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ABSTRACT. In this paper. we obtain convolution
properties and integral transforms of functions in the
classes }:;(cx.f?,A,B) (0<a<1, 0<B<1, -1<A<B=<1,0

< B=1) andzp[a.ﬁ.A.B.?’] (0 fa<1l, 0<KCBR=1, -1 =A<B

< 1, 0 < B £ 1, == =< » =< 1) of moremorphic univalent

functions with positive coefficients in 0 < |z| < 1.
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1 Introduction

Let } denote the class of functions of the form

(o 0]
f(z) = —— + Z a_ z" (1.1)

n=1
which are regular in U= (z:0 < |z| < 1} with a simple pole
at the origin with residue 1 there. And let zs denote the
subclass of T consisting of analytic and univalent functions
f(z) in U. A function f(z) in zg is said to be mero-

morphically starlike of order a if

_ zf' (2) »*
Re{ = > ™ (z € U) (1.2)

for some a(0 < a < 1). We denote ¥ (o) the class of all
meromorphically starlike functions of order «a. A function
f(z) in Z% is said to be meromorphically convex of order «

if

f'(z)

Re{—(l + 2L0(2), 1 o, (z e U™) (1.3)

for some a(0 = a < 1). And we denote by zk(a) the ciass of
all meromorphically convex functions of order «. The class
zf(a) and similar classes have been extensively studied by

Pommerenke {10], Clunie ([5], Miller [{8] and others.v

Let Zp denote the class of functions of the form

[0 ¢
£(z) = -;— + Z a_z",  (a_ =z 0 (1.4)
n=1
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that are regular and univalent in U*.

Definition 1 {1]}. A function f(z) in £ is in the class

Zr(a,B.A,B) if it satisfies the condition

zf'(z2)

f(z) + 1

< B (z € UT) (1.5)

zf' (z)

EICIE + [B + (A-B)(1-a)]

B

for some a(0 < aa < 1), (0K B =1), -1 =A< B=1, and 0 <

B =1.

Definition 2 {2]. A function f(z) in L is in the class

T [a.B3,A.B,»] if it satisfies the condition

2% flz) + 1 .
< g (zeU") (1.6)

2
[(B=-RA)y+Alz“f' (z)+ [ (B-A)ya+A]

1), -1« A< B =1, 0< B

1A

for some a(0 £ a < 1), (0

1, and y(iéﬁ =y = 1.

VAN
?
1A

Let us write

1}

z;(a,ﬁ,A,B) £, N T (e,f3,A,B)

and

Zp{a.ﬁ,A.B,r] 25 N Yle,3,A.B,¥].
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The classes E;(a,ﬁ.A.B) and zb[a,B,A,B,y] were introduced

and studied by Aouf [1,2].
We note that:

(1) Z;(d.ﬁ.—l,l) = zg(a,ﬁ). is the class of meromor-
phically starlike functions of order a(0 < « < 1) and type
(0 < B = 1) with positive coefficients, studied by Mogra,

Reddy and Juneja (9] and Uralegaddi and Ganigi [12].

(ii) Z;(d,1,~1.1) = Z;(Q), is the class of meromorphic-—
ally starlike functions of order a(0 < a < 1) with positive

coefficients, studied by Juneia and Reddy (7].

(111) Zp[a,ﬁ.—l.l.Y] = Ep(d.ﬁ.Y) (0=a< 1, 0K pB=1,

and -é— = ¥ < 1), 1is the class of meromorphic univalent

functions in U*, studied by Cho, Lee and Owa [4].

(iv) Zp[a.l,—l,l,ll = Zp{a], is the class:

Ep[d] = {f € Ep: Re{— zzf'(z)} >a, 0 fa< 1, ze U }.

(v) Z;(O,I,A,B) = E;(A.B), is the class:

e _ . _zf'(=2) 1+Az *
Zp(A,B) = {f € zp. 12 £ B - 2 €U }.

(vi) EDIO.I,A.B,l] = Zp[A.B], is the class:

Zp{A,B] = {f € Ep: - zzf'(z)‘< %{%% . 2 € U*}.
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We shall require the following lemmas in our investigation.

Lemma 1 [1]. Let - f(z)‘=-—%—'+ nzl a. z"  be regular in
u*. 1f
[0 o)
E: {(1+ﬁB)n+ﬁ[(B—A)a+A]+1} |an1 = (B-A)f3(1-o), (1.7)
n=1

0<a<1,0<pB=1, -1 =AC<CB=1, and 0 < B =1, then

f(z) € & (a«,3,A,B].

Lemma 2 [1]. Let f(z) = + nzl a z'. a = 0, be

regular in U*. Then f(z) € Zz(a,ﬁ,A,B) if and only if (1.7)

1s satisfied.

[o.8}
Lemma 3 [2]. Let f(z) = —%— + 2 a_ z" be regular in

L 3

u . If

o0
}: n[l + (B - BBy + AG]{anl < (B - A)BAr(l — o), (1.8)
n=

1
for some a(0 < o < 1), B(0 < R <1), -1 < AKLKB=1, 0K<KB =1,
and ?(Kéﬁ < ¢ < 1), then f(z) is in the class Y [«,3,A.B.7»].
Lemma 4 [2]. Let f(z) = —— + f a_z" a_ =z 0. be
: z n ’ n :
. n=1
regular 1in U*. Then f(z) € Zp[a,ﬁ,A,B,r] if and only 1if

(1.8) is satisfied.
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Lemma 5 [1.9,12]. Let f(z) = -+ + a_ 2" a = o0,
nf1 n n

z
be regular in U". Then f(z) e z;(a). 0 £ a< 1, if and only

if
o0
}: (n + o) an < (1 — a). (1.9)
n=1 :
1 Q n
Lemma 6 [2.,4]. Let f(z) = —— + Z a_z", a_ = 0, be
z -1 N n
regular in U . Then f(z) e L (el if and only if
[o o]
n an = (1 - o). ) (1.10)
n=1

In the present paper, we extend the study made in [1,2]
to obtain convolution properties and integral transforms of

functions in the classes Z;(a,B,A,B) and Zp[a,ﬁ.A.B,rl.

3. Integral transforms.

In this section we consider integral transforms of
functions in the classes Zg(a,B.A.B) and zp[a,B,A,B.yl of

the type considered by Bajpai [3] and Goel.and Sohi ([6}].

Theorem 1. If f(z) is in the class Zz(a,B.A.B), then the
integral transforms
1
c

F (z) =c¢ { u- f(uz) du, 0 < ¢ < o,

— 186 —



are in ;he class 2;(6). 0 £ 6 < 1, where

{2+R[(B-A)a+(B+A) ]} (2+c)—(B-A)3(1l—-a)cC

& = 6(x,3,A,B,c) = .
- - {2+B[(B-A)a+(B+A) ]} (2+c)+(B-A)3(1-a)cC

(2.1)

The result is best possible for the function f(z) given by

. 1 (B - AYB(1 — &)
f(z) = > + ' z.
2 + B3[((B - A)aa + (B + A)]

n

I~N~18

Proof. Suppose f(z) = —%— + a_z" e Z;(d,G,A.B).

n=1

Then we have

®
1 c n
F_(z) =c¢ f u- f(uz) du = 2: z .
o =p Dt c+t 1
In view of Lemma 5, it is sufficient to show that
® n+é& c a_ ' -
2: < 1. (2.2)
=1 1 -6 n+c¢c +1 .
Since f(z) € Eg(a,B,A,B), by Lemma 2, we have
(1+5B)n+3 [ (B-A)a+A] +1
a =< 1. (2.3)

n
-~ (B-RA)f3(1-a)

Thus (2.2) will be satisfied if, for each n,

(n+&)c (1+3B)n+3[ (B-A)o+A] +1

=<

(1-S) (n+c+1l) (B-A)B(1-a)
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or

{(1+33B)n+3({ (B-A)a+A]l+1} (n+c+1)—-(B-A)(1l-a)cn
S < . (2.4)
{(1+3B)n+3 [ (B-A)a+A]l+1} (n+c+1l)+(B-A)3(1-a)cn

Since the right hand side of (2.4) is an increasing function

of n., putting n = 1 in (2.4) we det

{2+/3[ (B=A)o+ (B+A) 1 } (2+¢) —(B-A) 3 (1-a)
S =<

{2403 [ (B-A)a+ (B+A) ]} (2+¢) +(B-A)B(1-a)C

Hence the theorem.

Remark 1. It is interesting to note that for:c = 1 and

(2,3) = (0,1), Theorem 1 gives that if f(z) e Z;(A,B), then

1
F,(z) = f u f(uz) du
o)

is in the class ¥ (

Using arguments similar to those in the proof of
Theorem 1, using Lemmas 4 and 6, we can obtain the following

result.

Theorem 2. If f(z) is in the class zp[a,ﬁ,A,B,V]. then

the integral transforms

1
R C
F (z)"=c { u- f(uz) du, 0 < ¢ < o,
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are in the class Zp[é}, 0 =46 < 1, where

(1+(B-A)Rr+AR3) (2+c)—(B-A)f3y (1-a)c
& = S(a,3,A,B,y.c) = X

(1+(B-A)Br+AR3) (2+c)

The result is best possible for the function f(z) given by

. (B - MBr(l — a)
f(z) = = + z.
1 + (B - A)py + AR

Remark 2. It is interesting to note that for ¢ = 1 and

(a,3,7) = (0,1,1), Theorem 1 gives that if f(z) Zp[A,B],
then ' '
' 1
Fi(z) = [ u f(uz) du
(o]
. . - 3 + 2B + A
is in the class Zp[ 31 3B 1.

3. Convolution properties.

Robertson [11] has shown that if f(z) = —%— + 2 an z"

“ n=1

o :
and g(z) = 1 + Z b_ z™ are in the class ¥  then so is

z nd N0 s
o V]
their convolution f(z)*g(z) = L + z a_ bz We prove
z nf&g N

the following theorems for functions in the <classes

Z;(a.ﬁ,A,B) and £ (a.f,A.B,7].
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w n 1
2 ap z and g(z) = — +
n=1l

fo o]
z b_ z" are in the class Zp(a.ﬁ.A,B) then, f(z)*g(z) = —%—

Theorem 3. If f(z) = —é— +
e

0
n ._ . . >
+ Z ap bn 2 is in the class Zp(p.ﬁ,A,B). where

2(B=A)3 (1473B) (1-at) 2

p =1 - — . (3.1)
(243 [ (B-A)ot (B+A) ] } 2+ (B-A) 2p% (1-0) 2 <

The result is best possible for the functions

(B-A)f3(1-at)
1, z
z 243 [ (B-A)a+ (B+A) ]

f(z) = g(z)

Proof. In order to complete our theorem, we have to

find the largest ¢ = ¢(a,3,A,B) such that

o0

E: (14BB)n+3{ (B-A)p+A]+1

a b =1 (3.2)

n n
L (B-R)R(1-p)

for f(z) and g(z) in the class Z;(a.ﬁ,A,B). Since f(z) and

g(z) are in the class Z;(a.B.A.B). in view of Lemma 2, we

see that
R (1+BB)n+R[ (B-A)a+A]+1 '
E: a =1 (3.3)
= (B-R)f (1)
and
X (1+#B)n+3[ (B-A)a+A]+1
}Z b <1 (3.4)
L (B-A)3(1-a)
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Therefore, by the Cauchy—-Schwarz inequality, we obtain

Y a b = 1. (3.5)

}f (1403B)n+3[ (B-A)a+A] +1

n=1 (B-A)B(1l-a)

This implies that we need only to show that

(1+B3B)n+B3 [ (B—A)p+Al+1 (1+3B)n+3 [ (B-A)a+A] +1
anbn =< 24 anbn
(1-¢) (1-a)
(3.6)

or

(1-2) { (14+3B)n+3 [ (B—A)a+A] +1}
14 anbn = - (n = 1). (3.7)
(1-a) { (1+8BB)n+B [ (B-A)p+Al+1}

Hence, by the inequality (3.5), it is sufficient to prove

that

(B-A)3(1-a) 0 (=) {(1+8B)n+3 [ (B-A)a+A] +1}

=

{(1+8BB)n+3 [ (B-A)a+A]+1} (1-a) { (1+3B)n+3 [ (B-A)p+A] +1}

(n=1).. (3.8)

It follows from (3.8) that

(1+n) (B=A)3(1+3B) (1-a) 2
{((1+3B)n+B[ (B-A)a+A]+1}%+ (B=A)2%p%(1-a)

(3.9)
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Defining the function w(n) by

(1+n) (B-A)3(1+3B) (1-a) 2

win) = 1 - . > ' 5 (n21),
((1+BB)n+3[ (B-A)a+A]+1}%+ (B-A)“A°(1-a)

(3.10)

we see that yw(n) is increasing of n. Therefore, we conclude

that

2(B-A)3(1+6B) (1-a) 2

e < w(l) =1 -
(2+8[ (B-R)a+ (B+A) 1} 2+ (B-A)2p%(1-a)?

“which completes the assertion of Theorem 3.

Using arguments similar to those in the proof of

Theorem 3., we can obtain the following results.

Theorem 4. If f(z) = 1 + a zn 0= *(a #.A,B), and
. - nil n Zp .B3.A, .
1 n L .
= PrE————— . *
g(z) > + n=§1 bn z e zp(qo,ﬁ,A,B). then f(z)*g(z) €

z;(r,ﬁ.A,B), where

T =1

2(B-A)3(1+3B) (1-a) (1-p)

(2431 (B-A) ot (B+A) ]} {2+3 [ (B=A) e+ (B+A) ] }+(B-A) 2B (1-a) (1-p)

The result is best possible for the functions

f(z) = = + z
243 [ (B-A)a+ (B+A) ]
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and
(B-A)B(1-)

g(z) = ; + z.
2+3 [ (B-A)e+(B+A)]
1 ] n 1
Theorem 5. If f(z) = — + -z a_ z and g(z) = — +
-_ z n&l D z
R n
2 bn z are in the class Zp[a,ﬁ.A,B,yl. then f(z)*g(z) =
n=1
SR f a_ b_z" e ¥ [6.8.A.B.7], where
z n=1 n n p » » ’ » ’

(B-R) By (1-a) 2

1+ (B-A)By+AR

The result is best possible for the functions

1 (B - A)Br(l — o)
f(z) = g(z) = = + z.
1 + (B - A3y + AR

1

TheoremA6. If f(z) = =

00)
+ 2 a_ z" e L,(e.7.A,B,7]

1
z

+
n

and g(z) =

iNA18

b 2" e zp[n,ﬁ,A,B,r]. then f(z)*g(z) e
1

Zp[T.ﬁ.A.B,Y]. where

(B-A)Br (1-a) (1-7m)

1+ (B-A)Br+Ap3

The result is best possible for the functions
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(B - A)Br (1 - &)
f(z) = = + z
1 + (B - A)3y + A3

and
1 (B - A)3»(1 — 7n)
g(z) = + z.
z 1+ (B-RA)pBy + A
Theorem 7. If f(z) = L + f a_ z" e *(a 3.A,B) d
jheorem /. - Ly 2n Ep .B.A, an
(z) = —— + f b_z" with |b | =<1, n=1, 2 then
g = 2. Pn ol =1, L2, ...,
f(z)*g(z) € & (a,3,A,B).
Proof. Since
X (148B)n+B3[ (B-A)a+A]+1
Ian bn[
L) (B-A)B (1l-a)
(14+83B)n+3 [ (B-A)a+A] +1
=1 (B-A)3(1l-a)
X (1+8B)n+3[ (B-A)a+A]l+1
o (B-A)3(1-a)

by Lemma 1, it follows that f(z)*g(z) € Z*(a,B.A,B).

[0 0]
Corollary 1. If f(z) = ——+ » a_z" e E;(a,ﬁ,A.B) and
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n
b =z
n n

5
[N
e
o 3
o
1A
o
IA
[
o
I

g(z) = —— + 1.2, ..., then

z

~NA18

n=1l

£(z)*g(z) € z;(a.ﬁ,A,B).

Using arguments similar to those in the proof of
Theorem 7, and using Lemmas 3,'and 4, we can obtain the

following result.

(80}
1 n
Theorem 8. If f(z) = —— + nzl a z' € I (a.8,AB.rl,
_ 1 i\ n o . _
and g(z) = —/— + 2 b,z with |pj =1. n=1.2, ..., then
n=1

f(z)*g(z) € § [«,3,A,B,>].

[09]
_ 1 n
Corollary 2. If f(z) = —— + nzl a, z e L (a.f.A.B.7],
P [00]
and g(z) = —%— + Z bn z' with 0 < bn <=1, n=1,2, ...,
n=l

then f(z)*g(z) € Zb[a.ﬁ.A.B.r].

o o]
Theorem 9. If f(z) = 1 + 2 a_ z"' and g(z) = 1 +
—_— z n z
© - n=1
2 bn z" are in the class Z;(Q.B.A,B) and

nél

2 + 3(B - Aley3 + (3A - B)B = O,

then
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also belongs to the class Z;(G,B,A,B).

Proof. Since f(z) e Z;(d.ﬁ,A,B), using Lemma‘2. we have

(1+#B)n+3( (B-A)a+A]+1

an < 1.
b, (B-RA)B(1-a)
and so
, o .
}: [(1+BB)n+ﬂ[(B—A)a+A]+1] 2
a’" =1
n
=1 (B-A)B3(1l-a)
Similarly, since g(z) € Z;(a.ﬁ.A.B).
R ((1+8B)n+pB[(B-A)a+A]+1) 2
b2 <1
n
= (B-A)B(1-a)
Hence
2 (1+3B) n+3( (B-A)a+A] +1 2
>+ CEEEE
L. 2 (B-A)A(1-a) n " “n

In view of Lemma 2, it is sufficient to show that

2 <
+ bn] = 1.

i™Te

,[(1+ﬁB)n+B[(B—A)a+A]+1][ 2
a
n

1 (B-A)R(l-a)

Thus the inequality (3.11) will be satisfied if,

1,2,...
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2

(1+3B)n+3 [ (B-A)a+A] +1 1 (1+83B)n+3 [ (B-A)a+Al +1
= 3 (3.12)
(B-A)B3(1-a) (B-A)B(1l-a)
or if
(1 + #B)n + 3(B - A)ey3 + (3R — 2B)3 + 1 = 0, (3.13)
for n = 1, 2, ... . The left hand side of (3.13) is an

increasing function of n, hence (3§13)is satisfied for all n

if
2 + 3(B-A)o3 + (3A - B)p =0,

which is true by our assumption. Hence the theorem.

Using arguments similar to those in the proof of Theorem

9, and using Lemma 4, we can obtain the following result.

fo.0]

Theorem 10. If f(z) = 1 + 2 a z"  and g(z) = A +
z n&1 n z
[0.0]
2 bn zn are in the class zp[a,ﬁ,A.B,y] and
n=1
1 + 2¥(B - A3 - ((B - Ay - A)B = O,
then

o 0]
F(z) = —%— + E: (ai + bi] zn
n=1

also belongs to the class Ep[a,ﬁ.A.B.Y].
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Remark 3.

(1) Putting A = -1 and B = 1, in Theorems 1,3,4,7 and

9, we get the corresponding results obtained in [(9].

(ii) Putting A = -1 and B = 1, in Theorems 2,5,6,8 and

10, we get the corresponding results for the class zp(a,ﬁ,y)

defined by Cho, Lee and Owa [4].

2.

4.
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