, where {J;}i=1,2,3 is a local basis of the quaternionic
structure of QP™, [3]. Several examples of such real hypersurfaces are well known,
see for instance ([1],[5],[6],[7]).

Now, let us consider the following conditions that the second fundamental tensor
A of M in QP™ may satisfy

(1.1) (VxA)Y = S, {fi(Y)$: X + g(¢: X,Y)U:},

(1.2) 9((Adi — $;A)X,Y) =0,

for any ¢ = 1,2, 3, and any tangent vector fields X and Y of M, where the connection
of M induced from the connection of QP™ is denoted by V.

Pak [7] investigated the above conditions and showed that they are equivalent to
each other. Moreover he used the condition (1.1) to find a lower bound of |[VA||
for real hypersurfaces in QP™. In fact, it was shown that ||VA||2>24(m — 1) for
such hypersurfaces and the equality holds if and only if the condition (1.1) holds.
In this case it was also known that M is locally congruent to a real hypersurface
of type A; or Az, which means a tube of radius r over QP* (1<k<m — 1) in the
notion of Berndt [1], and Martinez and the first author [5].

Now let us define a distribution D by D(z) = {X€TM : X 1Ui(z),i = 1,2,3}
,ZEM, of a real hypersurface M in Q P™, which is orthogonal to the structure vector
fields {U1, U2, Us} and invariant with respect to structure tensors {¢i, ¢2, ¢3}, and
by Dt = Span{U;,U,,Us} its orthogonal complement in T M.
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There exist many studies about real hypersurfaces of quaternionic projective
space QP™. Among them Martinez and the first author [6] have classified real
hypersurfaces of QP™ with constant principal curvatures when the distribution D
is invariant by the second fundamental tensor, that is , the shape operator A. It was
shown that these real hypersurfaces of @ P™ could be divided into three types which
are said to be of type A;, Az, and B, where a real hypersurface of type B denotes a
tube over a complex projective space C P™. Hereafter, let us say A-invariant when
the distribution D is invariant by the shape operator A.

As a further improvement of this result, Berndt [1], recently showed that any real
hypersurfaces of QP™ satisfying g(AD, D) = 0 must be of one of the above three
types, avoiding the additional assumption about constancy of principal curvatures.

If we restrict the above properties (1.1) and (1.2) to the orthogonal distribution
D, then the second fundamental tensor A of M satisfies the following conditions

(1.3) 9((VxA)Y,2)=0
and
(1.4) 9((A¢i — $:iA)X,Y) =0

for any i = 1,2,3 and for any vector fields X, Y and Z in D. Then the second
fundamental form of M satisfying the condition (1.3) is said to be D'-parallel .
Moreover, the condition (1.3) is weaker than (1.1) ( respectively, (1.4) is weaker
than (1.2)). Thus it is natural that real hypersurfaces of type A;, and A; should
satisfy (1.3) and (1.4). Moreover, by a theorem of Berndt [1] it was known that the
orthogonal distribution D of this type is A-invariant.

About a ruled real hypersurface of QP™ some properties are investigated by
Martinez [5] and the first author [9). It will be shown in section 3 that the second
fundamental form of the ruled real hypersurfaces is D+-parallel. Contrary to real
hypersurfaces of type A;, Az, and B given by Berndt [1] and Martinez and the first
author [6], it can be easily seen that the orthogonal distribution D of any ruled
real hypersurface of QP™ is not A-invariant. From this point of view we give a
classification theorem as the following

Theorem. Let M be a real hypersurface in QP™ m>3. If it satisfies (1.3) and
(1.4), then M is congruent to one of the following spaces:
(A1) a tube of radius r over a hyperplane QP™ 1, where 0 <r < %,
(Az) a tube of radius r over a totally geodesic QP* (1<k<m — 2), where
- 0<r< 3.
(R) a ruled real hypersurface foliated by totally geodesic quaternionic hyperplanes
Q pm-1
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§2. Preliminaries

Let X be a tangent vector field to M. We write J;X = ¢; X + fi(X)N,: = 1,2,3,
where ¢; X is the tangent component of J; X and fi(X) = g(X,U;),i = 1,2,3. As
J? = —id, 1 = 1,2, 3, where id denotes the identity endomorphism on TQP™, we
get

(2.1) ¢ X = -X + fi(X)Ui, fi(¢:iX)=0, ¢Ui=0, i=1,23

for any X tangent to M. As J;J; = —J;J; = Ji, where (i, j, k) is a cyclic permu-
tation of (1,2,3) we obtain

(2.2) $iX = ¢jopX — fr(X)U; = —éx¢; X + f;(X)Uk
and
(2.3) fi(X) = fi(¢rX) = —fi(4; X)

for any vector field X tangent to M, where (i, j, k) is a cyclic permutation of (1, 2, 3).
It is also easy to see that for any X,Y tangent to M and : =1,2,3

(2.4) 9(6:iX,Y)+ g(X,4:Y) =0, g(¢:iX,:Y)=g(X,Y) - fi(X)fi(Y)
and
(2.5) oiU; = —¢;U; = Uy

(,7,k) being a cyclic permutation of (1,2, 3). From the expression of the curvature
tensor of QP™, m>2, we have the equations of Gauss and Codazzi respectively
given by
(2.6)
R(X,Y)Z =¢(Y,2)X — g(X,Z)Y + 2?:1'{9(05-'1’, 2)$iX — g($:i X, Z)piY
+ 29(Xa ¢.Y)¢.Z} + g(AY’ Z)AX - g(AXa Z)AY,

and
(2.7) (VxA)Y — (VyA)X = E?___.l{f,'(X)¢,'Y — fi(Y)¢iX + 29(X, :Y)U; }

for any X,Y, Z tangent to M, where R denotes the curvature tensor of M, see [7].
From the expressions of the covariant derivatives of J;, ¢ =1,2,3, it is easy to
see that

(2.8) VxUs = —p;(X)Us + pe(X)U; + :AX
and ‘
(2.9) (Vx#))Y = —p;i(X)érY + pr(X);Y + fi(Y)AX — g(AX,Y)U;

- for any X,Y tangent to M, (i,j,k) being a cyclic permutation of (1,2,3) and
pi, t=1,2,3, local 1-forms on QP™.
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§3. DL-parallel second fundamental form

Let M be a real hypersurface in a quaternionic projective space QP™, and let
D be a distribution defined by D(z) = {XeT: M : X 1Ui(z),: = 1,2,3}. Then a
real hypersurface M in QP™ is said to be D*-parallel if g((Vx A)Y, Z) = 0 for any
X,Y and Z€D.

In this section we define the notion of ruled real hypersurfaces in QP™. By
investigating some fundamental properties of these ruled real hypersurfaces we can
prove that its second fundamental form is D1-parallel. Moreover, from the condition
(1.1) we know that real hypersurfaces of type A; or A; in QP™ have its second
fundamental form D+-parallel.

Now in order to prove our theorem in the introduction we need a lemma obtained
from the restricted condition (1.4) as the following

Lemma 3.1. Let M be a real hypersurface of QP™. If it satisfies the condition
(1.4) for any i = 1,2,3 and for any vector fields X,Y in D, then we have

(3°1) g((VxA)Ya Z) = Gg(AX, Y)g(za ‘,l)’ 1=1,2,3

where & denotes the cyclic sum with respect to X,Y and Z in D and V; stands for
the vector field defined by ¢; AU;.
Proof. Taking the covariant derivative of (1.4), for any vector fields X,Y and Z
in D we get
I(VxA)$Y + A(Vx i)Y + ApiVxY — (Vx¢i)AY — ¢i(Vx A)Y, Z)
— 9($:iAVxY, Z) + g((A¢: — $iA)Y,VxZ) = 0.

Now let us consider the following for the case where : =1

9(VxA)Y,$12) + g(VxA)Z,$:Y) = —g((Vx1)Y,AZ) — g(61VxY, AZ)
+ 9((Vx¢1)AY, Z) — g(AV XY, $:1Z) + Z:6;(Y)g($:i AX, Z),

where g((A¢1 — $1A)Y,U;) is denoted by 0;(Y’) and we have used the fact that

9((Ad1 — 91A)Y,VxZ) = £:0:(Y)9(U;,Vx Z)
= —X,;6; (Y)g(VX Ui’ Z)
= —%:0:(Y)g($: AX, Z).

Then by taking account of (2.8) and (2.9) and using the condition (1.4) again, we
have

(3.2)
I(VxA)Y, $1Z)+9((VxA)Z,$:Y) = f1(AZ)9(AX,Y) + f1(AY)g(AX, Z)
+ Eigi(Z)g(qS,'AX, Y) + Egog(Y)g((ﬁ.'AX, Z).
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In this equation we shall replace X,Y and Z in D cyclically and we shall then
add the second equation to (3.2), from which we subtract the third one. Then by
means of Codazzi equation (2.7) we get

9(VxA)Y,$12Z) =f1(AZ)g(AX,Y) + Z;6i(X)g(As:Y, Z)
+ Z:0:(Y)g(Adi X, Z)

From this, replacing Z by ¢;Z, we have

9I((VxA)Y,Z) =g(V1,2)9(AX,Y) — £:i6i(X)g9(Ad:Y, 41 2)

(3.3) — 3i0;(Y)g(Adi X, ¢12).

where V] denotes ¢; AU; and the second term of the right hand side is given by the
following

Ti6:(X)g(AdiY, $12) = — g(X, $1AU1)g(AY, Z) + {g(A1 X, Us)
+ 9(AX,Us3)}g(AY, ¢3Z) — {9(A$1 X, Us)
— 9(AX,Uz)}g(AY, ¢22),

from this, the third term can be given by exchanging X and Y. Thus substituting
this into (3.3), we have

(3.4) 9((VxA)Y, Z) = 6g9(Vh,2)g(AX,Y) + a(X,Y,Z) + a(Y, X, Z)

where & denotes the cyclic sum with respect to X,Y and Z in D and a(X,Y, Z)
denotes

_{g(A¢1Xa U2) +g(AX’ U3)}g(AYa ¢3Z) + {g(A¢1Xa U3) - g(AXa UZ)}g(AYa ¢2Z)

so that, it is skew-symmetric with respect to Y and Z. Thus taking cyclic sum
of (3.4) and using the skew-symmetry of a(X,Y, Z) and the equation of Codazzi
(2.7), we have the above result for : = 1. For cases where ¢ = 2 or 3 by using the
similar method we can also prove the above result. [

Remark 8.1. Let us denote by S*™*3 a (4m + 3)-dimensional unit sphere. Given
a real hypersurface of QP™, one can construct a hypersurface N of $4™+3 which
is a principal S® — bundle over M with totally geodesic fibres and the projection
w : N—M in such a way that the diagram

N ¢ N S4m+3

,rl lr
M — QP™
‘l
is commutative (¢,¢’ being the isometric immersions). Then it is seen ([1],[7]) that

the second fundamental tensor A’ of N is parallel if and only if the second funda-
mental tensor A of M satisfies the condition (1.1) or (1.2). Thus M is congruent
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to real hypersurfaces of type A; or Az in QP™. Moreover, in this case it satisfies
the condition (1.3), that is, its second fundamental form is D.-parallel.

Now let us define a ruled real hypersurface M of QP™ as follows: Let v : I-QP™

be any regular curve. Then for any t(€I) let QP(':’)_l be a totally geodesic quater-
nionic hypersurface of Q P™ which is orthogonal to a quaternionic cubic spanned by
v'(t), and Jiv'(t),t = 1,2,3. Set M = {a:GQP('t';_l : t€I}. Then by the construc-
tion, M becomes a real hypersurface of QP™, which is called a ruled real hyper-
surface. This construction gives us that there are many ruled real hypersurfaces of
QP™. Let D be a distribution defined by D(z) = {X€T: M : X LUi(z),: = 1,2,3}
in the tangent space T M of M at any point ¢ in M. Then from this construction
it can be easily verified that

(3.5) AU; = ZjaiU; + X, AX; = 3;e;9iiU;, AX =0

for any vector field X orthogonal to U; and X, where g;; = g(X;, X;) and Xj,i =
1,2, 3, denote unit vector fields in D, and €;(¢;#0), a;; are smooth functions on M.
Moreover, a unit vector field X; can be defined only for a non vanishing ¢;. But for

such a ruled real hypersurface we know that at least one of ¢;,1 = 1,2, 3, can not
vanish.

From Remark 3.1 we know that real hypersurfaces of type A;, or A2 in QP™ are
D~ -parallel, because the condition (1.3) is weaker than the condition (1.1). Further,
we can verify that ruled real hypersurfaces in QP™ are D1-parallel by the following

Proposition 3.2. Let M be a ruled real hypersurface in QP™. Then the second
fundamental form of M is D+ -parallel.

Proof. Let M be a ruled real hypersurface. Then the expression of its second
fundamental form is given by (3.5).

Now let us consider for the case where all of ¢;,7 = 1,2,3 do not vanish. Then
we denote by D; a subdistribution of the tangent space TM,z€M, defined by
Dy (z) = {Ui(z), Xi(z) : i = 1,2,3}.

Now by (3.5) we have

d((VxA)Y,Z) =g(Vx(AY) — AVxY, Z)
=0

for any X,Y, ZeDi. Also from (2.8) for any X,Y €Dj we have

9((VxA)Y, X;) = g((Vx(AY) — AVxY, Xj)
= —-g(VxY, AX,-)
= ejgrig(Y, VxUs)
=0,

so that, by using the equation of Codazzi (2.7)
9(Vx;A)Y, Z) = 9((Vy A)X;,Z) = 0.
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Moreover, for any X, Z€Dj we have the following

9(Vx; A) Xk, Z) = g((Vx,;(AXk) — AV x; Xk, Z)
= g(TiX;(e1gr)U1 + TieiguVx; U, Z)
=0,

9((VxA) Xk, X1) = 9(Vx, A)X, X1) = 9(Vx, A) X1, X) =0,
and

9((Vx;A)X;, Xi) =9(Vx,(AX;) — AVx, X, Xx)
=g(ZiXi(ag;))Ui + TiagyVx, Ui, Xi)
- 9(Vx:Xj, AXk)
=Xiagug(X;j, Vx,U)
=0.

From these formulas we have the above assertion. Using the same method for
the cases where one or two of ¢ do not vanish, we can also obtain the above
assertion. O

Also for the case where M is a real hypersurface of type B in QP™ we have the
following

Proposition 3.3. Let M be a real hypersurface of type B in QP™. Then the
second fundamental form of M is D+ -parallel.

Proof. The tangent space T: M of M can be decomposed as follows
M= VA1®V)\2®VI‘1 $Vllz

where Vj,;, V,;,i = 1,2 are eigenspaces of principal vectors with principal curva—
tures A\ = cotr, A2 = —tanr, yy = 2cotr, and p; = —2tan2r, where 0 < r < 7
or ¥ <r < Z, respectively. Then we can take an orthonormal basis {e;, ... em_l
¢1€1 R ¢1em_1 : P2€1,y .y P26m—1 : P3€1,..., P3Em—1,U1,U2,Us} with principa.l cur-
vatures cotr,—tanr, 2cot2r, and —2tan2r of multiplicity 2(m-1), 2(m-1),1 and 2
respectively.

Firstly we know

g((ve,' A)eks 61) = Q(Ve,- (Aek) - Avej €k, 81)
= cotrg(V.; ek, e1) — cotrg(V;ek,er)
=0,

where the indices j, k,! run over the range 1, 2,.
Secondly we want to calculate

9((Ve; A)er, daer) = 9(Ve, (Aex) — AV ex, drer)
' = (cotr -+ tanr)g(Vej €k, ¢Zel)
—191—
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Thus it suffices to show g(V.;ex,$2¢;) = 0. In fact, by using the equation of
Codazzi (2.7) we have

(Vgae; A)er — (Ve, A)dzej = 2Tk g(d2ej, dier)Ui

(3.7) — 25,05,

from which, the left side becomes
(Vgge;A)er — (Ve, A)p2ej = (cotrl — A)V g,¢; ek — (—tanrl — A)V., dze;.
From these formulas, taking the inner product with e;, we have

0 = g((cotrl — A)V 4,¢; €k, €1) + g((tanrl + A)V., d2¢ej, €;)
= (cotr + tanr)g((Ve.. b2€;, €1),

where we have used the fact that the first term in the right side of the first equality
vanishes. From this, together with (3.6) we know

(3.8) 9((Ve; A)ex, p2e1) = 0.

Finally we can also obtain the following

g((ve,' A)¢26ka ¢3el) = _tanrg(VGj ¢2eks ¢3€1) + tanrg(ve,' ¢23k9 ¢361)
= 0,

g((vej A)¢2 €k, ¢231) = -tanrg(ve,' ¢28k’ ¢2el) + tanrg(Ve,. ¢2€ka ¢261)
= (.

Therefore these formulas and (3.8) imply that the second fundamental form of M
is DL-parallel. O

Remark 8.4. For real hypersurfaces of type B in QP™ it can be easily seen that
they do not satisfy the condition (1.4). In fact, for the case i = 2 we have

Adrer — P2 Aer = —(tanr + cotr)daei,
so that g(Adzer — p2Aek, d2ex) = —(tanr +cotr)#0for0<r< For f <r < 7.

§4. Proof of the Theorem

The purpose of this section is to prove the main theorem in the introduction. Now
let us denote by D the distribution in M orthogonal to D+ = Span{U;,U:,Us},
where U; = —J;N, N is a unit normal to M. Now we prove the main theorem case
by case. Thus firstly we consider the following.

Case 1) D is A-invariant on M. That is, g(AD,D1) = 0 on M. Then by a
theorem of Berndt [1] M is congruent to one of either type A;, or Az or B. For the
case where M is of type either A; or A2 we know that the conditions (1.3) and (1.4)
hold on it (see Remark 3.1). Though Proposition 3.3 gives that real hypersurfaces
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of type B satisfy the condition (1.3), but as was shown in Remark 3.4 they do not
satisfy the condition (1.4). Thus real hypersurfaces of type B do not appear among
them.

Case 2) D isnot A-invariant on M, that is, a set Mo = {peM : g(AD, D+),#£0}
is not empty. Then we can prove this case in two steps. First one is to show
that g(AD,D) = 0 on My, which means that My is congruent to a ruled real
hypersurface. And the other one is to show that the set My can be extended to the
whole set M.

On M, we can put AU; = €; X+ Z;a;;U;. Then from the definition of the set Mp
we know that at least one of €;,7 = 1,2,3 must not vanish. Thus for convienience
sake let us put €;#0. Then we can write

Vi = ¢, AU,
= a¢1X1 + Tja1;1U;, X,1€D.

From the assumption of (1.3) and Lemma 3.1 we have the following

e19(¢1X1,2)g(AX,Y) + e19(61X1,Y)9(AZ, X) + e19(61 X1, X)9(AZ,Y) = 0, .
for any X,Y and Z in D. From this, putting Z = ¢1X1, then |
(4.1)  g(AX,Y) + 9(1X1,Y)g(Ad1 X1, X) + g(¢1X1,X)g(A¢1 X1,Y) = 0,
where we have used €;#0. So also by taking Y = ¢;X; in (4.1) we have
(4.2) 29(AX, $1X1) + 9(¢1X1, X)g(Ap1X1,$1X1) = 0.
From this, putting X = ¢;X;, we have

9(Ah1X1,41X1) = 0.
From this and (4.2) we have for any X in D
29(AX,$1X1) =0.

Thus it can be written
Ap1 X €Dt

From this and (4.1) it follows that for any X,Y in D
9(AX,Y) =0.

From this we know AX €D+ for any X€D. That is g(AD,D) = 0 on My. Accord-
ingly, the distribution D is integrable on Mo.
In fact for any X,Y €D we have [X,Y] = VxY — Vy X €D, because

9(VxY,U;) = —g(Y,VxU;) = —g(Y, —p;(X)Ux + pe(X)U; + ¢iAX) = 0.
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Now we want to show that M coincides with M. Thus let us suppose that the
interior of M — Mp is not empty. Then on this open subset g(AD, D1) = 0. So by
a theorem of Berndt {1] this open set is congruent to an open part of one of real
hypersurfaces of type A;, A2 and B. From this we know that all of its principal
curvatures are constant on Int(M — M,). Thus by the continuity of principal
curvatures Int(M — Mp) must be closed and open. Since we have assumed the set
M, is not empty and M is connected, Int(M — M) must be empty and therefore
by the continuity of principal curvatures again we can conclude that Mo coincides
with M. Accordingly, the distribution D is integrable on M.

Moreover, any integral manifold of D is totally geodesic in QP™. In fact, for any
X, Y €D we write

DxY = V'xY + Zioi(X,Y)U; + o(X,Y)N,

where D and V' denote the connection of QP™ and the induced connection from
V defined on an integral manifold of the distribution D respectively.
For this if we take the inner product with U;, we have

9(DxY,U;) = g(VxY,U;) = —g(Y, $:iAX) = 0.

This means 0;(X,Y) = 0. Also taking the inner product with the unit normal N, we
have p(X,Y) = 0. Moreover, it can be easily verified that D is J;-invariant,: = 1, 2,
and 3, and its integral manifold is a quaternionic manifold and therefore quater-
nionic hyperplane QP™~! of QP™. Thus M is locally congruent to a ruled real
hypersurface. From this we complete the proof of our theorem. O
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