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ON A NEW CLASS OF UNIVALENT FUNCTI0NS
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ABSTRACT
A $wel\rceil$ -known linear operator is defi ned which acts on an analytic

function in the open unit disk by forming its convol ution with an
$i$ ncompl ete beta function. In thi $s$ paper, usi $ng$ thi $s$ operator, we
define a new class of analytic functi ons in the unit disk and prove
that thi $sc1$ ass consists enti rely of uni valent functi ons. An inclu-
sion result is gi ven. It is shown that it is $c1$ osed under convol ution
with convex function and some appli cations of this result are also
di scussed.

1. INTRODUCTION
Let A be the class of analytic functi ons $f$ on the open unit disk

$E=\{z : |z|<1\}$ , normali zed by $f(O)=O$ and $f^{\prime}(O)=1$ . The class A
is $c1$ osed under the Hadamard product or convol ution

$(f*g)$ (z) $=$ $\Sigma$ $a_{n}b_{n}z^{n+1}$ ,
$n=O$

where
$\infty$

$n+1$ $n+1$

$f(z)=nO\sum_{=}a_{n}z$
, $g(z)=nO\sum_{=}b_{n}z$

In particular, we consider convol ution with the functi on $\phi(a,c)$

defined by

$(a)_{n}$
$n+1$

$\phi(a,c;z)=nO\sum_{=}$ $\overline{\{c)_{n}}z$
. $z\in E$ , $c\neq O,$ $-1,$ $-2,$ $\ldots$ .

where

$(a)_{n}=$ $r(a+n)/r(a)$ ,

$i.e$ . $(a)_{o}=1$ . $(a)_{n}=$ a $(a+1)\ldots\ldots\ldots.(a+n-1)$ , $n>1$ . The functi on
$\phi(a,c)$ is an incompl ete beta functi on, rel ated to the Gauss $hy$per-
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geometri $c$ functi on by

$\phi(a ,c;z)=z21F(1,a;c;z)$

It has an analytic conti nuation to the z-plane cut al ong the positive
real li ne from 1 to $\infty$ . We note that $\phi(a.1;z)=\frac{z}{(1-z)^{a}}$ and $\phi(2,1;z)is$

the Koebe functi on.

Carlson and Shaffer [2] defi ned a convol ution operator on A
$i$ nvolvi ng an incompl ete beta function as

$L(a,c)f=\phi(a,c)^{*}f,$ $f\in$ A.

If $a=0,$ $-1,$ $-2,$ $\ldots.$ . then $L(a.c)f$ is a polynomi al. If a $\theta,$ $-1,$ $-2,$ $\ldots$ ,
then application of the root test shows that the infi nite series for
$L(a,c)f$ has the same radius of convergence as that for $f$ because

$\lim_{n+\infty}$

$|\frac{(a)_{n}}{(c)_{n}}|^{\frac{1}{n}}$

$=1$

Hence $L(a,c)$ maps A into itself. The Ruscheweyh deri vati ves of $f$

are L(n+l.l) $f,$ $n=0.1.2,$ $\ldots$ . . $L(a,a)$ is the identity and if a $\theta$ ,
$-1,$ $-2$ , ...., then $L(a,c)$ has a conti nuous inverse $L(c,a)$ and is a 1-1
mapping of A onto itself. $L(a,c)$ provides a convenient representation
of di fferenti ation and integrati on. If $g(z)=$ zf’ $(z)$ . then
$g=L(2,1)f$ and $f=L(1,2)g$ .

Let $P$ be the class of analytic functi ons with positive real part
in E. Then the class $P^{\prime}$ is defi ned to be the cl ass of all functi ons $f$

such that $f_{\in}^{\prime}$ P.

We now defi ne the following.

Definition 1. 1
Let $f_{C}A$ . Then $f\in P$ ‘ $(a,c)$ if and onl $y$ if, $L(a,c)f\in P^{\prime}$ .

2. PRELIMINARIES
$LeI a2.1$ [4].

If $c\neq 0$ and a and $c$ are real and sati sfy a $>N(c)$ , where
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$N(c)=\mathfrak{s}_{-}\frac{3c^{2}}{2}|c|++\frac{2}{3}\frac{1}{2}$

,

if $|c|$ $>\frac{1}{3}$

if $|c|$ $\sigma\frac{1}{3}$

(2.1)

then $\phi(c,a;z)$ is convex in E.

Levvwna 2.2 [6]

If $f$ is convex in $E$ wi th $f(O)=0$ and $f$ ‘ (0) $=1$ . then ${\rm Re}\frac{f(z)}{z}>\frac{1}{2}$

for $z\in$ E.

Lemma 2.3
If $p(z)$ is analyti $c$ in $E,$ $p(0)=1$ and ${\rm Re} p(z)>\frac{1}{2},$ $z\in$ E. then

for any functi on $F$ , analyti $c$ in $E$ and $F(0)=0$ , the functi on $(\frac{1}{2})p*F$

takes values of the convex hul 1 of $F(E)$ .
This result follows immedi ately from Hergl otz’ representati on for $p$ .
3. MAIN RESULTS

In the following, we prove that $P^{I}(a,c)\subset_{-}P^{I}$ .
Theorem 3. 1

Let $f\in P^{\prime}(a,c)$ , where a and $c$ satisfy the conditions of Lemma 2.1.
Then, for $z\in E,$ $f\in P^{1}$ . Thi $s$ impl $i$ es $f$ is $close-to$ -convex and hence

univalent in $E$ , see [3].

Proof
Si nce $L(a,c)f\in P$ ‘ , we have

${\rm Re}\{\phi(a,c;z)\star f(z)\}^{\mathfrak{l}}$ $>0,$ $z\in$ E. (3.1)

Now

$f^{1}(z)\Rightarrow[\frac{\phi(a,c;z)}{z}]*[f^{\prime}(z)]*$ $[\frac{\theta(c,a;z)}{z}]$

$=[\phi(a,c;z)*f(z)]^{\prime}*\frac{\emptyset(c,a;z)}{z}$ (3.2)

Applyi ng Lemmas 2.1 and 2.2, we see that

${\rm Re}\frac{\phi(c,a;z)}{z}>\frac{1}{2}$ , $z\in$ E. (3.3)

From (3.1), (3.2), (3.3) and Lenma 2.3, we obtain the requi red

result that ${\rm Re} f’(z)>0$ for $z\in E$ $i.e$ . $f\in P$ ‘.

Next, we prove an inclusion result.
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Theorem 3.2
Let $a\neq 0,$ $c$ and $d$ be real and $c>N(d)$ , where $N(d)$ is defi ned as

in (2.1). Then
$P^{I}$ (a , $d$ ) $\subset_{-}P$

‘ $(a,c)$ .
Proof

Let $f\in P^{\prime}(a,d)$ . Thi $s$ impli es that

$(\phi(a.d)^{*}f)$ ‘ $=p\in p$ for $z\in$ E. (3.4)
Now

$\phi(a,c)=\phi(a,d)*\phi(d,c)$ .
So

$(\phi(a.c)*f)^{\prime}=\frac{\phi(a,c)}{z}*f^{\prime}$

$=\frac{1}{z}[\phi(a,d)\star\phi(d,c)]*f^{\prime}$

$=(\frac{\phi(a,d)}{z}*f^{1})*R^{dc}z$

$=(\phi(a,d)*f)^{\prime}*\ovalbox{\tt\small REJECT} d,cz$ .
Using Lemmas 2.1 and 2.2 al ong with (3.4), we have $(\phi(a,c)^{*}f)^{1}$ $\in$ P. and
consequently $f\in P^{\prime}(a,c)$ . This proves our theorem.

We now prove that the cl ass $P(a,c)$ is cl osed under convol ution
with convex univalent functions.

Theorem 3.3
Let a $\neq 0$ and $c$ be real and sat$isfyc>N(a)$ . where $N(a)is$

defined in the similar way of (2.1). Let $\psi$ be a convex uni val ent
function in E. If $f\in P^{\prime}(a,c)$ . then $\psi*f\in P$ ‘ $(a.c)$ .
Proof

We want to show that

$(\phi(a,c)*(\psi^{*}f))$ $\in$ P.

Let $4L^{z}\perp z=\psi_{1}(z)$ . Then

$(\phi(a.c)*(\psi^{*}f))^{\prime}=(\phi(a,c)*(f*z\eta_{1}))^{\prime}$

$=\frac{\phi(a,c)}{z}*(f*z_{4^{1}1})^{\mathfrak{l}}$

–106–



$=(\frac{\phi(a,c)}{z}\star f^{\prime})\star h$

$=(\phi(a,c)^{*}f)^{\prime}\star h$

Usi ng the $La\eta mas2.1,2.2,2.3$ and the fact that $f\in P$ ‘ $(a,c)$ , we
obtai $n$ the desi red result.

We shall now gi ve some applications of theorem 3.3.

Theorem 3.4
Let $f\in P$ ‘ $(a,c)$ , where a and $c$ sati sfy the condi ti ons of

Theorem 3.3. Let, for $b>0$

$F(z)=\frac{b+1}{z^{b}}$ $\int_{0}zt^{b-1}$ f(t)dt. (3.5)

Then $F\in P^{\prime}(a,c)$ .
The operator (3.5) for $b=1,2,3,$ $\ldots$ . was studi ed by Bernardi [1].

Proof
Let

$\eta_{b^{(z)}}=j1\infty\sum_{=}$ $\frac{b+1}{b+j}zj$ , $1+\gamma=\frac{1}{b}$ , $b>0$

Then $\psi_{b}$ is convex for $z\in E$ (see [5]). Setti ng

$F(z)=(\psi_{b}*f)$ (z)

and using Theorem 3.3 we get the requi red result.

Theorem 3.5
Let $f\in P$ ‘ $(a,c)$ with a and $c$ satisfying the conditions of

Theorem 3.3. For $0<\lambda<1$ , let

$F_{\lambda}(z)=(1-\lambda)f(z)+\lambda zf$
‘ (z). (3.6)

Then $F\lambda\in P(a,c)$ for $|z|<r_{0}$ , where

$r_{0}=\frac{1}{2\lambda+\sqrt{4\lambda^{2}-2\lambda+1}}$
. (3.7)

$P$roof
We can wri te (3.6) as follows

$F_{\lambda}(z)=(\psi_{\lambda}^{*}f)(z)$ , (3.8)
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where

$\psi_{\lambda}(z)=(1-\lambda)\frac{z}{1-z}+\lambda\frac{z}{(1-z)}2$ $0<\lambda<1$

$=z+$ $\Sigma$ $[1+(n-1)\lambda]z^{n}$.
$n=2$

The functi on
$\psi_{\lambda}$ is convex for $|z|<r_{0},$ where $r_{0}$ is gi ven by

(3.7) and this radius is best possi bl $e$ . Therefore applying Theorem
3.3 for (3.8) we see that $F_{\lambda}\in P^{\prime}(a,c)$ for $|z|<r_{0}$ where $r_{0}is$ gi ven
by (3.7). This completes the proof.
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