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On totally real submanifolds of a complex
projective space*

Yoshio Matsuyama

Abstract

Montiel, Ros and Urbano [3] showed a complete characterization of
compact totally real minimal submanifold-M of CP™(c) with Ricci cur-
vature S of M satisfying S > ﬂl‘l—;—zlc. The purpose of this paper is to
answer Ogiue’s conjecture which the above result remains true under the
weaker condition of the scalar curvature p of M satisfying p > 3—"(—1’%'—2-)-&

1 Introduction.

Let CP™(c) be an n-dimensional complex projective space with the Fubini-Study
metric of constant holomorphic sectional curvature c(> 0) and let M be an n-
dimensional compact totally real minimal submanifold isometrically immersed
in CP™(c). Let h be the second fundamental form of M in CP™(c).

Recently, Montiel, Ros and Urbano [3] proved the following: Let M be an n-
dimensional .compact totally real minimal submanifold isometrically immersed
in CP™(c). Then the Ricci curvature .S of M satisfies

3(n— 2)c

>
Sz 16

if and only if one of the following conditions holds: a) § = ﬁf—l-c and M is
totally geodesic, b) S = 0,n = 2 and M is a finite Riemannian covering of a flat
torus minimally embedded in CP?(c) with parallel second fundamental form, c)
S = ﬂ'{—s—zlc, n > 2 and M is an embedded submanifold congruent to the stan-
dard embedding of: SU(3)/S0(3),n = 5;SU(6)/Sp(3),n = 14;SU(3),n = 8&;
or Eg/Fy,n = 26.

Ogiue [5] conjectured the following: Under the weaker assumption of p >
3'—"i'—'—_—z)c, the above result remains true, where p is the scalar curvature of M.

16
With respect to this conjecture the author [4] showed: Let M be an n-dimensional
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compact totally real minimal submanifold isometrically immersed in CP™(c).
Then 3 %)
n(n —
>0 2
P="76 ¢

if and only if one of the following conditions holds. A) p = @c and M is
totally geodesic, B) p = 0,n = 2 and M is a finite Riemannian covering of the
unique flat torus minimally embedded in CP?(c) with parallel second funda-
mental form, C) p = ﬂ{'{—zlc, n > 2 and M is an embedded submanifold con-
gruent to the standard embedding of: SU(3)/SO(3),n = 5;SU(6)/Sp(3),n =
14; SU(3),n = 8 or Eg/Fy4,n = 26., D) p = @c— 422 > M1’-‘t.:—2lc,n # 2
and the second fundamental form of M takes the following form :

h(eh el) = AJel; h(€2,€2) = —AJel)h(ehCZ) = —AJezr
h’(ehej) = O)h’(eﬁaej) = O;h(ejiék) = Oaj)k = 3) MY (]

for some non-constant function A with respect to some suitable orthonormal
local frame field {e;,e2,--- ,en}, and if p is constant, then the case (D) cannot
occur, where J is the complex structure.

The purpose of this paper is to show that (D) cannot occur without the as-
sumption of constant scalar curvature, i.e., to prove Ogiue’s conjecture.
Theorem Let M be an n-dimensional compact totally real minimal submanifold
isometrically immersed in CP™(c). Then

3n(n —2)
> oo 4
P="76 ¢

if and only if one of the following conditions holds:

A) p= 3(1‘4:1—)c and M is totally geodesic,

B) p=0,n = 2 and M is a finite Riemannian covering of the unique flat torus
minimally embedded in CP?(c) with parallel second fundamental form,
C)p= ﬂ%-_?lc, n > 2 and M is an embedded submanifold congruent to the
standard embedding of: SU(3)/S0O(3),n = 5; SU(6)/Sp(3),n = 14;SU(3),n =
8 or Eg/Fy,n = 26.

2 Preliminaries.

Let M be an n-dimensional Riemannian manifold which is isometrically im-
mersed in a Kaehler manifold M of dimension 2(n + p). We denote by < , >
the metric of M as well as the one induced on M. We call M an totally real
submanifold of M if M admits an isometric immersion into M such that for
all z, J(TM) C v,, where J, T, M and v, denote the complex structure of
M, the tangent space of M at = and the normal space at z, respectively. Let
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h be the second fundamental form of the immersion and A¢ the Weingarten
endomorphism associated a normal vector &. Let denote by V' the covariant
differentiation with respect to the connection in (tangent bundle) & (normal
bundle) for the second fundamental form h. Then the second fundamental form
h of the immersion satisfies a differential equation (See [1] and [2]):
Proposition Let M be an n-dimensional totally real minimal submanifold im-
mersed in CP™(c). Then we have

1 ’ .
(1) FAIRE = VR + > trace(AaAg — AgAa)?
a,p
= (traceA, Ag)? + "—1”—1c|h|2
o0
= |[VRI?+ trace(Aadp — ApAa)?
a,B

—2trace( ) A2)2+ ntl 1c|h|2
@ 4
[0

3 Proof of Theorem.

At first, we prepare the following lemma:
Lemma ([2]): Let A and B be symmetric (n X n)-matrices. Then trace(AB —
BA)? > —2traceA%traceB2, and the equality holds for nonzero matrices A and
B if and only if A and B can be transformed simultaneously by an orthogonal
matriz into scalar multiples of A and B respectively, where

01 ‘ 1 0

T-( 10 © 5. 0

0 0 0 0
Moreover, if Ay, Az and A3 are (n xn)-symmetric matirices and if trace(A, Ag—
AgAas)? = —2traceA?traceB?, 1 < a,3 < 3, then at least one of the matrices
A, must be zero.

Next, we consider the case of the second fundamental form h of M taking the
following form:

(2) h(ely el) = AJel) h’(e2) 62) = "AJG], h(el: 62) = —AJe2’
otherwise zero for some function.

From Introduction we know that we have only to prove that only the case of
n = 2 holds if h satisfies (2) . Assume that the second funddamental form h of

— 1565 —



M takes (2) . From Proposition we have

-;-|h|2 = ||V'h||2 —24\* + c¢h|2

= ||V'hu—§|h|4+ = clh?

for the function . We put S, = traceA2 and denote Z Sa and Z SaSs by

a<f
n(n—1)

5 02, respectively. Then from (2) and Lemma we have

no; and
> trace(AaAp — ApAa)? = -2  traceAltraced}.
o,B a#f

Since the absolute values of the scalar multiples of Lemma are equal, we get

2 _

0'1 —_— 02.
Thus we get
1 +1
Fh? = v ‘RIZ+ " trace(Aa Ag — ApAa)® - 252 —clhl?
o,B
= |VA|?-2 E traceA2 trace4? — ZSZ c|h.|2
a#f
1
= IVHIP =23 5aSa = 3053+ “ el
a#fB
= |IV'A|?- (5_:.90,)2 -2 " S.Sp +Z 1c|h|2
a#p
= |IV'h|? - n202 —n(n—1)o, + 2 c[hl2
, 1
= [IV'AII? = (212 = n)o? + n(n - 1)(01 ~ 02) + "I clh?
’ n + 1
= [V R|? - (2n® — n)o} + clh|?
’ n + 1
= [IVA|*-(2- —)Ihl“ + ——clh|?
Hence we have
1 3
2=n=3

Thus n = 2.

— 156 —



References

[1] CHENCHEN, B. Y. AND OGIUE, K., On totally real submanfolds, Tans.
Amer. Math. Soc. 193, pp. 257-268 (1974)

[2] CHERN, S. S., poCArRMO, M. P. AND KOBAYASHI, S., Minimal sub-
manifolds of a sphere with second fundamental form of constant length,
Functional Analysis and Related Fields (Proc. Conf. for M. Stone, Univ.
Chicago Chicago III. 1968) Springer New York , pp. 59-75 (1970).

[3] MONTIEL, S., Ros, A. AND URBANO, F., Curvature pinching and eigen-
value rigidity for minimal submanifolds, Math. Z. 191, pp. 537-548 (1986).

[4] MATSUYAMA, Y., Curvature pinching for totally real submanifolds of a
complex projective space, J. Math. Soc. Japan 52, pp. 51-64 (2000).

[5] OGIUE, K, Recent topics of differential geometry, Mathematics: the pu-
plication of the Mathematical Society of Japan 39 pp. 305-319 (1987).

Department of Mathematics,
Chuo University

1-13-27 Kasuga,
Bunkyo-ku,Tokyo 112-8551, Japan
matuyama@math.chuo-u.ac.jp

Received March 14, 2002 Revised May 20, 2002

— 157 —



