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1. Introductim

Let A(p) denote the clan of functiens of the form

$f(z)-z^{\prime}+\sum_{h\cdot 1}^{\infty}a_{r\cdot r}t^{u}$ $(p-1,2,\ldots)$ (1)

which are analytic in the unit diec $D-\{z:|z|<1\}$ , and $A(1)$ . A. Further,

we define a function $F_{\lambda}(z)$ by

$F_{A}(r)-(1-\lambda)f(z)+\lambda$ zf (x) (2)

for $\lambda>0$ and $f(z)\in A(p)$ . For

$f(z)-\sum_{\mathfrak{n}B}^{\infty}a_{\mathfrak{n}}z$

“ and $g(z)-\sum_{o\mathfrak{n}}^{C^{\wedge}}b_{\mathfrak{n}}z^{\mathfrak{n}}$

we define the Hadamard product (or convolution) by

$f*g(z)\cdot\sum_{\mathfrak{n}4}^{\infty}a_{\mathfrak{n}}b_{\mathfrak{n}}z^{\mathfrak{n}}$ .
$I_{4}t$

$\phi(a,c;z)-\sum_{\mathfrak{n}4}^{\infty}\frac{(a)_{\mathfrak{n}}}{(c)_{\mathfrak{n}}}z^{n\cdot 1}$

$L(a,c)f-\phi(a,c)sf(z)$

(3)

$z\epsilon$ D. $c\neq 0,-1.-2\ldots$ .

$f(z)\acute{\dot{c}}$ A , (4)

where $(A)_{*}-\Gamma(n+A)/\Gamma(\lambda)$ . It is known by[1] that L(a.c) mapl A into
itself, and if $c>a>0$, L(a,c) hu the intngral repreeentatian

$L(a,c)f(z)-\int_{0}^{1}u^{-\iota}f( r\mu\mu(\bullet_{l}\triangleright\bullet)(u),$ (i)

where $\mu$ ig the beta distributiath

$d\mu(\bullet.c-\bullet)(u\succ\frac{u^{-}\{1-u\Gamma^{-}}{B(\bullet.c-\bullet)}du\iota$
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Clearly L(a,a) ie the unit operator and

$L(a,c)-L(a,b)L(b,c)-L(b,c)L(a,b)$ b.c: $0,-1,-2\ldots.$ .
Moreever, if $a\neq 0,$ $-1,$ $-2$ , ... , then L(s,c) hae an inveree L(c,a) and ie a
1-1 mapping of A into itself.

Recently, Saitoh [2] have studied eeme propertiee of function in the

claee A(p), and of the function $F_{1}(z)$ defined by (2). In thie paper, we
prove a sharp inequality and improve Saitoh’e regults.

2. Main remlts

In order te prove eur resultg, we have to recall here the following

lemmae.
LEMMA 1. ([3]) Let $p(z)-1+p_{1}z+p_{2}\neq+\cdots$ be analytic in the unit disc D.

If ${\rm Re}\{p(z)\}>0$ . then

${\rm Re}\{p(z)\}\geq\frac{1-|z|}{1+|z|}$

fer all $z\in$ D.
Taking $(p(z)-\beta)/(1-\beta)$ inetead of $p(z)$ in Lomma 1, we have

LEMMA 2. Let $\beta<1$ and $p(\bullet)-1+p_{1}z+p_{z}z^{2}+\cdots$ be analytic in the unit

diec D. If ${\rm Re}\{p(z)\}>\beta$ . then

$Re\{p(z)\}\geq\frac{1+(2\beta-1)|z|}{1+|z|}$

for all $z$ ( D.
With the aid of the abeve Lemmae, we prove a impartant Lemma.
LEMMA 8. Let $\alpha>0$ , $\beta<1$ and $p(z)-1+p_{1}z+p_{2}z^{2}+\cdots$ ie an analytic func-

tien in the unit disc D. If

${\rm Re}\{p(z)+azp\#z)\}>\beta$ . $z\in D$ (6)

then

$R\bullet\{p(z)\}>\phi(a.\beta)$ ,

where

$\phi(a. \beta)-$ $\frac{1}{\alpha}\int_{o}^{1}u^{i-\iota}\frac{1+(2\beta-1)u}{1+u}$ du. (7)
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This result ie sharp.

Proof. We define the function $q(z)$ by

$p(z)+a\bullet p^{j}(z)-q(z)$ .
Then $q(z)-1+q_{1}z+q_{2}z^{z}+\cdots$ is analytic in the unit diec D. By ueing (4), we
obtain

$zq(z)-(1-\alpha)[zp(z)]+\alpha z$ $[$zp $(z)]^{\prime}$

$-L(\frac{1}{\alpha}+1, \frac{1}{a})[zp(z)]$ .
that ig

zp $(z)-L(\frac{1}{\alpha}.\frac{1}{\alpha}+1)$ [zq(z)].

It followe from (6) that ${\rm Re}\{q(z)\}>\beta$ . Therefore, ueing (5) and Lemma 2,

we obtain

${\rm Re}\{p(z)\}-{\rm Re}\theta_{z}- L(\frac{1}{a}, \frac{1}{\mathfrak{a}}+1)$ [sq $(z)$ ]}

$-\frac{1}{B(\perp_{\mathfrak{a}}.1)}\int_{o}^{1}u^{\alpha}\iota_{-1}R\bullet\{q(uz)\}du$

$>\frac{1}{\alpha}\int_{o}^{\iota}u^{\alpha}\iota_{-1}\frac{1+(2\beta-1)u}{1+u}$du.

By considering the function $p(z)-$ $\{L(\frac{1}{a},\frac{1}{\mathfrak{a}}i1)[(z+(1-2\beta)z^{2})/(1-z)]\}/z$ ,

one can show that the regult ig best possible. Thug we complete the proof

of Lemma.
THKOREM 1. Let $f(z)\in A(p)$ . If

${\rm Re}\frac{tt_{(z)}^{J)}}{\iota rJ,Z}\}>\beta$ $(\beta<pl/(p-j)1_{1}z\in D)$ , (8)

then we have

${\rm Re}\{\frac{t^{P}\gamma_{z)}}{z^{rJ\cdot 1}}\}>\frac{p!}{(p-j+1)I}\phi(\frac{1}{p-j+1}, \frac{(p-j)!}{p!}\beta)$ , $(z\epsilon D)$ (9)

where $1<j<P$ . $\psi(z.y)$ is defined by (7). This regult is gharp.

Preof. We define the function $q(z)$ by

$\frac{(p-j+1)!}{p!}\frac{r^{\iota}1_{z)}}{z^{PJ1}}-q(z)$ . (10)

Then $q(\bullet)-1+q_{\iota}z+q_{2}z^{2}+\cdots$ is analytic in the diec D. Differentiating both
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gides of (10), we $ob\dot{b}in$

$\frac{(p-j)1}{p!}\frac{f_{(z)}^{s}}{I^{-r}}-q(z)+\frac{1}{p-j+1}$ zqtz).

It followe from (8) that

$R\bullet\{q(\bullet)+\frac{1}{p-J+1}\bullet q\uparrow z)\}>\frac{(p-j)!}{p!}\beta$ .
Hence, by using Lemma 3, we have

${\rm Re}\{q(z)\}>\psi(\frac{1}{p-j+1}, \frac{(p-j)!\beta}{p!})$ .
that $lg$

${\rm Re}\leftarrow_{Z}^{z)}\}>\frac{p1}{(p-j+1)!}\psi(\frac{1}{p-j+1}.\frac{(p-j)!\beta}{p!})n_{rJ\cdot 1}$ .
Thig reeult is gharp fellows from the fact the Lemma 3 $ie$ eharp. The
proef of Theorem 1 ie, therefore, completed.

Taking j-p in Theorem 1, we have
COROLLARY 1. Let $f(s)$ ( A(p) and suppoee

${\rm Re}\{\oint’)(z)\}>\beta$ $(\beta<p!;z\in D)$ .
then we have

$(z\in D)$ .
Thie reeult ie eharp.

Letting $j-1$ in Theorem 1, we have

COROLLARY 2. Let $f(z)\in A(p)$ and euppose

$R\bullet\{\frac{l(\bullet)}{z^{\nu- 1}}\}>\beta$ $(\beta<P z\epsilon D)$ .
then we have

${\rm Re}\{f\lrcorner z\lrcorner\}z^{l}>\psi(\frac{1}{p}, -gp^{-)}\cdot (\bullet\in D)$ .
Thie regult le eharp.

Making $p-j-1$ in Theorem 1, we have

COROLLARY 3. Let $f(z)\in$ A and euppoee

${\rm Re}\{l_{(Z})\}>\beta$ $(\beta<1. z\in D)$ ,
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then we have

${\rm Re}\leftarrow_{l}^{f(-)}\}>(2\beta-1)+2(1-\beta)\ln 2$ $(r\in D)$ .
Thig result is sharp.

REMARK. Fer $0\leq\beta<1$ , thie reeult hag been obtained by Owa [4] ueing
the subordination principle.

THEOREM 2. Let a function $F_{\lambda}(z)$ defined by (2) for $\lambda>0$ and $f(z)\in$

$A(p).$ If

${\rm Re}\frac{l\beta_{x}^{J}’(z)}{\iota- r,z^{\prime}}\}>\beta$ $(\beta<\frac{p!(1-A+\lambda p)}{(p-j)!}; g\backslash ;^{\prime}-\backslash D)$ . (11)

then

$Re\frac{f^{(J)}(z)}{z^{\nu J}}\}>\frac{p!}{(p-j)!}\psi(\frac{\lambda}{1-\lambda+\lambda p}, \frac{(p-j)\iota\beta}{(1-\lambda+\lambda p)p!})$ $(z\in D)$ ,

where $0\leq j\leq p$ , $\psi(x,y)$ is defined by (7). Thig result ig sharp.

Proof. By the differentiatien of $F_{1}(z)$ , we obtain

$F_{1}(j1(z)-(1-\lambda+\lambda j)f^{(J)}(z)+\lambda zt_{(z)}^{j\cdot 1)}$ . (12)

We define the function $q(z)$ by

$\frac{(p-j)!}{p!}\frac{f^{(J)}(z)}{z^{r-J}}-q(z)$ . (13)

Then $q(z)-1+q_{1}z+q_{2}z^{z}+\cdots$ is analytic in D. Making the differentiation in
(13), we have

$q(z)+\frac{\lambda}{1-\lambda+\lambda P}zq^{\prime}(\bullet)-$
$\frac{(p-j)!}{(1-\lambda+\lambda p)p!}\frac{F_{\lambda}^{cJ)}(\bullet)}{\bullet^{r- J}}$ .

By using Lemma 3 and (11), we have

${\rm Re}\{q(z)\}>\psi(\frac{\lambda}{1-\lambda*\lambda P}.\frac{(p-j)!\beta}{(1-\lambda+\lambda p)p!})$ .
It follows from (1S) that Theorem 2 holdg.

REMARK. Theorem 1 and Theorem 2 are the improvement and the ex-
tenrion ef the reeult by Saitoh [2].

Taking $j-0$ in Theorem 2, we have
COROLLARY 4. Let a function $F_{\lambda}(z)$ defined by (2) for $\lambda>0$ and $f(z)$

$\in A(p)$ . If
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${\rm Re}\{\frac{F_{\lambda}(z)}{l}*\}>\beta$ ( $\beta<1-\lambda+\lambda p$ : a $\in D$).

then

${\rm Re}\{\frac{f(z)}{z^{l}}\}>\psi(\frac{\lambda}{1-\lambda+\lambda p}.\frac{\beta}{1-\lambda+\lambda p})$ $(z\in D)$ .
Thig regult ig gharp.

Putting $j-p$ in Theorem 2, we have

COROLLARY 6. Let a function $F_{\lambda}.(z)$ defined by (2) for $\lambda>0$ and $f(z)$

$\in A(p)$ . If

${\rm Re}\{F_{\lambda}^{c’)}(z)\}>\beta$ $(\beta<p!(1-\lambda+\lambda p):g_{\overline{\backslash }}^{\prime}D)$ .
then

${\rm Re}\{f^{(*)}(z)\}>p!\iota|l(\frac{\Lambda^{\prime}}{1-\lambda+\lambda p}.\frac{\beta}{(1-\lambda+\lambda p)p!})$ $(z\acute{c}\prime D)$ .
This regult ig sharp.

Taking $j-1$ in Theerem 2, we have

COROLLARY 6. Let a function $F_{\lambda}(z)$ defined by (2) for $\lambda>0$ and $f(z)$

( A(p). If

${\rm Re}\{\frac{F_{)}^{J}(z)}{z^{-1}}\}>\beta$ $(\beta<p(1-\lambda+\lambda p): z\in D)$ .
then

$Re\{\frac{f^{\prime}(z)}{z^{\nu-\iota}}\}>P\psi$ $(\frac{\lambda}{1-\lambda.+\lambda p}. \frac{\beta}{(1-\lambda.+Ap)p})$ $(\iota_{\backslash }^{C}D)$ .
This result is sharp.

Making $p-1$ and $j-0$ in Theorem 2, we have
COROLLARY 7. Let a function $F(z)$ defined by (2) for $\lambda>0$ and $f(z)$

( A. If

${\rm Re}\{\frac{R(z)}{z}\}>\beta$ $(\beta<1:z\in D)$ ,

then

${\rm Re}\{\frac{f(z)}{z}\}>\psi(\lambda, \beta)$ $(z\in D)$ .
This result ig eharp.

Making $p-j-1$ in Theorem 2, we have
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COROLLARY 8. Let a function $F_{A}(z)$ defined by (2) for A $>0$ and $f(z)$

$\epsilon$ A. If

${\rm Re}\{F_{\iota}^{\prime}(z)\}>\beta$ $(\beta<1;zcrD)$ .
then

${\rm Re}\{t_{(g)\}}>\psi(\lambda, \beta)$ $(z\in D)$ .
This reeult is gharp.

REMARK. Corollary 7 and Corollary 8 are the improvement and the ex-
tension of the results by Owa [5].
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