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S. Tachibana (4) has introduced a C-analytic 1-form in a Sasakian manifold
which satisfies the following

orldrwin—ok(eilw)D = 0.

The vector »; given by the above relation corresponds to an almost covarient
analytic vector in an almost complex manifold.

In this paper, we shall define a C-analytic'covariant tensor in a contact mani-
fold, and consider some properties of C-anaiytic covariant tensor corresponding
to almost analytic covariant tensors in an almost complex manifold. In §1 we
shall define a C-tensor and a C-analytic tensor in an almost contact manifold. In
§2 we shall give some identities in a K-contact Riemannian manifold and a Sasa-
kian manifold. In §3 we shall state some properties of C-analytic tensors in a
compact K-contact Riemannian manifold. The last §4 will be devoted to the
discussion of a C-analytic tensor and a harmonic tensor in a compact Sasakian
manifold.

The author wishes to express his sincere thanks to Dr. S. Kot6 who has given
valuable suggestions to the author.

1. C-tensor and C-analytic tensor in an almost contact manifold.

Let M be an n(=2m+1)-dimensional differentiable manifold with local coordi-
nates {x?}. If there exist a tensor field ¢j, a contravariant vector field & and
a covariant vector field 7; on M satisfying the following relations:

a n =1,
a. 2 rank|¢;t| =2m,
a. 3 0i*¢7=0,
a. 4 ‘ ¢jii=0,

1) As to the notations, we follow K. Yano’s.
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1. 5 Qiioni = —oni+Tné,

then the manifold M is called an almost contact manifold [1].

First of all, we shall introduce a C-tensor in an almost contact manifold which
corresponds to a pure tensor in an almost complex manifold. If a tensor Tj,..;, (for
brevity T()) satisfies the following

(]_ 6) $0jtaij"‘a"'js"'J'1 — (Pjsanp"'jt"‘a"'jx for every js, ].t,
then we say that the tensor T is a C-tensor.
Transvecting (1.6) with ¢;7¢ and putting T(j) = @js®T jpa 1
we have
?ijtT‘jp"'jt"'js'"h — §0jsaij"'i"'a"'j1-

Hence, we have the following
LemMmA 1.1.  In an almost contact manifold, if Ty is a C-tensor, then f(j) is also

a C-tensor.
Using (1.3) and (1.6), we have

a. n 18T iy g jy =0.
By lemma 1.1, we have immediately

aQ 8 78T iy aj;=0.
Hence, we have the following

LeEMMA 1.2. In an almost contact manifold, C-tensors T ;5 and T(,') are both orthogo-

nal to 7.
Next, we shall introduce a C-analytic tensor ‘which is corresponding to an

almost analytic tensor in an almost complex manifold. In an almost contact
manifold, if a skew-symmetric C-tensor T, satisfies

0wl ipin1=r!ouT jp i3

then we shall say that T, is a C-analytic tensor.
This equation can be written in the tensor form

a 9 v [ijp'"jﬂ:SDkl Vul'ip i

where V. denotes the operator of Rimannian derivative. In this place, we
remark that C-analytic tensor is always skew-symmetric.
Now, (1.9) can be written explicitly as

—~ 4 —~ Y4
1. 10) Vijp-"jl—Zj.lesij---k-"jl=¢>k’Vszp-'-ﬁ-sok’Z_‘iVjsij-"z---h-
5= s

Taking account of (1.6), (1.10) turns to
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= L b
Vil jp~--j1—21(V js¢kl)Tj1,---,---,-,—¢klglv i Tiv 1,
§= s=

4
=@ ViTjp s — P! 2V jsT it su-
=
Hence, we have

~ p
1. 1D gbksVsT(j)—VkT(j)+21(er‘Pkl>Tfp"'l"‘i1 =0
=

which is corresponding to the relation given by an almost analytic tensor in an
almost complex manifold®.

2. Identities in almost Sasakian manifolds.

Let M be an n-dimensional differentiable manifold. If there exists a 1-form
7 over M such that

IN(dn+0

where d» means the exterior differential of 7 and the operator A means the
exterior multiplication. Then the manifold M is said to be a contact manifold [1].

It is well known that in a contact manifold we can find four tensors ¢j, &i, 7;
and gj; so that they define an almost contact Riemannian structure. We call the
manifold with an almost contact Riemannian structure briefly an almost Sasakian
manifold.

In an almost Sasakian manifold, we know the relations between tensors ¢ji,
&i, 7; and gj; such that

@ D : giifi=1
Q. 2 giiohiori=gnt—"Th"k
2. 3 2¢i=0;7;—0;7;

where 9;=0/dx;.

In an almost contact manifold, there are four tensors Nkji, Nkj, Nj and N;
which correspond to the Nijenhuis tensor in an almost complex manifold. The
contact Riemannian manifold with vanishing N;/ and Nz;ji are called a K-contact
Riemannian manifold and a normal contact Riemannian manifold (for brevity a
Sasakian manifold) respectively.

We know that in a K-contact Riemannian manifold, 7 is a killing vector field
with respect to the Riemannian metric, that is, the following relation is satisfied :

2) For an almost complex manifold, see S. Tachibana [3].
3) In this paper, we use a notation 77 in stead of &J.
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c. 9 V i7i+Vil;=0.
In a Sasakian manifold the following relation is satisfied :
2. 5 V rpii="7;gir—Mig jk-

Hence, it will be shown that for a contact Riemannian manifold if % is a
Killing vector field, then the manifold reduces to K-contact Riemannian manifold
and for a K-contact Riemannian manifold, if the relation (2.5) is satisfied, then
the manifold reduces to Sasakian manifold.

Now, we shall prepare some useful identities in a K-contact Riemannian
manifold.

From (2.3) and (2.4), we have

. 6 0i=V ;7.
From (2.6), we easily find
@ D V kpji+ Vigrj+V joir=0.
Operating Vv to (1.5), by (2.6) we get
2. 8 OrIV kst + @iV kohI = QrnTE + Thokt.
In (2.8) contracting i and 4, by (1.3) and (1.4), we have
2. P ©rIV rpih=0.
Transvecting (2.7) with ¢/, by (2.9) we have
. 10 ki kpji=0.
Operating Vi to (1.3), by (2.6) and (1.5), we have
. 11D NIV hepsi=0nt —Tn7i.
Transvecting (2.7) with 7%, we have
Q. 12) 7RV hepjt=0.
Transvecting (2.8) with ¢#* and using (1.5), (2.10) and (2.12), we have
2. 13) V’¢ir='(n—'1)77£.
Finally substituting (2.13) into the Ricci’s identity, we get

Q. 149 V ¥V jori=Rjap® + —lz-—go“”Rabj"—{—(l——n)goji
where Rap;ji and Rjs are Riemannian and Ricci tensors respectively.

3. C-analytic tensors in a compact K-contact Riemannian manifold.

In this section we assume that M is a compact K-contact Riemannian mani-
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fold and Ty is a C-analytic tensor.
Operating V* to (1.8), we have

@G D 16 kT jpajr+Tipa i,V &h2=0.
Taking account of (2.6), (3.1) is written as

G 2 18 kT jpaju=—"Tjp k" jrr
Transvecting (3.2) with 7% by (1.7) we have

(CR)) k127 kT jp a1 =0.

Next, transvecting (1.11) with 74 by (1.3) we have

~ b
3.4 7/kVkT(j)=77k2=1<VjrSDkl)Tip"'I"'jl-

The right hand side of the above equation can be written as

Since ¢,*Tjp-kjy=—Tjp-irjr» from (3.4), we have
3. 5 7% kT ciy=pT -
Transvecting (3.5) with ¢rir, we have
Nenir(V k@ijr) T ipwa i1+ Tonir ;0% kT jpa s =pf'(j),
In this place, making use of (2.12), (1.5) and (3.3) we have
@G 6 WV T iy=—pT e
Hence, taking account of (3.1), (3.6) can be written as
7V kT jpja=0.
On the other hand, transvecting (1.9) with ¢x% by (1.5), we have
onkV kT p 0= — V T jp 13-+ IV T iy
Consequently, since ﬁj>=—T<,'>, by (3. 7), we obtain
@G. 8 ' tpthckfjp-"j1:=Vchﬁ'p"'m-
Thus, we have the following

THEOREM 3.1. In a K-contact Riemannian manifold, if Ty is a C-analytic tensor,
then T(D is also C-analytic.

By this theorem, we have immediately the following
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THEOREM 3.2. In a K-contact Riemannian wmanifold, if skew-symmetric C-tensors
T and T( iy are both closed, then they are both C-analytic.
Transvecting (1.11) with ¢»*, we have

~ p
G. 9 VhT(j)—vhvsvsT(j)+(Pthk’l‘(j)—-Z{th(erngl)ij"'l"'h=0
=
from which it follows
p
(3-10) VT G>—"W1V ST iy +onkis®V kT spiaa— 23008V 5rpk DT spma s
=
=@r*(V j10k%—V k019 T jp jaa-
Operating (p:f,g7,k+8:7,07,%) to (3.10), we have
@t} V 3,T >+ @7V kT jp jot — 978V kT jpr jat + 07,25,V kT ()
—¢tjlvjo(i)’_ﬂjzvsﬂofjlvST(i)+7]jz77$§D‘j1VST(f)

=@iketa(V 110ka) T )+ 07Ponk(V 5,0k )T (j>-

In this equation, taking account of (3.2), (3.3) and (3.5), the 4-th, 6-th, and
7-th terms of the left hand side vanish respectively, and therefore it is easy to
see that the left hand side vanishes, but, the right hand side, making use of (1.4),
2.7, (1.7) and (1.8), reduces to 2(V7,0:7,)T .

Hence, we get

G 1 (Vipti)T =0
from which, by (2.7), it follows
G. 12) (V1977 )T>=0.
On the other hand, transvecting (3.10) with ghi,, we get
)
G. 14 2V T iy jah=220"*(V jrpk DT ip--a-h-
Accordingly, by (3.12), we have
(3. 15) V 4T jp. jo2n=D0.
Next, operating v* to (1.11), we have
o~ p
3. 16) VkaT(j)=(ngDks)VsT(j)+(PkstVsT(j)+21(VijrSDkl)ij---l---iv

Multiplying (3. 16) by 7¢», and making use of the Ricci’s identity and (2.14),
we have

@. 17 TV T ejy=pn—1)TOTcj— %sokstsh’ Tjped TP
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57D (RjsapT jp1+—5- 95 Rasji Tip1+ (L= m)YT DT>+ (V ju o)V ¥T o1}

=pTPR;j1Tjp-a+pTP(V jsp* )V kT jp-.1.

On the other hand, operating V% to V;Tj,-k and making use of the Ricci’s
identity and (3.15), we have

3. 18) vkv,-,Tj,,.,.k—_—_RhITj,,.._,_;ézek,-u-sl‘z",-,,...,...k.
Multiplying (3.18) by p 7, we have
(3. 19 pTDV kY ,-f,-,,...k=pR,-1tT,-,...,:‘r‘<j>__&i’zlllkkt,-,,-jj,,.“,kfz:>.
Hence, subtracting (3.19) from (3.17), we have
(3. 20) TCDVkVEkT,-p...,-IJ:L@z_&—Rkththp...,chn_i-p TV js0*)V kT jpe1.

Operating Vi to (3.12), we have

(VeV @i i )Ty +(V 1977 )V kT jy=0.

Transvecting the above equation with 7%,* and making use of the Ricci’s identity,
we have

3. 2D Tivkt Rpssii@si,Tcjy=—Tip bt (V 193,5,)V kT (-
Substituting (3.21) into (3.20), we have

+p—1V j.Tip-1k}

= 5 TPV gDV enT i1

In this place, taking account of (2.1) and (1.4), the right hand side of (3.22)
turns to

Tip=3,V j,0"V cmTjp13= —;—ijmb.tcaajlabjg—“SDajlﬁDbjz)(V 1V emT jp-jala

1 .. .
= -Z—Tfp""’” {(V 2oV i Tjpb13 +0ai1(Vipjym— N Mm@ DV e T jpej213}

1, _ |
=—5T75.0¢{(V a@m)V tmT jp--b13+20a?,(V 10jsmIV cmT jp-jala}

lep"'b“ {(V a§0ml)V tmd jp--bl1+ (V I?’ajl‘)V EJ'1TJ'I>"'.7'21]}
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Consequently we get

o ~ 1 =~ =
VE(TDV L jpe§r3) =p—+1-V el 5.9V Eijir"le-

If the manifold is compact, then applying Green’s theorem we have

where do means the volume element of M.

Hence we can deduce VT jp.j13=0.
Thus taking account of (3.15) and theorem 3.1, we have the following

THEOREM 3.3 [In a compact Riemannian manifold, if Ty is a C-analytic tensor,
then Tjy and f(j) are both harmonic.

4. Harmonic tensors in a compact Sasakian manifold.

In this section we assume that M is a compact Sasakian manifold. First of
all, we shall try to prove the converse of theorem 3. 2.

Let T¢;y be a harmonic C-tensor. Operating V* to VhT(j) and taking account
of (1.8) and (2.5), we have

A D VAV T ¢y=V 4 jiTip-hir+ 052! VAT jptj)
=—Tjpiv+ MV jiTiptis+0iad VAV KT jpe 1y
=0 VAV AT jp 1y

Operating V# to V;j,Tjs.j.h We have
4. 2) VY i T e ish=V (T pejsh+ 9ot V 1, Tip-1h)
= —Tjpiniz=1V 5\ Tip1js+ @ VAV 1 Tsp.1h
=it VEV i1T jp--1h.

Subtracting (4.2)xp from (4.1), since ﬁj)='——T(j) we find

A 3 VAV T (3 —pV AV 5, Tipiah =0t (V AV T jpe s —DV 5V 5, T jpe k).

Multiplying (4.3) by T, we have

@ 9 TNV hT iy —pTDVIY T jp.-.joh

=Tir. 1iy(VEV KT jp15;—DV VYV j1Tjp.th)

=Tir1i,(VEV T jp-1j1—PRj 1! Tiptt — p—@-z-_Q—R"’j,szp---th)

4) For an almost Kahler and a Tachibaba space, see S. Sawaki and S. Kot [2].



49

=T7215CAT jp151)s
where AT is Laplacian of T.

Consequently, if Ty is harmonic, then we have

o~ i~ 1 ~ ~
4. 5 VLDV 4l fp---m)=mv 15313V thd jpeoejn)-

Accordingly, applying Green’s theorem to (4.5), we have
SM(V T 'i03 3V 41 jp---jry) da=0,

from which we can deduce V(41 jp.-j;3=0.

Since it is easy to see that V#7,..;,,=0, we have the following

THEOREM 4.1. In a compact Sasakian manifold, if a skew-symmetric C-tensor T(j)
is harmonic, then T(j) is also harmonic.

By this theorem and theorem 3.2, we can see that in a compact Sasakian
manifold a harmonic C-tensor is C-analytic.

Thus, taking account of theorem 3.3, we have the following

THEOREM 4.2. In a compact Sasakian manifold, a necessary and sufficient condition
that a skew-symmetric C-tensor be harmonic is that it is C-analytic. ‘

NIIGATA UNIVERSITY

References

1. S. SASAKI and Y. HATAKEYAMA: On differentiable manifolds with contact metric structures, J. Math.
Soc. Japan, 14 (1962), 249-271.

2. S. SAWAKI and S. KOTO: On some properties of almost analytic tensors in an *O-space, Ann. di

Math., 66 (1964), 137-154.

S. TACHIBANA: Annalytic tensors and its gencralization, Téhoku Math. J., 12 (1960), 208-221.

S. TACHIBANA: On harmonic temsors in compact Sasakian spaces, T6hoku Math. J., 17 (1965),

271-284.

W



	1. C-tensor and C-analytic ...
	2. Identities in almost ...
	3. C-analytic tensors ...
	THEOREM 3. ...
	THEOREM 3. ...
	THEOREM 3. ...

	4. Harmonic tensors in ...
	THEOREM 4. ...
	THEOREM 4. ...

	References

