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1. Introduction

Let A(p) denote the class of functions of the form

f@=r + 300, 7" (P12, ) M

k=g

which are analytic in the unit disc D={z:|z| <1}, and A(1) = A. Further,
we define a function F(z) by

F(2)=(1- A )f (z)+ A 2f(z) (2)
for A >0 and f(z) ¢ A(p). For
f(z)-zn: a z" and g(2z)= i b z" ,

we define the Hadamard product (or convclution) by

feg(z)= iau b z". (3)
w n
¢ (a,c;2z)= i !(%_;3_2".1 z¢ D, ¢%£0,-1,-2,-- ,
L(a,o)f = ¢(a,c)sf(z) fz) < A, (4)

where (A) =T(m+A)/T(A). It is known by [1] that L(a,c) maps A into
iteelf, and if ¢>a>0, L(a,c) has the integral representation

L(a.c)f(a)-I:u"f(m)du(a.c—a)(u) . ®)
where u ig the beta distribution

_______u"'(l—uf—"'d“ .

dufa,c-a)(u)= Ble.ca)
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Clearly L(a,a) is the unit operator and
L(a,c)=L(a,b)L(b,c)=L(b,c)L(a,b) ) b,c=0,-1,-2,---.

Moreover, if a0, -1, -2, .-- , then L(a,c) has an inverse L(c,a) and i a
1-1 mapping of A into itself.

Recently, Saitoh [2] have studied some propertise of function in the
class A(p), and of the function F,(s) defined by (2). In this paper, we

prove a sharp inequality and improve Saitoh’s results.
2. Main results

In order to prove our results, we have to recall here the following
lemmas.

LEMMA 1. ([3]) Let p(z)=1+p, s+p,2*+--- be analytic in the unit disc D.
If Re{p(z)}>0, then

Re(p@)}> —JHof

for all z¢ D.

Taking (p(z)-p )./ (1-p) instead of p(s) in Lemma 1, we have

LEMMA 2. Let B<1 and p(s)=14p, 3tp, t b 2O be analytic in the unit
disc D. If Re{p(z)}>8 , then

Re{p(z)} > “(21': I',l') 2]

for all z ¢ D.
With the aid of the above Lemmas, we prove a important Lemma.
LEMMA 8. Let a>0, B<1 and l’(')'“l’x'ﬂ’z'z*"' is an analytic func-
tion in the unit disc D. If

Re{p(s)+ azp(z)} > 8, s €D (6)
then
Re{p(z)} > w(a,B),
where
wa,p)m L[ b BEEDY,, ™
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This result is sharp.
Proof. We define the function q(z) by

p(z)+ aszp(=)=q(s).

Then q(z)=1+q, z+q_2*+..- is analytic in the unit disc D. By using (4), we
obtain

2q(z)=(1- a ) [ap(x)]+ az[zp(=)]
=L(1-+1, D [ap(a)],

that is

z2p(x)=L( -1, 1 41)[2q(2)].

It follows from (6) that Re{q(z)} >p8. Therefore, using (5) and Lemma 2,
we obtain

Re{p(z)}=Re {1 L1, 1 +1)[zq(s)]}

1 R
m-[ou Re{q(uz)}du

1 J“ 14 14(28-1)u (@p-Du
T 14m

By considering the function p(a)= {L(T,Tﬂ)[(ﬂ(l—z 8)2%) /(1-2)] ) /=2,
one can show that the result ig best possible. Thus we complete the proof
of Lemma.

THEOREM 1. Let f(z) € A(p). If

J)
Ret )56 (p< Bl eIk 1 D), ®
then we have
") p! (p D
Re{"mir} > =ty ¥ (g o B ) (€ D) ®

where 1<j<p, Y(x,y) is defined by (7). This result is sharp.
Proof. We define the function q(z) by

(p-j+1)! f"" z)
B

Then q(:)-l+qlz+qz 2?4+ is analytic in the disc D. Differentiating both

= q(z). (10)
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gides of (10), we obtain

£ ()

" q(z)+ 3q1(z).

p: p- j+1

It followe from (8) that

Refa+ —Ir sqta)) > DL Lk

Hence, by ugsing Lemma 3, we have

Re{q()} > ¥( ’“”'“).

p- j+1
that is

—1)¢
Re%f“jﬁ}> (p j“'l)' lb( p‘1j+1 ,(p J)'ﬁ)'

Thie result is sharp follows from the fact the Lemma 3 is sharp. The
proof of Theorem 1 is, therefore, completed.

Taking j=p in Theorem 1, we have

COROLLARY 1. Let f(s) € A(p) and suppose

Re{f"(z)} >8 (B< p!; 2€D),
then we have
Re {—f(;t!l} >p!(2 B -1)+2p!(1- B )In2 (z €D).

This result is sharp.
Letting j=1 in Theorem 1, we have
COROLLARY 2. Let f(s) € A(p) and suppose

Re{ft')} > (B<p, 3€D),
then we have
f
Re(£2) > v . £ (s € D).

This result is sharp.
Making p=j=1 in Theorem 1, we have
COROLLARY 3. Let f(z) € A and suppose

Re{f(z)} >B (B<1, 3€D),
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then we have
Re {iﬁ.‘l} >(28-1)+2(1- 8 )In2 (z € D).

This result is sharp.

REMARK. For 0 <P <1, this result has been obtained by Owa [4] ueing
the subordination principle.

THEOREM 2. Let a function F(z) defined by (2) for A>0 and f(g)¢
A(p). If

[ M

F, (z) _ PMI-A+AR) . .
Re{———:-,:r} > (B <L (P“j)! ; z:D), (11)
then
0] p! A (p-i)!B
Ret— 1>yt YT Tarapp)  ®€D)

where 0<j<p, W¥(x,y) is defined by (7). This result is sharp.
Proof. By the differentiation of F(z), we obtain

Fll2)=(1- A+ A D)+ Asf " (2). a2)
We define the function q(z) by
(- )

p! zP‘J

- q(z). 13)
Then q(z)-1+ q, z4q, z?+ ... is analytic in D. Making the differentiation in
(13), we have

@t A adaye @D Bl
W 55 ™ (1-A+Ap)p!

By using Lemma 3 and (11), we have

A (p-i)iB
Re{q(z)} > ¥( At AP GoAt A P)p! ).

It follows from (13) that Theorem 2 holds.

REMARK. Theorem 1 and Theorem 2 are the improvement and the ex-
tengion of the result by Saitoh [2].

Taking j=0 in Theorem 2, we have

COROLLARY 4. Let a function F(s) defined by (2) for A>0 and f(2)
€A(p). If
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Re{—F-;—‘g;’i}>B (B<1-A+Ap; 2€D),

then

f() B
Re{—21)> o Tag) @D

This result ie sharp.
Putting j=p in Theorem 2, we have
COROLLARY &. Let a function F,(z) defined by (2) for A >0 and f(z)

@ €A(p). If
Re{F, (2)} > 8 (B< p!(1- A+A P); z< D),
then
Re (") >0t 0 e 6D

This result ig gharp.

Taking j=1 in Theorem 2, we have

COROLLARY 6. Let a function F,(z) defined by (2) for A >0 and f(z)
cA(p). If

Re{—>7~ (')}>B (B<p(l-A+Ap); z2E€D),
then

£ ,. B -
Re{— 1> p ¥(5- M,\p S TEr vy (z £ D).

This result is sharp.

Making p=1 and j=0 in Theorem 2, we have

COROLLARY 7. Let a function FE(z) defined by (2) for A >0 and f(z)
CA. If

Re{—F:L')—} >8 (B < 1;2 €D),
then
Re(-£) } 5 y(2,8) @eD).

This result is sharp.
Making p=j=1 in Theorem 2, we have



COROLLARY 8. Let a function F,(z) defined by (2) for 2 >0 and f(z)

€A. If

Re{F.(z)} > B (p<1; z2€D),

then

Re{f(z)} >W(A,B) (z€D).

This result is gharp.

REMARK. Corollary 7 and Corollary 8 are the improvement and the ex-

tension of the resulte by Owa [6].
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