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1. Introduction and Summary

In the case of finding the unique root $\theta$ of the equation $M(x)=0$ , situations may oc-
cure where even the precise setting of the x-levels of an experiment is impossible with-
out error. DUPA\v{c} and KRAL [31 and WATANABE [6] dealt with these situations. On the
other hand, there are cases in which it is advantageous to use a process which converges
to $\theta$ from below. ANBAR [11 gave a modified Robbins-Monro (RM) procedure for guaran-
teeing that with probability one the procedure overestimates $\theta$ only finitely many times.
In this paper, it is shown that assuming that the error in $x\cdot level$ can be made small at
some rate at each step, the modified RM procedure overestimates $\theta$ only finitely many
times with probability one.

This paper consists of five sections. In section 2, we shall give some assumptions,
notations and a lemma. In section 3, we shall show a convergence theorem. Section 4
will give some lemmas which are used in section 5. In section 5, we shall present two
theorems which show that with probability one the modified RM process overestimates
$\theta$ only finitely many times and give an asymptotic normality of the process.

2. Preliminaries

Let $R$ be the real line. Let $\{U^{n}(x)\}$ and $\{V^{n}(x)\}$ be two sequences of random vari-
ables which depend on parameter $x\in R$. Suppose that for each $n,$ $U^{n}(x)$ and $V^{n}(x)$ are
measurable functions of $x$. Further, suppose $E[U^{n}(x)]=E[V^{n}(x)]=0$ for all $x\in R$ and all
$n\geq 1$ .

Let $M(x)$ be a real-valued measurable function on $R$, let $\theta$ be the unique root of $M(x)$

$=a$ where $a$ is an arbitrary given number.
Let us define the mdified RM procedure proposed by ANBAR [11 as follows: Let $X_{1}$ be

a random variable with $ E[X_{1}^{2}]<\infty$ and let define $X_{2},$ $X_{3},$ $\cdots$ by the recursive relation

(2. 1) $X_{n+1}=X_{n}-a_{n}[M(X_{n}+u_{n})-v_{n}-\alpha+b_{n}]$ $n=1,2,$ $\cdots\cdots$
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where $\{a_{n}\}$ is a sequence of positive numbers satisfying

(2. 2) $\sum_{n-1}^{\infty}a_{n}=\infty$ , $\sum_{n-1}^{\infty}a_{n}^{2}<\infty$ ,

$\{b_{n}\}$ is a sequence of numbers satisfying

(2. 3) $\lim_{n\rightarrow\infty}b_{n}=0$,

$u_{n},$
$n\geq 1$ , are random variables whose conditional distributions, given $X_{1},$ $u_{1},$ $\cdots,$ $u_{n-1}$ ,

$v_{1},$ $\cdots,$ $v_{n-1}$ , coincide with those of $U^{n}(X_{n})$ , and $v_{n},$ $n\geq 1$ , are random variables whose
conditional distributions, given $X_{1},$ $u_{1},$ $\cdots,$ $u_{n},$ $v_{1},$ $\cdots,$ $v_{n-1}$ , coincide with those of $V^{n}(X_{n}+$

$u_{n})$.
The following lemma given by WATANABE [51 will be needed to prove Theorem 3. 1.

LEMMA 2. 1. Let $\{U_{n}\}_{n-1}^{\infty}$ and $\{V_{n}\}_{n-1}^{\infty}$ be two sequences of random variables on aprob-

ability space $(\Omega,\mathfrak{U},P)$ . Let $\{\mathfrak{U}_{n}\}_{n-1}^{\infty}$ be a sequence of sub-a-algebras ofUt, $\mathfrak{U}_{n}\subset \mathfrak{U}_{n+1}\subset \mathfrak{U}$, where

$U_{n}$ and $V_{n}$ are measurable with respect to $\mathfrak{U}_{n}$ for each $n\geq 1$. Furthermore, let $\{a_{n}\}_{n-1}^{\infty}$ be a

sequence ofpositive numbers satisfying

(2. 4) $\lim_{n\rightarrow\infty}a_{n}=0$, $\sum_{n-1}^{\infty}a_{n}=\infty$ .

Suppose that the following conditions are satisfied:
(2. 5) $U_{n}\geq 0$ $a$. $s$. for all $n\geq 1$ ,

(2. 6) $ E[U_{1}]<\infty$ ,

(2. 7) $E[U_{n+1}|\mathfrak{U}_{n}]\leq(1-a_{n})U_{n}+V_{n}$ $a$. $s$. for all $n\geq 1$ ,

(2. 8) $\sum_{n-1}^{\infty}E[|V_{n}|]<\infty$ .

Then, it holds $that\lim_{n\rightarrow\infty}U_{n}=0a.s.$ and $\lim_{n\rightarrow\infty}E[U_{n}]=0$.

3. Convergence of the modified RM process

In this section, an almost surely convergence of the modified RM process is proved.

THEOREM 3. 1. Let $\{a_{n}\}_{n-1}^{\infty}$ be a sequence of non-negative numbers and $\{\beta_{n}\}_{n-1}^{\infty}$ be a
sequence ofpositive numbers. Suppose the following conditions are satisfied:

(3. 1) $K_{1}\leq(M(x)-a)/(x-\theta)\leq K_{2}$ for all $ x\neq\theta$ ,

where $K_{1}$ and $K_{2}$ are some positive constants;

(3. 2)
$\sup_{-\infty<x<\infty}Var[U^{n}(x)]\leq a_{n}$ for all $n\geq 1$ ;
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(3. 3) $\sup_{-\infty<x<\infty}Var[V^{n}(x)]\leq\beta_{n}$ for all $n\geq 1$

(3. 4) $\sum_{n-1}^{\infty}a_{n}a_{n}<\infty$ ;

(3. 5) $\sum_{n-1}^{\infty}a_{n}^{2}\beta_{n}<\infty$ ;

(3. 6) $\sum_{n-1}^{\infty}a_{n}|b_{n}|<\infty$ .
Then, the modified $RM$ process $X_{n}$ defined by (2. 1) converges to $\theta$ with probability one as
well as in mean-square.

PROOF. Without loss of generality we may assume $\alpha=0$ . From (2. 1) we have

(3. 7) $X_{n+1}-\theta=(X_{n}-\theta)-a_{n}M(X_{n}+u_{n})+a_{n}v_{n}-a_{n}b_{n}$ .
Squaring both sides of (3. 7) and taking conditional expectations on both sides given $X_{1}$ ,

, $X_{n}$ , we obtain

(3. 8) $E[(X_{n+1}-\theta)^{2}|X_{1}, \cdots, X_{n}]$

$=(X_{n}-\theta)^{2}+a_{n}^{2}E[M^{2}(X_{n}+u_{n})|X_{1}, \cdots, X_{n}]$

$+a_{n}^{2}E[v_{n}^{2}|X_{1}, \cdots, X_{n}]+a_{n}^{2}b_{n}^{2}-2a_{n}(X_{n}-\theta)E[M(X_{n}+u_{n})$

$|X_{1},$ -, $X_{n}$] $-2a_{n}^{2}b_{n}E[v_{n}|X_{1}, \cdots, X_{n}]$

$+2a_{n}(X_{n}-\theta)E[v_{n}|X_{1}, \cdots, X_{n}]-2a_{n}b_{n}(X_{n}-\theta)$

$-2a_{n}^{2}E[M(X_{n}+u_{n})v_{n}|X_{1}, \cdots, X_{n}]$

$+2a_{n}^{2}b_{n}E[M(X_{n}+u_{n})|X_{1}, \cdots, X_{n}]$ .
From the property of $V^{n}(x)$ and (3. 3), it is easily seen that $E[v_{n}|X_{1}, \cdots, X_{n}]=0$ and $E[v_{n}^{2}$

$|X_{1},$
$\cdots,$

$X_{n}$] $\leq\beta_{n}$ .
Let us define $Q(x, \theta)$ as follows:

$Q(x, \theta)=M(x)/(x-\theta)$ if $ x\neq\theta$

$=a_{1}$ if $ x=\theta$

where $a_{1}$ is an arbitrary fixed constant with $K_{1}\leq\alpha_{1}\leq K_{2}$ . By (3. 1) we get

(3. 9) $M(x)=Q(x, \theta)(x-\theta)$

where $K_{1}\leq Q(x, \theta)\leq K_{2}$ for all $x$.
Since $|M(X_{n}+u_{n})|\leq K_{2}(|X_{n}-\theta|+|u_{n}|)$ , it follows by (3. 2) and (3. 9) that

(3. 10) $E[M^{2}(X_{n}+u_{n})|X_{1}, \cdots, X_{n}]$

$\leq 2K_{2^{2}}(X_{n}-\theta)^{2}+2K_{2^{2}}E[u_{n}^{2}|X_{1}, \cdots, X_{n}]$

$\leq 2K_{2}^{2}(X_{n}-\theta)^{2}+2K_{2}^{2}a_{n}$ .
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Using (3. 9), we have

$(X_{n}-\theta)E[M(X_{n}+u_{n})|X_{1}, \cdots, X_{n}]$

$=(X_{n}-\theta)^{2}E[Q(X_{n}+u_{n}, \theta)|X_{1}, \cdots, X_{n}]$

$+(X_{n}-\theta)E[Q(X_{n}+u_{n}, \theta)u_{n}|X_{1}, \cdots, X_{n}]$ .
The relation (3. 2) and Schwarz’s inequality imply

$|E[Q(X_{n}+u_{n}, \theta)u_{n}|X_{1}, X_{n}]|\leq K_{2}a_{n}^{*}$

Therefore, we have

(3. 11) $(X_{n}-\theta)E[M(X_{n}+u_{n})|X_{1}, \cdots, X_{n}]$

$\geq K_{1}(X_{n}-\theta)^{2}-K_{2}a_{n}^{*}|X_{n}-\theta|$ .
It follows by (3. 2) and (3. 9) that

(3. 12) $|E[M(X_{n}+u_{n})|X_{1}, \cdots, X_{n}]|$

$\leq K_{2}|X_{n}-\theta|+K_{2}a_{n}^{*}$

By making use of $E[v_{n}|X_{1}, \cdots, X_{n}, u_{n}]=0$ and taking conditional expectations given $X_{1}$ ,
, $X_{n}$ , we obtain

(3. 13) $E[M(X_{\hslash}+u_{n})v_{n}|X_{1}, \cdots, X_{n}]=0$.
The relations (3. 8), (3. 10), (3. 11) and (3. 12) yield that

(3. 14) $E[(X_{n+1}-\theta)^{2}|X_{1}, \cdots, X_{n}]$

$\leq(X_{n}-\theta)^{2}+2K_{2}^{2}a_{n}^{2}(X_{n}-\theta)^{2}+2K_{2}^{2}a_{n}^{2}a_{n}+a_{n}^{2}\beta_{n}+a_{n}^{2}b_{n}^{2}$

$-2K_{1}a_{n}(X_{n}-\theta)^{2}+2K_{2}a_{n}a_{n}^{*}|X_{n}-\theta|+2a_{n}|b_{n}(X_{n}-\theta)|$

$+2K_{2}a_{n}^{2}|b_{n}(X_{n}-\theta)|+2K_{2}a_{n}^{2}|b_{n}|a_{n}^{*}$

By making use of the inequality $2ab\leq ka^{2}+k^{-1}b^{2}$ for any $k>0$, we get the following
$i$ nequalities:

(3. 15) $2K_{2}a_{n}a_{n}^{*}|X_{n}-\theta|\leq 2^{-1}K_{1}a_{n}(X_{n}-\theta)^{2}+2K_{1}^{-1}K_{2}^{2}a_{n}a_{n}$ ,

2$a_{n}|b_{n}(X_{n}-\theta)|\leq 2^{-1}K_{1}a_{n}(X_{n}-\theta)^{2}+2K_{1^{-1}}a_{n}b_{n}^{2}$ ,

$2K_{2}a_{n}^{2}|b_{n}(X_{n}-\theta)|\leq K_{2}a_{n}^{2}(X_{n}-\theta)^{2}+K_{2}a_{n}^{2}b_{n}^{2}$ ,

$2K_{2}a_{n}^{2}|b_{n}|a_{n}^{*}\leq K_{2}a_{n}^{2}a_{n}+K_{2}a_{n}^{2}b_{n}^{2}$ .
Hence, it follows from (3. 14) and (3. 15) that

(3. 16) $E[(X_{n+1}-\theta)^{2}|X_{1}, \cdots, X_{n}]$
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$\leq\{1-(K_{1}-2K_{2}^{2}a_{n}-K_{2}a_{n})a_{n}\}(X_{n}-\theta)^{2}$

$+(2K_{2}+1)a_{n}^{2}b_{n}^{2}+(2K_{2}^{2}+K_{2})a_{n}^{2}\alpha_{n}+2K_{2^{2}}K_{1}^{-1}a_{n}\alpha_{n}$

$+a_{n}^{2}\beta_{n}+2K_{1}^{-1}a_{n}b_{n}^{2}$ .
By (2. 2) and (2. 3), there exists a positive integer $n_{0}$ such that for all $n\geq n_{0}$

(3. 17) $2K_{2}^{2}a_{n}+K_{2}a_{n}\leq 2^{-1}K_{1}$ , $a_{n}\leq 1$ and $|b_{n}|\leq 1$ ,

so that

(3. 18) $a_{n}^{2}b_{n}^{2}\leq a_{n}|b_{n}|$ , $a_{n}^{2}a_{n}\leq a_{n}a_{n}$ , $a_{n}b_{n}^{2}\leq a_{n}|b_{n}|$

for all $n\geq n_{0}$.
Thus, by (3. 16), (3. 17) and (3. 18), we have

(3. 19) $E[(X_{n+1}-\theta)^{2}|X_{1}, X_{n}]$

$\leq(1-2^{-1}K_{1}a_{n})(X_{n}-\theta)^{2}+(2K_{2}+2K_{\iota^{-1}}+1)a_{n}|b_{n}|$

$+(2K_{2}^{2}+K_{2}+2K_{2^{2}}K_{1}^{-1})a_{n}a_{n}+a_{n}^{2}\beta_{n}$

for all $n\geq n_{0}$.
By (2. 2), (3. 4), (3. 5), (3. 6) and (3. 19), all conditions of Lemma 2. 1 are satisfied. There-
fore, we obtain

$\lim_{n\rightarrow\infty}(X_{n}-\theta)^{2}=0a$. $s$. which implies $\lim_{n\rightarrow\infty}X_{n}=\theta a$. $s.$ ,

and $\lim_{n\rightarrow\infty}E[(X_{n}-\theta)^{2}]=0$.

This completes the proof.

4. Auxiliary lemmas

In this section, some lemmas which are needed in later sections are presented.
Throughout this section and section 5, suppose $V^{n}(x)=V(x)$ for all $x$ and all $n\geq 1$ and
$\beta_{n}=\beta$ for all $n\geq 1$ . It is assumed without loss of generality that $a=\theta=0$.

LEMMA 4. 1. Suppose the conditions (3. 1) to (3. 3) are satisfied. Further suppose the
following conditions:

(4. 1) $a_{n}=An^{-1}$ with $2AK_{1}>1$ ;

(4. 2) $a_{n}=Ln^{-d}$ with some $L\geq 0$ and some $d>1$ ;

(4. 3) $b_{n}^{2}\leq C(\log_{2}n)/n$ for some constantC Oand $alln\geq 3$,

where $\log_{2}n$ means $\log(\log n)$ .
Then, there exists a positive constant $C_{1}$ such that

$E[X_{n}^{2}]\leq C_{1}(\log_{2}n)/n$ for all $n\geq 3$.
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PROOF. Throughout this proof, $C_{2},$ $C_{3},$ $\cdots$ denote positive constants. From (2. 1) and
the property of $V(x)$ , we get

(4. 4) $E[X_{n^{2}+1}]=E[X_{l}^{2}]+a_{n}^{2}E[M^{2}(X_{n}+u_{n})]+a_{n}^{2}E[v_{n}^{2}]+a_{n}^{2}b_{\hslash}^{2}$

$-2a_{n}E[X_{n}M(X_{n}+u_{n})]-2a_{n}b_{n}E[X_{n}]$

$+2a_{n}^{2}b_{n}E[M(X_{n}+u_{n})]$ .
We put $Q(x)=Q(x, 0)$ , where $Q(x, 0)$ is the same as (3. 9). Inserting $\theta=0$ into (3. 10),

(3. 11) and (3. 12) and taking expectations on both sides of each inequality, we have

(4. 5) $E[M^{2}(X_{n}+u_{n})]\leq 2K_{2}^{2}E[X_{n}^{2}]+2K_{2}^{2}a_{n}$ ,

$E[X_{n}M(X_{n+n}u)]\geq K_{1}E[X_{n}^{2}]-K_{2}a_{n}*E[|X_{n}|]$ ,

$|E[M(X_{n}+u_{n})]|\leq K_{2}E[|X_{n}|1+K_{2}a_{n}*$

The relations (4. 4) and (4. 5) imply

(4. 6) $E[X_{n^{2}+1}]$

$\leq\{1-(2K_{1}a_{n}-2K_{2}^{2}a_{n}^{2})\}E[X_{n}^{2}]+2K_{2}a_{n}a_{n}*E[|X_{n}|]$

$+2a_{n}|b_{n}|E[|X_{n}|]+2K_{2}a_{n}^{2}|b_{n}|E[|X_{n}|]+2K_{2}^{2}a_{n}^{2}a_{n}$

$+\beta a_{n}^{2}+a_{n}^{2}b_{n}^{2}+2K_{2}a_{n}^{2}|b_{n}|a_{n}^{*}$

Choose $\epsilon_{1}>0$ such that $2AK_{1}(1-\epsilon_{1})>1$ because of $2AK_{1}>1$ . Then there exists a positive
integer $n_{1}$ such that

$AK_{2}^{2}K_{1}^{-1}n^{-1}<\epsilon_{1}$ for all $n\geq n_{1}$ , so that

(4. 7) $2K_{1}a_{n}-2K_{2^{2}}a_{n}^{2}>2AK_{1}(1-\epsilon_{1})n^{-1}$ for all $n\geq n_{1}$.
Choose $\epsilon_{2}>0$ such that $2AK_{1}(1-\epsilon_{1}-\epsilon_{2})>1$ .
Then we get

(4. 8) $2K_{2}a_{n}a_{n}^{b}E[|X_{n}|]$

$\leq 2K_{1}\epsilon_{2}a_{n}E[X_{n}^{2}.]+K_{2^{2}}(2K_{1}\epsilon_{2})^{-1}a_{n}a_{n}$

$=2AK_{1}\epsilon_{2}n^{-1}E[X_{n}^{2}]+ALK_{2}^{2}(2K_{1}\epsilon_{2})^{-1}n^{-d-1}$.
Choose $\epsilon_{3}>0$ such that $2AK_{1}(1-\epsilon_{1}-\epsilon_{2}-\epsilon_{3})>1$ . Then it follows by (4. 3) that

(4. 9) $2a_{n}|b_{n}|E[|X_{n}|]$

$\leq 2K_{1}\epsilon_{3}a_{n}E[X_{n}^{2}]+(2K_{1}\epsilon_{3})^{-1}a_{n}b_{n}^{2}$

$\leq 2AK_{1}\epsilon_{3}n^{-1}E[X_{n}^{2}]+AC(2K_{1}\epsilon_{3})^{-1}(n^{-1}\log_{2}n)n^{-1}$.
Since $2AK_{1}(1-\epsilon_{1}-\epsilon_{2}-\epsilon_{3})>1$ , there exists $\epsilon_{4}>0$ such that $2AK_{1}(1-\epsilon_{1}-\epsilon_{2}-\epsilon_{3}-\epsilon 4)>1$ and
$2AK_{1}(1-\epsilon_{1}-\epsilon_{2}-\epsilon_{3}-\epsilon_{4})\neq d$. By (4. 3) we have
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$2K_{2}a_{n}^{2}|b_{n}|E[|X_{n}|]$

$\leq K_{2}a_{n}^{2}E_{L}^{\ulcorner}X_{n}^{2}]+K_{2}a_{n}^{2}b_{n}^{2}$

$\leq A^{2}K_{2}n^{-2}E[X_{n}^{2}]+CA^{2}K_{2}n^{-2}(n^{-1}\log_{2}n)$ .
Since there exists a positive integer $n_{2}\geq n_{1}$ such that for all $n\geq n_{2}A^{2}K_{2}n^{-1}<2AK_{1}\epsilon_{4}$, we
obtain

(4. 10) $2K_{2}a_{n}^{2}|b_{n}|E[|X_{n}|]$

$\leq 2AK_{1}\epsilon_{4}n^{-1}E[X_{n}^{2}]+CA^{2}K_{2}n^{-2}(n^{-1}\log_{2}n)$ for all $n\geq n_{2}$.
(4. 2) and (4. 3) yield

(4. 11) $2K_{2}a_{n}^{2}|b_{n}|a_{n}^{*}$

$\leq K_{2}a_{n}^{2}\alpha_{n}+K_{2}a_{n}^{2}b_{n}^{2}$

$\leq K_{2}A^{2}Ln^{-2-d}+CA^{2}K_{2}n^{-2}(n^{-1}\log_{2}n)$ .
From (4. 6), (4. 7), (4. 8), (4. 9), (4. 10) and (4. 11), we obtain

$E[X_{n^{2}+1}]$

$\leq(1-tn^{-1})E[X_{n}^{2}]+C_{2}n^{-2}+C_{3}n^{-1-d}$

$+C_{4}n^{-1}(n^{-1}\log_{2}n)$ for all $n\geq n_{2}$ , where

$t\equiv 2AK_{1}(1-\epsilon_{1}-\epsilon_{2}-\text{\’{e}}_{3}-\epsilon_{4})>1$ and $t\neq d$.
Repeating this inequality, we have

(4. 12) $E[X_{n^{2}+1}]$

$\leq\beta_{n_{2-1}n}E[X_{n_{2}}^{2}]+C_{2}\sum_{n-n_{l}}^{n}\beta_{mn}m^{-2}+C_{3}\sum_{m-n_{2}}^{n}\beta_{mn}m^{-1-d}$

$+C_{4}\sum_{m-n_{2}}^{n}\beta_{mn}m^{-1}(m^{-1}\log_{2}m)$ , where

$\beta_{mn}=\Pi^{n}(1-tj^{-1});-m+1$ if $m<n$

$=1$ if m $=n$ .

From $ E[X_{1}^{2}]<\infty$ and (4. 6), it follows by induction that $ E[X_{n}^{2}]<\infty$ for all $n\geq 1$ .
Since $|\beta_{mn}|\leq\gamma n^{-t}m^{t}$ for some $r>0$ and all $n\geq m$ , we get

(4. 13) $\beta_{n_{2}-1^{n}}E[X_{n_{2}}^{2}]\leq C_{5}n^{-t}$ .
After easy calculations, we have
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(4. 14) $C_{2}|\sum_{m-n_{2}}^{n}\beta_{mn}m^{-2}|\leq C_{6}n^{-1}$,

$C_{3}|\sum_{m-n_{2}}^{n}\beta_{mn}m^{-1-d}|\leq C_{7}n^{-t_{0}}$ ,

$C_{4}|\sum_{m-n_{2}}^{n}\beta_{mn}m^{-1}(m^{-1}\log_{2}m)|\leq C_{8}n^{-1}\log_{2}n$ ,

where $t_{0}\equiv\min(t, d)>1$ .
Inserting (4. 13) and (4. 14) into (4. 12), we obtain

$E[X_{n^{2}+1}]\leq C_{5}n^{-t}+C_{6}n^{-1}+C_{7}n^{-t_{0}}+C_{8}n^{-1}\log_{2}n$

for all $n\geq n_{2}$. Taking into account this inequality, $t>1$ and $t_{0}>1$ , Lemma 4. 1 follows.
Thus the proof is completed.

LEMMA4. 2. $Letp>1/2beafixednumber$. Then under the conditions of Lemma4. 1,

$n^{-p+}b\sum_{m-1}^{n}m^{p-1}X_{m}^{2}\rightarrow 0$ $a.s$. as $ n\rightarrow\infty$ ,

$n^{-p+*}\sum_{m-1}^{n}m^{p-1}|u_{m}|\rightarrow 0$ $a.s$. as $ n\rightarrow\infty$ .
and

$n^{-p+}b\sum_{n-1}^{n}m^{p-1}u_{m}^{2}\rightarrow 0$ $a.s$. as $ n\rightarrow\infty$ .

PROOF. First, we shall prove the first assertion. It holds

$n^{-p+b}\sum_{m-1}^{n}m^{p-1}X_{m}^{2}=n^{-p+*}\sum_{m-1}^{n}m^{p-b}(X_{m}^{2}/m*)$ .

If $\sum_{n-1}^{\infty}(X_{n}^{2}/n*)<\infty a.s.$ , using Kronecker’s lemma, we have

$n^{-p+}b\sum_{m-1}^{n}m^{p-1}X_{m}^{2}\rightarrow 0$ $a.s$. as $ n\rightarrow\infty$ .

Hence, it suffices to prove $\sum_{n-1}^{\infty}(E[X_{n}^{2}]/n*)<\infty$ .
According to Lemma 4. 1,

$\sum_{n-3}^{\infty}(E[X_{n}^{2}]/n*)\leq C_{1}\sum_{n-3}^{\infty}(\log_{2}n)n^{-\S}<\infty$ .

Thus the first assertion is proved.

To prove the second and the third assertions, it is sufficient to prove $\sum_{n-1}^{\infty}(E[|u_{n}|]/n^{\theta})<\infty$

and $\sum_{n-1}^{\infty}(E[u_{n}^{2}]/n^{f})<\infty$ respectively. Using Schwarz’s inequality and (4. 2,) we
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get

$\sum_{n\rightarrow 1}^{\infty}(E[|u_{n}|]/n)\leq L\sum_{n-1}^{\infty}n^{-(d+1)/2}<\infty\doteqdot\doteqdot$

and

$\sum_{n-1}^{\infty}(E[u_{n}^{2}]/n^{*})\leq L\sum_{n-1}^{\infty}n^{-b-d}<\infty$ .

This completes the proof.

LEMMA 4. 3. Let $\overline{\delta}(x)$ be a measurable function such that $\lim_{x\rightarrow 0}\overline{\delta}(x)/x^{2}=0$. Then under

the conditions of Lemma 4. 2,

$n^{-p+*}\sum_{m-1}^{n}m^{p-1}\overline{\delta}(X_{m}+u_{m})\rightarrow 0$ $a$. $s$. as $ n\rightarrow\infty$ .

PROOF. By Theorem 3. 1, it follows that $\lim_{m\rightarrow\infty}X_{m}=0a$. $s$ .
Let $\epsilon>0$ be arbitrary. By Chebyshev’s inequality and (4. 2), we get $\sum_{m-1}^{\infty}P(|u_{m}|>\epsilon)<\infty$ .
Hence, By Borel-Cantelli lemma, we have $\lim_{ni\rightarrow\infty}u_{m}=0$ a.s. Thus it follows that

$\lim_{m\rightarrow\infty}(X_{m}+u_{m})=0$ $a$. $s$ .

From the property of the function $\overline{\delta}(x)$ ,

$\overline{\delta}(X_{m}+u_{m})/(X_{m}+u_{m})^{2}=o(1)$ $a.s$. as $ m\rightarrow\infty$ .
To prove the lemma, it suffices to prove that

$n^{-p+*}\sum_{m-1}^{n}m^{p-1}(X_{m}+u_{m})^{2}\rightarrow 0$ $a.s$. as $ n\rightarrow\infty$ ,

for

$n^{-p+*}\sum_{m-1}^{n}m^{p-1}\overline{\delta}(X_{m}+u_{m})$

$=n^{-p+*}\sum_{m-1}^{n}m^{p-1}(X_{m}+u_{m})^{2}\cdot O(1)$ $a$. $s$.

According to Lemma 4. 2,

$0\leq n^{-p+}b\sum_{m-1}^{n}m^{p-1}(X_{m}+u_{m})^{2}$

$\leq 2[n^{-p+}b\sum_{m-1}^{n}m^{p-1}X_{m}^{2}+n^{-p+}\#\sum_{m-1}^{n}m^{p-1}u_{m}^{2}]$

$\rightarrow 0$ $a$. $s$. as $ n\rightarrow\infty$ ,

which concludes the proof.
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5. Main results

In this section, the results of the previous sections are used to show that the modified
RM process, due to ANBAR [1], converges to $\theta a.s$. from below.

Assume the following:

(5. 1) $M(x)=\alpha+\alpha_{1}(x-\theta)+\delta(x. \theta)$ where

$\delta(x, \theta)=\alpha_{2}(x-\theta)^{2}+\overline{\delta}(x-\theta)$ ,

$\overline{\delta}(x)=o(x^{2})$ as $x\rightarrow 0$,

$a_{1}>0,$ $a_{2}$ is finite and $\overline{\delta}(x)$ is a measurable function;

(5. 2) $\sup_{-\infty<x<\infty}E\{|V(x)|^{2+\eta}\}<\infty$ for some $\eta>0$ ;

(5. 3) $\lim_{x\rightarrow\theta}E\{V^{2}(x)\}=\sigma^{2}$.

Consider the modified RM procedure defined by

(5. 4) $X_{n+1}=X_{n}-An^{-1}\{M(X_{\hslash}+u_{n})-v_{n}-\alpha+b_{n}\}$ $n\geq 1$

where $X_{1}$ is a random variable with $ E[X_{1}^{2}]<\infty$ .
Let $D_{n},$ $n\geq 1$ , be a sequence of real numbers satisfying

(5. 5) $D_{n}\geq Dn^{-b}(2\log_{2}n)\#+o(n^{-\}}(\log_{2}n)t)$

for all $n\geq somen_{0}$ and arbitrary positive constant $D$ where

$D_{\hslash}=\sum_{m-1}^{n}m^{-1}\beta_{mn}b_{m}$ ,

$\beta_{mn}=\prod_{j-m+1}^{n}(1-Aa_{1}j^{-1})$ if $m<n$

$=1$ if $m=n$

and

$D>\sigma(2Aa_{1}-1)^{-*}$ .
THEROEM 5. 1. Let $X_{1},$ $X_{2},$ $\cdots$ be a modified $RM$ process gzven by (5. 4). If the condi-

tions of Theorem 3. 1 together with (4. 1), (4. 2), (4. 3), (5. 1), (5. 2), (5. 3) and (5. 5) hold with
$2AK_{1}>1$ , then $\lim_{n\rightarrow\infty}X_{n}=\theta a$. $s.,$ $\lim_{n\rightarrow\infty}E[(X_{n}-\theta)^{2}]=0$ and with probability one $ X_{n}>\theta$ only

finitely many times.

PROOF. Without loss of generality, we may assume that $a=\theta=0$. Throughout this
proof, $C_{1},$ $C_{2},$ $\cdots$ denote positive constants. By (5. 1) and (5. 4), we have

$X_{n+1}=(1-A\alpha_{1}n^{-1})X_{n}-Aa_{1}n^{-1}u_{n}-An^{-1}\delta_{n}(X_{n})$

$+An^{-1}v_{n}-An^{-1}b_{n}$
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where
$\delta_{n}(X_{n})\equiv\delta(X_{n}+u_{n}, 0)$ .

Repeating this equality, we obtain

(5. 6) $X_{n+1}=\beta_{0^{n}}X_{1}-Aa_{1}\sum_{m-1}^{n}m^{-1}\beta_{mn}u_{m}-A\sum_{m-1}^{n}m^{-1}\beta_{mn}\delta_{m}(X_{m})$

$+A\sum_{m-1}^{n}m^{-1}\beta_{mn}v_{m}-A\sum_{m-1}^{n}m^{-1}\beta_{mn}b_{m}$ .

Let $\mathfrak{U}_{n-1}$ denote a $\sigma$-algebra generated by $X_{1},$ $u_{1},$ $u_{n},$ $v_{1},$ $\cdots,$ $v_{n-1}$ for each $n$ . Clearly
$E\{v_{n}|\mathfrak{U}_{n-1}\}=0$ so that $v_{n^{\prime}}s$ are martingale differences. By (3. 1), (5. 1) and $2AK_{1}>1$ , we
get

(5. 7) $2Aa_{1}>1$ .

Since $n^{*}|\beta_{0^{n}}|\leq C_{2}nb-A\alpha_{1}$ it follows by (5. 7)

(5. 8) $\beta_{0^{n}}X_{1}=o(n^{-*})$ $a.s$. as $ n\rightarrow\infty$ .

Since $n^{b}|\sum_{m-1}^{n}m^{-1}\beta_{mn}u_{m}|\leq C_{3}n^{-Aa_{1}+*}\sum_{m-1}^{n}m^{A\alpha_{1}-1}|u_{m}|$ , according to Lemma 4. 2 with $p=$

$A\alpha_{1}$ ,

(5. 9) $\sum_{m-1}^{n}m^{-1}\beta_{mn}u_{m}=o(n^{-b})a.s$. as $ n\rightarrow\infty$ .

The relation (5. 1) implies

(5. 10) $\sum_{m-1}^{n}m^{-1}\beta_{mn}\delta_{m}(X_{m})$

$=\alpha_{2}\sum_{m-1}^{n}m^{-1}\beta_{mn}(X_{m}+u_{m})^{2}+\sum_{m-1}^{n}m^{-1}\beta_{mn}\overline{\delta}(X_{m}+u_{m})$ .

By making use of the inequality $(a+b)^{2}\leq 2(a^{2}+b^{2})$ , we have

$n^{i}|\sum_{m-1}^{n}m^{-1}\beta_{mn}(X_{m}+u_{m})^{2}|$

$\leq 2C_{4}\{n^{-Aa_{1}+b}\sum_{m-1}^{n}m^{Aa_{1}-1}X_{m^{2}}+n^{-A\alpha_{1}+b}\sum_{m-1}^{n}m^{Aa_{1}-1}u_{m^{2}}\}$ .

Taking into account Lemma 4. 2 and this inequality, we obtain

(5. 11) $\sum_{m-1}^{n}m^{-1}\beta_{mn}(X_{m}+u_{m})^{2}=o(n^{-b})$ $a.s$. as $ n\rightarrow\infty$

Since

$n^{b}|\sum_{m-1}^{n}m^{-1}\beta_{mn}$ a $(X_{m}+u_{m})|$



46 E. Isogai

$\leq C_{5}n^{-A\alpha_{1}+*}\sum_{m-1}^{n}m^{A\alpha_{1}-1}\overline{\delta}(X_{m}+u_{m})$ ,

it follows, according to Lemma 4. 3, that

(5. 12) $\sum_{m-1}^{n}m^{-1}\beta_{mn}\overline{\delta}(X_{m}+u_{m})=o(n^{-\star})$ $a.s$. as $ n\rightarrow\infty$ .
By (5. 10), (5. 11) and (5. 12), we obtain

(5. 13) $\sum_{m-1}^{n}m^{-1}\beta_{mn}\delta_{m}(X_{m})=o(n^{-*})$ $a.s$. as $ n\rightarrow\infty$ .

From (5. 6), (5. 8), (5. 9) and (5. 13), we get

$P\{X_{n+1}>0 i.0.\}$

$=P\{A\sum_{m-1}^{n}m^{-1}\beta_{mn}v_{m}>AD_{\hslash}+o(n^{-*}) i.0.\}$ .
In the same way as HEYDE [4], we can show that

$\lim_{n\rightarrow\infty}\sup\{n^{b}(2\log_{2}n)^{-}\#\sum_{m-1}^{n}m^{-1}\beta_{mn}v_{m}\}=a(2A\alpha_{1}-1)^{-*}$ $a.s$.
Hence,

$P\{X_{n+1}>0 i.0.\}$

$\leq P\{A\lim_{n\rightarrow\infty}\sup n^{I}(2\log_{2}n)^{-}b\sum_{m-1}^{n}m^{-1}\beta_{mn}v_{m}$

$\geq A\lim_{n\rightarrow\infty}\sup n^{b}(2\log_{2}n)^{-*}D_{n}\}$

$=P\{Aa(2Aa_{1}-1)^{-*}\geq AD\}$

$=P\{\sigma(2A\alpha_{1}-1)^{-*}>\sigma(2A\alpha_{1}-1)^{-*}\}=0$.
Therefore, with probability one $X_{n}>0$ only finitely many times. Also, from Theorem
3. 1,

$X_{n}\rightarrow 0$ $a.s$. as $ n\rightarrow\infty$

and

$E[X_{n}^{2}]\rightarrow 0$ as $ n\rightarrow\infty$ .
Thus, the proof is completed.

EXAMPLE OF $\{d_{n}\}$

The following example is a special one given by ANBAR [1];

$b_{1}=b_{2}=0$

$b_{n}=D^{\prime}n^{-*}(2\log_{2}n)^{b}$ $n\geq 3$
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with $D^{\prime}>2^{-1}a(2A\alpha_{1}-1)^{*}$

This sequence $\{b_{n}\}$ satisfies (5. 5).

The following theorem presents the asymptotic normality of the process (5. 4)

THEOREM 5. 2. Under the conditions of Theorem 5. 1,
$n^{*}(X_{n}-\theta+AD_{n})$ converges in law to a normal variable with mean zero and variance

$A^{2}a^{2}(2Aa_{1}-1)^{-1}$ .
PROOF. Throughout this proof, $C_{1},$ $C_{2},$ $\cdots$ denote positive constants. We may assume

$a=0$. From (5. 6) we get

(5. 14) $(n+1)^{b}(X_{n+\iota}-\theta+AD_{n+1})$

$=(n+1)^{*}\beta_{0^{n}}(X_{1}-\theta)-Aa_{1}(n+1)^{b}\sum_{m-1}^{n}m^{-1}\beta_{mn}u_{m}$

$-A(n+1)^{*}\sum_{m-1}^{n}m^{-1}\beta_{mn}\delta_{m}(X_{m})$

$+A(n+1)^{*}\sum_{m-1}^{n}m^{-1}\beta_{mn}v_{m}-A^{2}a_{1}(n+1)^{-*}D_{n}$

$+A(n+1)^{-*}b_{n+1}$ $a.s$ .
It is easily seen that as $ n\rightarrow\infty$

$(n+1)^{f}\beta_{0^{n}}(X_{1}-\theta)=o(1)$ $a.s.$ ,

$(n+1)^{b}\sum_{m-1}^{n}m^{-1}\beta_{mn}u_{m}=o(1)$ $a.s.$ ,

$(n+1)^{b}\sum_{m-1}^{\hslash}m^{-1}\beta_{mn}\delta_{m}(X_{m})=o(1)$ $a.s.$ ,

$(n+1)^{-*}D_{n}=o(1)$ and $(n+1)^{-*}b_{n+1}=o(1)$ .
Thus, from (5. 14)

(5. 15) $(n+1)^{b}(X_{n+1}-\theta+AD_{n+1})$

$=o(1)+A(n+1)^{*}\sum_{m-1}^{n}m^{-1}\beta_{mn}v_{m}$ $a.s$ . as $ n\rightarrow\infty$ .

Choose a positive integer $m_{0}$ such that $1-Aa_{1}m_{0}^{-1}>0$.

Putting $\gamma_{n}=\Pi^{n}(1-A\alpha_{1}j^{-1})j-m_{0}$ we have

$\beta_{mn}=\gamma_{n}\gamma_{m^{-1}}$ for all $n\geq m\geq m_{0}$.
Since from (5. 2) it holds that $|v_{m}|<\infty a.s$. for all $m$ , we get
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$n^{\theta}\sum_{m-1}^{m_{0-1}}m^{-1}|\beta_{mn}||v_{m}|$

$\leq Gn^{-Aa_{1}+*}\sum_{m-1}^{m_{0}-1}m^{-1+A\alpha_{1}}|v_{m}|\rightarrow 0$ $a.s$. as $ n\rightarrow\infty$ .
Thus,

(5. 16) $n^{*}\sum_{m-1}^{m_{0-1}}m^{-1}\beta_{mn}v_{m}=o(1)$ $a.s$. as $ n\rightarrow\infty$ .

Setting $U_{m}=m^{-1}\gamma_{\overline{m}^{1}}v_{m}$, we have

$\sum_{m-m_{0}}^{\hslash}m^{-1}\beta_{mn}v_{m}=\gamma_{n}\sum_{m-m_{0}}^{n}U_{m}$ .

Let $\mathfrak{U}_{n-1}$ be the same as defined in Theorem 5. 1. Then, $\{U_{n}, \mathfrak{U}_{n}; n\geq m_{0}\}$ is a martigale

difference. Put $S_{n}=\sum_{m-m_{0}}^{n}U_{m}$ . Since as in HEYDE [4]

$s_{n}^{2}\equiv E[S_{n}^{2}]=\sum_{m-m_{0}}^{n}m^{-2}\gamma_{\overline{m}^{2}}E[v_{m}^{2}]$

$\sim a^{2}\gamma_{n^{-2}}(2A\alpha_{1}-1)^{-1}n^{-1}$ as $ n\rightarrow\infty$

and
$\gamma_{\overline{n}^{2}}n^{-1}\geq C_{2}n^{2A\alpha_{1^{-}}1}\nearrow\infty$ as $ n\rightarrow\infty$ ,

we have $ s_{n}^{2}\nearrow\infty$ as $ n\rightarrow\infty$ . To prove this theorem, we shall use Theorem 2 in BROWN [2].

Firstly, we shall check the Lindeberg condition, $i.e$.

(5. 17) $s_{\overline{n}}^{2}\sum_{j-m_{0}}^{n}E[U_{j}^{2}I(|Uj|\geq\epsilon s_{\hslash})]\rightarrow 0$ as $ n\rightarrow\infty$ for all $\epsilon>0$, where $I(A)$

denotes the indicator function of a set $A$. Since $ s_{n}\nearrow\infty$ as $ n\rightarrow\infty$ , we get

$I(|Uj|\geq\epsilon s_{n})\leq I(|Uj|\geq\epsilon s;)$ for all $j\leq n$ .
Thus, it suffices to show that

(5. 18) $s_{\overline{n}}^{2}\sum_{j-m_{0}}^{n}E[U_{j}^{2}I(|Uj|\geq\epsilon Sj)]\rightarrow 0$ as $ n\rightarrow\infty$ .
If

(5. 19) $\sum_{n-m_{0}}^{\infty}s_{\overline{n}}^{2}E[U_{n}^{2}I(|U_{n}|\geq\epsilon s_{\hslash})]<\infty$ ,

using Kronecker’s lemma, we have (5. 18). As in [4], it follows that

$s_{\overline{n}}^{2}E[U_{n}^{2}I(|U_{n}|\geq\epsilon s_{n})]$

$\sim\sigma^{-2}(2A\alpha_{1}-1)n^{-1}E[v_{n}^{2}I(|v_{\hslash}|\geq\epsilon^{\prime}n^{*})]$ as $ n\rightarrow\infty$ ,
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where $\text{\’{e}}^{\prime}=\epsilon a(2Aa_{1}-1)^{-*}$

Therefore, it suffices to prove

$\sum_{n-m_{0}}^{\infty}n^{-1}E[v_{n}^{2}I(|v_{n}|\geq\epsilon n^{*})]<\infty$ for all $\epsilon>0$.

From (5. 2), we have

$\sum_{n-m_{0}}^{\infty}n^{-1}E[v_{n}^{2}I(|v_{n}|\geq\epsilon n^{*})]$

$\leq\epsilon^{-\eta}\sum^{\infty}n^{-1-*\eta}E[|v_{n}|^{2+\eta}]n-m_{0}$

$\leq\epsilon^{-\eta}\Sigma^{\infty}n^{-1-b^{\eta}}\sup_{-n\infty<x<\infty}E[|V(x)|^{2+\eta}1<\infty-m_{0}$

Hence, (5. 17) is proved.
Secondly, we shall verify

(5. 20) $s_{\overline{n}}^{2}\sum_{m-m_{0}}^{n}E[U_{m}^{2}|\mathfrak{U}_{m-1}]\rightarrow 1$ $a$. $s$. as $ n\rightarrow\infty$ .

Since
$E[v_{m}^{2}|\mathfrak{U}_{m-1}]\rightarrow a^{2}$ $a.s$ . as $ m\rightarrow\infty$

and

$\sum_{m-m_{0}}^{n}m^{-2}\gamma_{\overline{m}^{2}}\nearrow\infty$ as $ n\rightarrow\infty$ ,

it follows, using Toeplitz’s lemma, that

(5. 21) $(\sum_{m-m_{0}}^{n}m^{-2}\gamma_{\overline{m}}^{2})^{-1}(\sum_{m-m_{0}}^{n}m^{-2}\gamma_{\overline{m}^{2}}E[v_{m}^{2}|\mathfrak{U}_{m-1}])\rightarrow a^{2}$ $a.s$. as $ n\rightarrow\infty$ .

Also, since $s_{\overline{n}^{2}}\sim a^{-2}(2Aa_{1}-1)n\gamma_{n}^{2}$ as $ n\rightarrow\infty$ , we get

(5. 22) $s_{\overline{n}}^{2}(\sum_{m-m_{0}}^{n}m^{-2}\gamma_{\overline{m}}^{2})$

$\sim a^{-2}(2Aa_{1}-1)n\gamma_{n}^{2}(2A\alpha_{1}-1)^{-1}\gamma_{\overline{n}^{2}}n^{-1}$

$=\sigma^{-2}$ as $ n\rightarrow\infty$ .
Thus, from (5. 21) and (5. 22), we have

(5. 23) $s_{\overline{n}^{2}}\sum_{m-m_{0}}^{n}E[U_{m}^{2}|\mathfrak{U}_{m-1}]$
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$=s_{\overline{n}}^{2}(\sum_{m-m_{0}}^{n}m^{-2}\gamma_{\overline{m}^{2}})\times(\sum_{m-m_{0}}^{n}m^{-2}\gamma_{\overline{m}^{2}})^{-1}(\sum_{m-m_{0}}^{n}m^{-2}\gamma_{\overline{m}}^{2}E[v_{m}^{2}|\mathfrak{U}_{m-1}])$

$\rightarrow 1$ a.s. as $ n\rightarrow\infty$ .
Hence, (5. 20) is proved.

Therefore, by Theorem 2 in [2], we obtain

$S_{n}/Sn\rightarrow N(0,1)$ in law as $ n\rightarrow\infty$ .
Since

$n^{b}\sum_{m-m_{0}}^{n}m^{-1}\beta_{mn}v_{m}=n^{b}\gamma_{n}s_{n}(S_{n}/s_{n})$

and

$n^{*}\gamma_{n}s_{n}\sim\sigma(2Aa_{1}-1)^{-*}$ as $ n\rightarrow\infty$ ,

we get

(5. 24) $n^{b}\sum_{m-m_{0}}^{n}m^{-1}\beta_{mn}v_{m}\rightarrow N(0, a^{2}(2Aa_{1}-1)^{-1})$ in law as $ n\rightarrow\infty$ .

Therefore the relations (5. 15), (5. 16) and (5. 24) yield the conclusion of the theorem,

which completes the proof.
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