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1. I ntroducti on

Let $\sum$ denote the class of functions of the form

$f(z)$ $=\frac{1}{z}+$ $\sum_{n-1}^{\infty}$ an $z^{n}$ (1. 1)

whi ch are regular in $U^{r}\approx$

$tz:0$ \langle 1 $z|$ \langle 1} with a simple pole

at the origin with residue 1 there. And let $\sum_{S}$ denote the

subclass of $\sum$ consisting of analytic and univalent functions

$f(z)$ in $U^{*}$ A function $f(z)$ in $\sum_{S}$ is said to be mero-

morphically starl ike of order $\alpha$ if

${\rm Re}\{-\frac{zf(z)}{f(z)}\}$

’

$>a$ , $(z\in U^{*})$ (1. 2)

for some $\alpha 10$ $\leq$ $\alpha$ \langle 1). We denote $\sum^{*}(\alpha)$ the class of all

meromorphical ly starl ike functions of order $\alpha$ . A function

$f(z)$ in $\sum_{S}$ is said to be meromorphical ly convex of order $\alpha$

$if$

${\rm Re}\{-$ $(1 +\frac{zf^{\prime 1}(z)}{f^{1}(z)})\}\rangle$ $\alpha$ . $(z\in U^{*})$ (1. 3)

for some a $(0\leq\alpha \langle 1)$ . And we denote by $:\sum_{k}(\alpha)$ the class of

all meromorphical ly convex functions of order $\alpha$ . The class
$\sum^{*}(\alpha)$ and similar classes have been extensively studied by

Pommerenke [10], Clunie [5], Mil ler [8] and others.

Let $\sum_{p}$ denote the crass of functions of the form

$f(z)$ $=\frac{1}{z}+$
$\sum\infty$

$a_{n}z^{n}$ $(a_{n}\geq 0)$ (1. 4)

$n\approx 1$
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that are regul ar and univalent in $U^{*}$

Def $i$ ni tion 1 [1]. $\lambda$ funct $i$ on $f(z)$ in $\Sigma$ is in the class

$\sum^{*}(a,\beta.\lambda, B)$ if it satisfies the condition

$|\frac{\frac{zf.(z)}{f(z)}+1}{B\frac{zf{}^{t}(z)}{f(z)}+[B+(\lambda-B)(1-\alpha)]}|$ \langle $\beta$
$(z\in U^{*})$ (1. 5)

for some $\alpha$ $(0\leq a \langle 1)$ , $\beta(0 \langle \beta\leq 1)$ , $-1\leq$ A \langle $B\leq$ $1$ , and $0$ $\langle$

$B\leq 1$ .

De $finiti$ on 2 $f21$ . A $f$ unct $i$ on $f(z)$ $in\sum is$ $in$ the $c1$ ass

$\sum$ $[\alpha, \beta, \lambda, B, \gamma]$ if it satisfies the condition

$|_{[(B-\lambda)\gamma+\lambda]z^{2}f(z)+[(B-\lambda)\gamma\alpha+\lambda]}^{z^{2}f^{t}(z_{I})+1}\ovalbox{\tt\small REJECT}|$ $<$ $\beta$
$(z\in U^{*})$ (1. 6)

for some $\alpha$ $(0\leq\alpha \langle 1)$ , $\beta(0< \beta\leq 1)$ , $-1\leq$ A \langle $B\leq$ 1 , $0$ $\langle B\leq$

$1$ , and $\gamma$
$(\frac{\lambda}{\lambda-B}\leq r\leq 1)$ .

Let us write

$\Sigma_{p}^{*}(\alpha, \beta, \lambda, B)$ $=\sum_{p}\cap\Sigma^{*}(\alpha, \beta.\lambda, B)$

and

$\sum_{p}$
[ $\alpha,$ $\beta,$ $\lambda$ , B. $\gamma$ ] $=\sum_{p}\cap\sum$ [ $\alpha,$ $\beta$ , A , B. $\gamma$ ].
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The classes $\sum_{p}^{*}(\alpha,\beta.\lambda.B)$ and $\sum_{p}[\alpha.\beta.\lambda, B, \gamma]$ were introduced

and studi ed by Aouf [1, 21.

We note that:

(i) $\sum_{p}^{*}(\alpha, \beta, -1,1)$ $=$ $\sum_{p}^{*}(\alpha, \beta)$ , is the class of meromor-
phical ly starlike functions of order $\alpha$ $(0 \leq \alpha < 1)$ and type
$\beta$ $(0 \langle\beta\leq 1)$ with positive coefficients , studied by Mogra,

Reddy and Juneia [9] and Uralegaddi and Ganigi [12].

$(ii)$ $\sum_{p}^{*}(\alpha, 1 , -1,1)$ $=\sum_{p}^{*}(a)$ , $is$ the $c1$ ass of meromorphi $c-$

ally starl ike functions of order $\alpha$ $(0\leq\alpha \langle 1)$ with positive

coefficients, studied by Juneia and Reddy [7].

(iii)
$\Sigma_{P}[a, \beta, -1 , 1, \gamma]$ $=\Sigma_{P}(\alpha, \beta, \gamma)$ ( $ 0\leq\alpha$ \langle 1 , $0$ $\langle\beta\leq 1$ ,

and $\frac{1}{2}$ $\leq$
$\gamma$ \langle 1). is the class of meromorphic univalent

functions in $U^{*}$ studi ed by Cho, Lee and Owa [4].

$(i\vee)$
$\sum_{p}[\alpha,$

$1$
$,$ $-1,1,11$ $=\sum_{p}[\alpha]$ , is the $c$ lass:

$\sum_{p}[\alpha]$ $=\{f\in\sum_{p}$ : ${\rm Re}\{-z^{2}f^{1}(z)\}\rangle$ $\alpha$ . $ 0\leq$ a \langle 1, $z\in u^{*}\}$ .

$(\vee)$ $\sum_{p}^{*}(0,1 , \lambda, B)$ $=\sum_{p}^{*}(\lambda. B)$ , $is$ the class:

$\sum_{p}^{*}(\lambda, B)$ $=\{f\in\sum_{p}$ : $-\frac{zf{}^{t}(z)}{f(z)}\prec\frac{1+\lambda z}{1+Bz}$ $z\in U^{*}\}$ .

(vi)
$\sum_{p}[0,1 , \lambda, B, 1]$ $=\sum_{p}[\lambda$ . $B|,$ $is$ the $c$ lass:

$\sum_{p}[\lambda, B]$ $=\{f\in\sum_{p}$ : $-z^{2}f^{\prime}(z)\prec\frac{1+\lambda^{\sim_{t}}}{1+Bz}$ $z\in L\dagger^{*}\}$ .
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We shall require the following lemmas in our investigation.

Lemma 1 [1]. Let - $f(z)=\div+n=12\infty a_{n}z^{n}$ be regular $in$

$U^{*}$ If

$\sum\infty\{(1+\beta B)n+\beta[(B-\lambda)a+\lambda]+1\}$
$|$ a $n|$

$\leq$ (B-A) $\beta(1-\alpha)$ , (1. 7)

$n=1$

$ 0\leq\alpha$ \langle 1, $0$ \langle $\beta\leq$ 1, $-1\leq$ A $<$ $B\leq$ 1 , and $0$ \langle $B\leq$ $1$ , then

$f(z)$ $\in\sum^{*}(\alpha.\beta,$
$\lambda,$ Bl.

Lemma 2 [1]. Let $f(z)$ $=$ $\frac{1}{z}$ $+$ $n=1\infty 2$
$a_{n}$

$z^{n}$

$a_{n}$

$\geq$ $0$ , be

regular in $U^{*}$ Then $f(z)$ $\in\sum_{p}^{*}(\alpha, \beta, \lambda, B)$ if and only if (1. 7)

is satisfied.

Lemma 3 [2]. Let $f(z)$ $=\frac{1}{z}+n\ovalbox{\tt\small REJECT} 1\infty$ $a_{n}z^{n}$ be regular $in$

$U^{*}$ If

$\sum\infty n[1+$
$(B-\lambda)\beta\gamma$ $+\lambda\beta]|a_{n}|$ $\leq$ $(B-\lambda)\beta\gamma(1-\alpha)$ , (1. 8)

$n=1$

$f$ or some $\alpha$ $(0\leq\alpha \langle 1)$ , $\beta(0 \langle \beta\leq 1)$ , $-1\leq$ A $\langle B\leq 1$ , $0\langle B\leq 1$ .
and $\gamma$

$(\frac{\lambda}{\lambda-B}\leq\gamma\leq 1)$ , then $f(z)$ $is$ $in$ the class $\sum$ [ $\alpha,$ $\beta,$ $\lambda$ , B. $\gamma$ ].

Lemma 4 [2]. Let $f(z)$ $=$ $\frac{1}{z}+$ $n=1\infty 2$
$a_{n}$

$z^{\Omega}$

$a_{n}\geq$
$0$ . be

regular in $U^{*}$ Then $f(z)$ $\in$
$\sum_{p}[\alpha, \beta. \lambda, B, \gamma]$ if and only if

(1. 8) $is$ sat $isfi$ ed.
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Lemma 5 [1. 9, 12]. Let $f(z)$ $=\frac{1}{z}+n=12\infty a_{n}z^{n}$ , $a_{n}\geq 0$ ,

be regul ar in $U^{*}$ Then $f(z)$ $\in\sum_{p}^{*}(\alpha)$ , $ 0\leq$ a \langle 1, $if$ and only

$if$

$\sum\infty$

$(n+\alpha)$
$a_{n}\leq$

$(1 -\alpha)$ . (1. 9)

$n-1$

Lemma 6 $[2, 4]$ . Let $ftz$ ) $=\frac{1}{z}+$ $\S_{=1}\infty a_{n}z^{n}$ , $a_{n}\geq$
$0$ . be

regular in $U^{*}$ Then $f(z)$ $\in\sum_{p}[\alpha]$
$if$ and only $if$

$\sum_{n=1}^{\infty}$ $na_{n}\leq$ $(1 -\alpha)$ . $t1.10$ )

In the present paper, we extend the study made in $[1, 2]$

to obtain convolution properties and integral transforms of

funct ions in the classes $\sum_{p}^{*}(a, \beta, \lambda, B)$ and $\Sigma_{p}[\alpha, \beta. \lambda, B, \gamma]$ .

3. Integral transforms.

In this section we consider integral transforms of

functions. in the classes $\sum_{p}^{*}(\alpha, \beta. \lambda, B)$ and $\sum_{p}[\alpha, \beta, \lambda. B,\gamma]$ of

the type considered by Bajpai [3] and Goel. and Sohi [6].

Theorem 1. If $f(z)$ is in the class $\sum_{p}^{*}$ ( $\alpha,$ $\beta$ , A. B), then the

integral transforms

$F_{C}(z)$ $=c\int_{o}1u^{C}f$ (uz) du, $0$ \langle $c$ \langle co,
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are in the $c$ lass $\sum_{p}^{*}(6)$ . $0\leq 6$ \langle 1, where

6 $=6(\alpha, \beta. \lambda, B, c)$ $=\frac{\{2+\beta[(B-\lambda)\alpha+(B+\lambda)]\}(2+c)-(B-\lambda)\beta(1-\alpha)c}{\{2+\beta[(B-\lambda)a+(B+\lambda)]\}(2+c)+(B-\lambda)\beta(1-\alpha)c}$

(2. 1)

The result is best possible for the function $f(z)$ given by

$f(z)$ $=\frac{1}{z}+\frac{(B-\lambda)\beta(1-a)}{2+\beta[(B-\lambda)\alpha+(B+\lambda)]}z$ .

$\underline{Proof}$ . Suppose $f(z)$ $=\frac{1}{z}+n=12\infty$ $a_{n}z^{n}\in\sum_{P}^{*}(\alpha, \beta, \lambda, B)$ .

Then we have

$F_{C}(z)$
$=$ $c\int_{o}1$ $u^{C}$

$f$ (uz) du $=\div+$
$\sum^{\infty}$

$\frac{can}{n+c+1}z^{n}$

$n=1$

In view of Lemma 5, it is sufficient to show that

$\sum_{n=1}^{\infty}$ $\frac{n+6}{1-6}n+c+1\underline{ca_{n}}$ $\leq$ $1$ . (2. 2)

Since $f(z)$ $\in\sum_{p}^{*}(\alpha, \beta, \lambda, B)$ , by Lemma 2, we have

$\sum_{n\Leftarrow 1}^{\infty}\frac{(1+\beta B)n+\beta[(B-\lambda)\alpha+\lambda]+1}{(B-\lambda)\beta(1-\alpha)}a_{n}\leq 1$ . (2. 3)

Thus (2. 2) wil 1 be satisfied if , for each $n$ ,

$(n+6)c$ $(1+\beta B)n+\beta[(B-\lambda)\alpha+\lambda]+1$$-\leq-$ ,

(1-6) $(n+c+1)$ (B-A) $\beta(1-\alpha)$
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or

6 $\leq\ovalbox{\tt\small REJECT}\{(1+\beta B)n+\beta[(B-\lambda)\alpha+\lambda|+1\}(n+c+1)+(B-\lambda)\beta(1-\alpha)cn\{(1+\beta B)n+\beta[(B-\lambda)\alpha+\lambda 1+1\}(n+c+1)-(B-\lambda)\beta(1-\alpha)cn.$ (2. 4)

Since the right hand side of (2. 4) is an increasing function

of $n$ . putting $n=1$ in (2. 4) we $\dot{g}$et

$\{2+\beta[(B-\lambda)\alpha+(B+\lambda)1\}(2+c)-(B-\lambda)\beta(1-\alpha)c$

$6\leq\ovalbox{\tt\small REJECT}$
$\{2+\beta[(B-\lambda)\alpha+(B+\lambda)]\}(2+c)+(B-\lambda)\beta(1-\alpha)c$

Hence the theorem.

Remark 1. It is interesting to note that for $c=1$ and

$(\alpha, \beta)$ $=$ $(0,1)$ , Theorem 1 gives that if $f(z)$ $\in\sum_{p}^{*}(\lambda, B)$ , then

$F_{1}tz)$
$=$ $\int_{o}1uf$ (uz) du

$is$ $in$ the class $\sum_{p}^{*}(\frac{3+B+2\lambda}{3+2B+\lambda})$ .

Using arquments similar to those in the proof of

Theorem 1, using Lemmas 4 and 6, we can obtain the fol lowinq

resul $t$ .

Theorem 2. If $f(z)$ is in the class $\sum_{p}[\alpha,\beta, \lambda, B,\gamma]$ , then

the $\tilde{1}$ ntegral transforms

$Fc(z)-=c\int_{o}1u^{C}$ $f$ (uz) du. $0$ $\langle$

$c$ $\langle$ $\infty$ .

–188–



are in the $c$ lass $\sum_{p}[6]$ , $0\leq 6$ \langle 1 , where

$(1+(B-\lambda)\beta\gamma+\lambda\beta)(2+c)-(B-\lambda)\beta\gamma(1-\alpha)c$

$6=6(\alpha, \beta, \lambda, B, \gamma, c)$ $=$

$(1+(B-\lambda)\beta\gamma+\lambda\beta)(2+c)$

The result is best possible for t.he function $f(z)$ given by

$f(z)$ $=\frac{1}{z}+\frac{(B-\lambda)\beta\gamma(1-\alpha)}{1+(B-\lambda)\beta\gamma+\lambda\beta}z$ .

Remark 2. It is interesting to note that for $c=$ $1$ and

$(\alpha, \beta, \gamma)$ $=$

$(0,1 . 1)$ , Theorem 1 $\sigma$ ives
$-$

that $if$ $f(z)$ $\in\sum_{p}[\lambda$ , Bl,

then

1
$F_{1}(z)$

$=$
$\int_{o}$

$uf$ (uz) du

is $in$ the $c$ lass $\Sigma_{p}[\frac{3+2B+\lambda}{3+3B}1$ .

3. Convol uti on properti es.

Robertson [11] has shown that if $f(z)$ $=\sim_{l}\angle\underline{1}+$ $n=12\infty$ an $z^{n}$

and $q(z)$ $=\frac{1}{z}+$ $n=1\infty 2$ $b_{n}z^{n}$ are in the class $\sum_{S}$ then so is

the ir convolut $i$ on $f(z)^{\star}q(z)$ $=$ $\frac{1}{z}$ $+2n=1\propto$

)

$a_{n}$ $b_{n}$

$z^{n}$ We prove

the fol lowing theorems for functions in the classes

$\sum_{p}^{*}$ ( $\alpha,$ $\beta$ , A , B) and $\sum_{p}$
[ $\alpha,$ $\beta$ , A. B. $\gamma$ ].

–189–



Theorem 3. I $f$ $f(z)$ $=\div$ $+$ $n=12\infty$
$a_{n}$

$z^{n}$ and $\mathfrak{g}(z)$ $\approx$ $\frac{1}{z}+$

$n=12\infty b_{n}z^{n}$ are $intheclass-\sum_{p}^{*}(\alpha.\beta, \lambda, B)$ then, $f(z)^{*}g(z)$ $=\frac{1}{z}$

$+2n=1\infty$ an $b_{n}z^{n}$ is in the class $\sum_{p}^{*}(p, \beta, \lambda. B)$ , where

$p=1-\ovalbox{\tt\small REJECT}\{\dot{2}+\beta[(B-\lambda)a+(B+\lambda)1\}^{2_{+(B-\lambda)}2_{\beta}2_{(1-\alpha)}2}2(B-\lambda)\beta(1+\beta B)(1-\alpha)^{2}.$ (3. 1)

The result is best possible for the functions

$f(z)$ $=g(z)$ $=\frac{1}{z}+\frac{(B-\lambda)\beta(1-\alpha)}{2+\beta[(B-\lambda)a+(B+\lambda)]}z$

Proof. In order to complete our theorem, we have to

find the largest $p=p$ (cx, $\beta,$ $\lambda$ . $B$ ) such that

$\sum_{n=1}^{\infty}\frac{(1+\beta B)n+\beta[(B-\lambda)p+\lambda]+1}{(B-\lambda)\beta(1-p)}a_{n}b_{n}\leq$ $1$ (3. 2)

for $f(z)$ and $g(z)$ in the class $\sum_{p}^{*}(\alpha, \beta, \lambda, B)$ . Si nce $f(z)$ and

$g(z)$ are $in$ the class $\sum_{p}^{*}(\alpha,\beta. \lambda, B)$ , $in$ view of Lemma 2, we

see that

$\sum_{n=1}^{\infty}\frac{(1+\beta B)n+\beta[(B-\lambda)a+\lambda]+1}{(B-\lambda)\beta(1-\alpha)}a_{n}\leq 1$ . (3. 3)

and

$\sum_{n\approx 1}^{\infty}\frac{(1+\beta B)n+\beta[(B-\lambda)\alpha+\lambda]+1}{(B-\lambda)\beta(1-\alpha)}b_{n}\leq 1$ . (3. 4)
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Therefore, by the Cauchy-Schwarz inequality, we obtain

$\sum_{n\infty 1}^{\infty}\frac{(1+\beta B)n+\beta[(B-\lambda)\alpha+\lambda]+1}{(B-\lambda)\beta(1-\alpha)}a_{\overline{n}}b_{n}\leq$ $1$ . (3. 5)

This implies that we need only to show that

$\frac{(1+\beta B)n+\beta[(B-\lambda)p+\lambda]+1}{(1-p)}a_{n}b_{n}\leq\frac{(1+\beta B)n+\beta[(B-\lambda)\alpha+\lambda]+1}{(1-\alpha)}a_{\overline{n}}b_{n}$

(3. 6)

or

$\sqrt{ab}nn\leq\frac{(1-p)\{(1+\beta B)n+\beta[(B-\lambda)\alpha+\lambda]+1\}}{(1-\alpha)\{(1+\beta B)n+\beta[(B-\lambda)p+\lambda]+1\}}$ $(n\geq 1)$ . (3. 7)

Hence, by the inequality (3. 5). it is sufficient to prove

that

$(B-\lambda)\beta(1-\alpha)$ $(1-\varphi)\{(1+\beta B)n+\beta[(B-\lambda)\alpha+\lambda]+1\}$$-\leq-$$\langle(1+\beta B)n+\beta[(B-\lambda)a+\lambda]+1\}$ $(1-\alpha)\{(1+\beta B)n+\beta[(B-\lambda)\varphi+\lambda]+1\}$

$(n\geq 1)$ . . (3. 8)

It follows from (3. 8) that

$\varphi\leq$
$1-\frac{(1+n)(B-\lambda)\beta(1+\beta B)(1-\alpha)2}{\{(1+\beta B)n+\beta[(B-\lambda)\alpha+\lambda]+1\}^{2}+(B-\lambda)^{2}\beta^{2_{(1-\alpha)}2}}$ $(n\geq 1)$ .

(3. 9)
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Defining the function $v/(n)$ by

$\rho(n)$ 1 $-\ovalbox{\tt\small REJECT}\{(1+\beta B)n+\beta[(B-\lambda)\alpha+\lambda]+1\}^{2_{+(B-\lambda)}2_{\beta}2_{(1-a)}2}(1+n)(B-\lambda)\beta(1+\beta B)(1-\alpha)2$ $(n\geq 1)$ .
(3. 10)

we see that $\mu(n)$ is increasing of $n$ . Therefore, we conclude

that

$p\leq\psi(1)$
$=1-\frac{2(B-\lambda)\beta(1+\beta.B)(1-\alpha)2}{\langle 2+\beta[(B-\lambda)\alpha+(B+\lambda)]\}+(B-\lambda)\beta(1-\alpha)2222}$

which completes the assertion of Theorem 3.

Using arguments similar to those in the proof of

Theorem 3. , we can obtain the following resultS.

Theorem 4. I $f$ $f(z)$ $=\frac{1}{z}+n=1\infty 2a_{n}z^{n}\in\sum_{p}^{*}(\alpha.\beta, \lambda. B)$ , and

$g(z)$ $=$ $\div$ $+$ $n=1\infty 2$
$b_{n}$

$z^{n}$
$\in$ $\sum_{p}^{*}(p, \beta, h, B)$ . then $f(z)^{*}g(z)$ $\in$

$\sum_{p}^{*}(\tau, \beta, \lambda, B)$ , where

$\tau$ $=$ $1$

2 (B-A) $\beta(1+\beta B)(1-\alpha)(1-p)$

$-\ovalbox{\tt\small REJECT}\{2+\beta[(B-\lambda)\alpha+(B+\lambda)]\}\{2+\beta[(B-\lambda)p+(B+\lambda)]\}+(B-\lambda)\beta(1-a)(1-\varphi)22$

The result is best possible for the functions

$f(z)$ $\simeq\frac{1}{z}+\frac{B-\lambda 1-\alpha}{2+\beta[(B-\lambda)a+(B+\lambda)]}()\beta()z$
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and

$g(z)$ $=\frac{1}{z}+\frac{(B-\lambda)\beta(1-p)}{2+\beta[(B-\lambda)p+(B+\lambda)]}z$ .

Theorem 5. I $f$ $f(z)$ $=\frac{1}{z}+n=1\infty 2$ $a_{n}z^{n}$ and $g(z)$ $=\frac{1}{z}+$

$n\ovalbox{\tt\small REJECT} 1\infty$ $b_{n}z^{n}$ are $in$ the class $\sum_{p}[\alpha, \beta, \lambda, B, \gamma]$ , then $f(z)^{*}g(z)$ $=$

$\frac{1}{z}+n\ovalbox{\tt\small REJECT} 1\infty a_{n}b_{n}z^{n}\in\sum_{p}[6, \beta, \lambda, B, \gamma]$ , where

6 $=1-\frac{(B-\lambda)\beta\gamma(1-\alpha)2}{1+(B-\lambda)\beta\gamma+\lambda\beta}$

The result is best possible for the functions

$f(z)$ $=g(z)$ $=\frac{1}{z}+\frac{(B-\lambda)\beta\gamma(1-\alpha)}{1+(B-\lambda)\beta\gamma+\lambda\beta}z$ .

Theorem 6. I $f$ $f(z)$ $=\frac{1}{z}+$ $n=1\infty 2$ $a_{n}z^{n}$ $\in\sum_{p}[\alpha, \beta, \lambda, B, \gamma]$

and $g(z)$ $=\frac{1}{z}+n=12\infty$ $b_{n}z^{n}\in\sum_{p}[\eta, \beta, \lambda, B, \gamma]$ , then $f(z)^{*}g(z)$ $\in$

$\sum_{p}[\tau, \beta, \lambda, B, \gamma]$ , where

$\tau$ $=$ $1-\frac{(B-\lambda)\beta\gamma(1-a)(1-\eta)}{1+(B-\lambda)\beta\gamma+\lambda\beta}$

The result is best possible for the functions
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$f(z)$ $=\frac{1}{z}+\frac{(B-\lambda)\beta\gamma(1-\alpha)}{1+(B-\lambda)\beta\gamma+\lambda\beta}z$

and

$g(z)$ $=\frac{1}{z}+\underline{(B-\lambda)\beta\gamma(1-\eta)}z$ .
1 $+$ $(B-\lambda)\beta\gamma+\lambda\beta$

Theorem 7. I $ff(z)$ $=\frac{1}{z}+n=1\infty 2a_{n}z^{n}$ $\in\sum_{p}^{*}(a, \beta. \lambda. B)$ and

$g(z)$ $=\frac{1}{z}+n=1\infty 2b_{n}z^{n}$ with $|b_{n}|$ $\leq 1$ , $n=1$ . 2, . . . . then

$f(z)^{*}g(z)$ $\in\sum^{*}(\alpha, \beta, \lambda.B)$ .

Proof. Since

$\sum_{n=1}^{\infty}\frac{(1+\beta B)n+\beta[(B-\lambda)\alpha+\lambda]+1}{(B-\lambda)\beta(1-\alpha)}$ $|$ an $b_{\Omega}|$

$=$ $\sum_{n=1}^{\infty}\frac{(1+\beta B)n+\beta[(B-\lambda)\alpha+\lambda]+1}{(B-\lambda)\beta(1-\alpha)}a_{n}$ $|b_{n}|$

$\leq$ $\sum_{n=1}^{\infty}\frac{(1+\beta B)n+\beta[(B-\lambda)\alpha+\lambda]+1}{(B-\lambda)\beta(1-\alpha}$

)
$a_{n}\leq 1$ ,

by Lemma 1, $it$ follows that $f(z)^{*}g(z)$ $\in\sum^{*}(\alpha, \beta, \lambda, B)$ .

Corollary 1. I $f$ $f(z)$ $=\frac{1}{z}+n=1\infty 2$ $a_{n}z^{n}\in\sum_{p}^{*}(\alpha, \beta. \lambda, B)$ and
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$g(z)$ $=\frac{1}{z}+n=1\infty 2b_{n}z^{n}$ wi th $ 0\leq b_{n}\leq$ 1, $n$ $=$ $1,2$ , then

$f(z)^{*}g(z)$ $\in\Sigma_{p}^{*}$ ( $\alpha,$ $\beta$ , A. B).

Using arguments similar to those in the proof of

Theorem 7, and using Lemmas 3, and 4. we can obtain the

followi ng result.

Theorem 8. I $f$ $f(z)$ $=\frac{1}{z}+n=1\infty 2a_{n}z^{n}$ $\in$
$\Sigma_{p}[\alpha_{s}\beta, \lambda. B, \gamma]$

,

and $g(z)$ $=\frac{1}{z}+n\approx 12\infty b_{n}z^{n}$ wi th I $b_{n}|$
$\leq 1$ , $n=1,2$ , . . . , then

$f(z)^{\star}g(z)$ $\in\sum$ $[\alpha, \beta, \lambda, B, \gamma]$ .

Corollary 2. I $f$ $f(z)$ $=\frac{1}{z}+n=1\infty 2$ $a_{n}z^{n}\in\sum_{P}[\alpha, \beta, \lambda. B, \gamma]$ ,

and $g(z)$ $=\frac{1}{z}+$ $n\ovalbox{\tt\small REJECT} 1\infty b_{n}z^{n}$ wi th $ 0\leq b_{n}\leq$ 1, $n=$ $1,2$ , . . . ,

then $f(z)^{*}g(z)$ $\in\sum_{p}[\alpha, \beta, \lambda, B, \gamma]$ .

Theorem 9. I $f$ $f(z)$ $=\frac{1}{z}+$ $n=1\infty 2$ an $z^{n}$ and $g(z)$ $=\frac{1}{z}+$

$n=1\infty 2$ $b_{n}z^{n}$ are in the class $\sum_{p}^{*}(\alpha, \beta, \lambda. B)$ and

2 $+3(B-\lambda)\alpha\beta+$ $(3\lambda-B)\beta\geq 0$ ,

then

$F(z)$ $=\frac{1}{z}+$
$\sum^{\infty}$

$[a_{n}^{2}$ $+b_{n}^{2}]$
$z^{n}$

$n=1$
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also belongs to the class $\sum_{p}^{*}$ ( $\alpha,$ $\beta$ , A. B).

$\underline{Proof}$ . Since $f(z)$ $\in\sum_{p}^{*}(\alpha, \beta, \lambda, B)$ . us ing Lemma 2, we have

$\sum_{n\sim 1}^{\infty}\frac{(1+\beta B)n+\beta[(B-\lambda)\alpha+\lambda].+1}{(B-\lambda)\beta(1-\alpha)}a_{n}\leq 1$ .

and so

$\sum_{n=1}^{\infty}$ $[\frac{(1+\beta B)n+\beta[(B-\lambda)\alpha+\lambda]+1}{(B-\lambda)\beta(1-\alpha)}1^{2}a_{n}^{2}\leq 1$ .

$S$ imi larly, $si$ nce $g(z)$ $\in\sum_{p}^{*}(\alpha.\beta, \lambda, B)$ ,

$\sum_{n=1}^{\infty}$ $[\frac{(1+\beta B)n+\beta[(B-\lambda)\alpha+\lambda]+1}{(B-\lambda)\beta(1-\alpha)}1^{2}b_{n}^{2}\leq 1$ .

Hence

$\sum_{n=1}^{\infty}\frac{1}{2}[\frac{(1+\beta B)n+\beta[(B-\lambda)\alpha+\lambda]+1}{(B-\lambda)\beta(1-a)}1^{2}[a_{n}^{2}+b_{n}^{2}]$ $\leq 1$ .

In view of Lemma 2, it is sufficient to show that

$\sum_{n=1}^{\infty}[\frac{(1+\beta B)n+\beta[(B-\lambda)\alpha+\lambda]+1}{(B-\lambda)\beta(1-\alpha)}1[a_{n}^{2}+b_{n}^{2}]$ $\leq 1$ . (3. 11)

Thus the inequality (3. 11) will be satisfied if, for $n$ $\approx$

$1,2,$ $\ldots$
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$\frac{(1+\beta B)n+\beta[(B-\lambda)\alpha+\lambda]+1}{(B-\lambda)\beta(1-\alpha)}\leq\frac{1}{2}[\frac{(1+\beta B)n+\beta[(B-\lambda)\alpha+\lambda]+1}{(B-\lambda)\beta(1-\alpha)}]^{2}$ (3. 12)

or if

$(1 +\beta B)n+3(B-\lambda)\phi+$ $(3R-2B)\beta+1\geq 0$ , (3. 13)

$f$ or $n$
$\approx$ 1 , 2, . . . The left hand $s$ ide of (3. 13) $is$ an

increasing function of $n$ , hence (3. 13).is satisfied for all $n$

$if$

2 $+3(B-\lambda)\alpha\beta+$ $(3\lambda-B)\beta\geq 0$ ,

which is true by our assumption. Hence the theorem.

Using arguments similar to those in the proof of Theorem

9, and using Lemma 4, we can obtain the following result.

Theorem 10. I $f$ $f(z)$ $=\div+n=1\infty 2a_{n}z^{n}$ and $g(z)$ $=\frac{1}{z}+$

$n=1\infty 2b_{n}z^{n}$ are in the class $\sum_{p}[\alpha, \beta. \lambda, B, \gamma]$ and

1 $+2\gamma(B-\lambda)\alpha\beta-((B-\lambda)\gamma-\lambda)\beta\geq 0$ ,

then

$F(z)$ $=\frac{1}{z}+$
$\sum^{\infty}$

$[a_{n}2$ $+b_{n}^{2}]$
$z^{n}$

$n=1$

aiso belongs to the class $\sum_{p}[a, \beta. \lambda, B, \gamma]$ .
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Remark 3.

(i) Putting A $--1$ and $B=1$ . in Theorems 1. 3, 4, 7 and
9, we get the corresponding results $obtained\sim$ in [9].

(ii) Putting A $--1$ and $B\approx 1$ . in Theorems 2, 5, 6, 8 and
10, we get the corresponding results for the class $\sum_{p}(\alpha, \beta.\gamma)$

defined by Cho, Lee and Owa [41
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