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LARGE-TIME BEHAVIOR OF SOLUTIONS TO AN
INITIAL-BOUNDARY VALUE PROBLEM ON THE HALF LINE FOR
SCALAR VISCOUS CONSERVATION LAW*

ITSUKO HASHIMOTO! AND AKITAKA MATSUMURAT

Abstract. We study the large-time behavior of the solution to an initial boundary value problem
on the half line for scalar conservation law, where the data on the boundary and also at the far field
are prescribed. In the case where the flux is convex and the corresponding Riemann problem for the
hyperbolic part admits the transonic rarefaction wave (which means its characteristic speed changes
the sign), it is known by the work of Liu-Matsumura-Nishihara (’98) that the solution tends toward
a linear superposition of the stationary solution and the rarefaction wave of the hyperbolic part. In
this paper, it is proved that even for a quite wide class of flux functions which are not necessarily
convex, such the superposition of the stationary solution and the rarefaction wave is asymptotically
stable, provided the rarefaction wave is weak. The proof is given by a technical L2-weighted energy
method.
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1. Introduction. In this paper, we study the following initial-boundary value
problem on the half line for scalar viscous conservation law:

ur+ f(u)y = Uge, x>0, t>0,

u(0,t) = u_, t>0,
(1.1) lim u(z,t) =uy, t>0,

u(z,0) = uo(z), x>0,

where the flux f is a given C? function of u satisfying f(0) = f/(0) = 0, ux
are given constants, and the initial data ug is assumed to satisfy ug(0) = u_ and
mlin;o uo(x) = uy as the compatibility conditions.

We are interested in the large-time behavior of the solution which is determined
by the shape of the flux f(u) and the given constants uy. It is known that the
asymptotic behavior is closely related to the solution of the corresponding Riemann

problem for the hyperbolic part (c.f. [2], [3]):

u+ flu)y, =0, z€R, t>0,

(1.2) | ouy, x>0,
u(z,0) = u_, x<0O0.

In the case where the flux f is convex (f” > 0) and the Riemann Problem (1.2) has the
rarefaction wave solution, Liu-Matsumura-Nishihara (98 [2]) showed that depending
on the signs of the characteristic speeds f’(u.), the large-time behavior of the solution
is classified into the three cases:

(a) f'(u=) < f'(uy) <0, (equivalently u_ < uq <0),
(b) 0 < f'(u=) < f'(ug), (equivalently 0 < u_ < uy),
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46 I. HASHIMOTO AND A. MATSUMURA

(¢) ffluz) <0< f'(uy), (equivalently u_ <0 < uy),
where we again assume f(0) = f/(0) = 0 without loss of generality. More precisely,
they showed the followings. In the case (a) where all the characteristic speeds of the
rarefaction wave are non-positive, the solution of (1.1) eventually tends toward the
stationary solution ¢ which connects u_ to u4, where ¢ = ¢(x) is defined by the
solution of the corresponding stationary problem to (1.1) :

{ f(¢)z = Gzz, >0,
P(0) =u—, ¢(+00) = uy.

In the case (b) where all the characteristic speeds of the rarefaction wave are non-
negative, the solution of (1.1) eventually tends toward the rarefaction wave ¥ itself
which connects u_ to uy, where f = z/JR(%) is concretely given by

(1.3)

u_, z < fl(u)t,
(14) SR =0 ()7 Pt <a < fiut,
Uy, x> f'(ug)t.

In the case (c¢) where the rarefaction wave is transonic, that is, the characteristic speeds
change the sign, the solution of (1.1) eventually tends toward the linear superposition
of the stationary solution ¢ connecting u_ to 0 and the rarefaction wave ¢% connecting
0 to uy.

Focusing on the most interesting case (¢), u— < 0 < uy, we can naturally expect
that the superposition ¢ 4 9 is asymptotically stable for more general flux f(u)
which is convex for v > 0 but not necessarily convex for v < 0 as long as positive for
u # 0, because even for such general flux the stationary solution ¢ connecting u_ to
0 is easily seen to exist. There have been only a few results on such cases without the
convexity condition. Nagase [7] studied in her master thesis the case where the flux
f(u) satisfies

f(0) = f"(0) =0,

Fu, <0 s.t. f(us) =0, and f(u) >0, u € (ux,00), u#0,
Fiy € (us,0) s.t. f"’(us) =0,

f"(u) >0, weR.

(1.5)

Here, it is noted that the condition (1.5) implies f”(u) = 0 for u 2 ., and Ju,. €
(s, Us) s.t. f'(6i.) = 0. In this case, the superposition ¢ + % is expected to be
asymptotically stable for u_ € (us,0). A typical example which satisfies (1.5) is
f(u) = u?(u — u.), where i, and . are given by u./3 and 2u. /3 respectively. Then
she showed that for sufficiently small ¢ > 0, if u_ € (4. —¢,0) and 0 < uy < ¢,
the superposition ¢ + ¢® is asymptotically stable. The proof is given by using a
L2-weighted energy method as in the previous works ([1], [3], [6]) where in order to
show the asymptotic stability of viscous shock profile for non-convex state equations
they manipulate a weight function constructed by viscous shock profile itself. She also
used a suitable weight function constructed by the stationary solution ¢. However
the case u_ € (ux, U — &) has been left open. In this paper, it is shown that we can
solve this open question and even can make the condition (1.5) much weaker as

f(0) = f(0) =0, f"(0) >0,

(L6) fu) >0, welu_,0).
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Under the condition (1.6), we show that if u is positive but sufficiently small, then the
superposition ¢ + ¥ is asymptotically stable. For the proof, we employ a technique
in Matsumura-Mei [4] to obtain the a priori estimate of the solution, where they
manipulate not only a weight function but also a transformation of the unknown
functions in order to prove the asymptotic stability of viscous shock profile for a
system of visco-elasticity with a non-convex nonlinearity.

This paper is organized as follows. We state the main theorem and explain the
scheme of the proof in the Section 2. Making use of the linearized equation with
uy = 0, we explain the essence how to construct our weight function in the Section
3. We finally prove a priori estimate in the Section 4, which completes the proof of
the main theorem.

Some Notations. We denote by C generic positive constants unless they need
to be distinguished. For function spaces, L? = L?((0,00)) and H* = H*((0,00))
denote the usual Lebesgue space of square integrable functions and k-th order Sobolev
space on the half line (0, 00) with norms || - || and || - ||, respectively. We also denote
by Hi = H}((0,00)) the space of functions f € H! with f(0) = 0, as a subspace of
o'

2. Main theorem. In this section, we state the main theorem and the scheme
of the proof. Let us rewrite our problem:

up + f(u)y = Uge, >0, >0,

u(0,t) = u_, t>0,
(2.1) lim w(z,t) =uy, t>0,

u(z,0) = uo(x), x>0,
where we assume u_ < 0 < uy, and f € C? satisfies the conditions

f(0) = f/(0) =0, f"(0) >0,

(2.2) flw)>0, welu_,0).

We also assume the initial data ug satisfies
(2.3) ug —uy € HY,  up(0) = u_.

Noting that the conditions f € C? and f”(0) > 0 imply the existence of positive
constants r and v satisfying

(2.4) fw)>v>0, [u<mr,
we further assume
(2.5) u- <0<ugp <r.

Under these assumptions, as stated in the Introduction, the asymptotic state of the
solution of (2.1) is expected to be the linear superposition of the corresponding sta-
tionary solution ¢ connecting u_ to 0 and the rarefaction wave ¥ connecting 0 to
uy. We first recall the properties of the stationary solution ¢ which is given by the
solution to the boundary value problem for the ordinary differential equation:

{ f(¢)m:¢mmu x>0,

(26) 0(0) =u_, ¢(+o00)=0.
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If we integrate the equation of (2.6) once, it is easy to see (2.6) is equivalent to the
problem :

(27) { (bac :f((b)v x>0,

$(0) = u_.

Then we have the following lemma which is proved in the same way as in [2] and [3],
so we omit the proof.

LEMMA 1. Assume u— < 0 and (2.2). Then, the boundary value problem (2.6)
which is equivalent to (2.7) has a unique solution ¢ € C3([0,00)) satisfying

u- < (x) <0 and ¢ (x) >0, x>0,
lp(z)| < C(1+2)"Y, = >0.

Next, we recall the definition of the rarefaction wave 1. We start with the
rarefaction wave to the Riemann problem for the Burgers equation with the given
end states wy (w— < wq) :

we + (3w?)e, =0, z€R, >0,
(2.8)
w(z,0) = { wy, x>0,
w—, x<0.

We denote the solution of (2.8) by wf(x/t;w_,w,) which is exactly given by

w—_, <l w_t,
(2.9) wR(E;w_,er) =49 % w-t<z<wit,

Wy, T > wyt.

Since f”(u) > 0 for |u| < r by (2.4), the rarefaction wave ¥f* connecting 0 to u, for
the Riemann problem

u+ flu)y, =0, z€R, t>0,

2.10 u .
- M%m:{of xz%
is given by
PRE) = () (w430, f/(uy)

0, xz <0,

(2.11)
= (f)7HE), 0<a < f'(upt,
U, x> f(uqg)t.

Then we define the rarefaction wave for the initial boundary problem (2.1) by the re-
striction of ¢/ on the half line 1/f(£)|,~0, and write it again as 1) without confusion.
Now we are ready to state our main theorem.
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THEOREM 1 (Main Theorem). Assume (2.2),(2.3), and (2.5). Then, there exist
a positive constant € such that, if uy < e and ||ug — ¢ —YE()||1 < e, then the initial
boundary value problem (2.1) has a unique global solution in time u satisfying

w—uy € C(0,00); HY),
uy € L2(0,T; HY, T >0

and the asymptotic behavior

(2.12) lim sup |u(z,t) — ¢(z) — ¢R(§)| = 0.

t—o0 >0

In what follows, let us show the scheme how to prove the Main Theorem. As in the
previous papers ([2,3,5,6,7]), we first make a smooth approximation of the rarefaction
wave ¥®, because the non-smoothness of 1% causes a trouble in the process of handling
the second derivative of the solution. Following the arguments in [5], define a smooth
approximation w(z, t) of w®(%) by the solution of the Cauchy problem

we + (2w?), =0, z€R, t>0,
(2.13) { e+ (gw)

w(0,z) = f'(us)tanhz, =z € R,
and a smooth approximation ¢ (z,t) of ¥*(Z) by

(2.14) Y(,t) = (f) " (w(x,t), =>0.
Then we have the next lemma which is proved in the same way as in [5].

LEMMA 2. Assume (2.2) and 0 < uy <r. Then we have the followings:
1) ¥(x,t) is the smooth solution of the initial boundary value problem

Y+ f(), =0, x>0,t>0,
(2.15) ¥(t,0) =0, ¢>0,

$(0,2) = (f)1(f'(us) tanh ), @ > 0.
2) 0<(z,t) <uy and Y (z,t) >0, x>0, t>0.
3) For 1 < p < oo, there ezists a positive constant Cp, such that

1

H 1/)x(t) HL:DS O;D min(qu,ui(l +t)_1+5),
| Yoz (t) |r< Cpmin(ug, (1 + 6.

4) lim sup (e, t) =7 (3)] = 0.

t—00 >0
Now if we put
(2.16) O(z,t) = ¢(x) + ¢(z,1)

as the expected asymptotic state, it follows from the definitions of ¢ and ¢ that ®
approximately satisfies the equation of (2.1) as
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where

(2.18) F(¢,0) = =(f'(¢ +9) = ['(@)da = (f' (& +¢) = f'(¥))¥r + thas-
Define the deviation v of u from ® by
(2.19) v(x,t) = u(z,t) — O(z,t).
Then the problem (2.1) is reformulated in terms of v in the form
v+ { (@ +0) = f(®)}o — Voo = F($,4), >0, ¢ >0,
(2.20) v(0,t) =0, ¢>0,
v(2,0) = vo(2) := uo(z) — ¢(z) —¢P(x,0), x>0,

where we can see vg € H} by the assumption (2.3). The theorem for the reformulated
problem (2.20) we shall prove is

THEOREM 2. Assume (2.2),(2.3), and (2.5). Then, there exists a positive con-
stant € such that, if ||vollr < € and 0 < uy < g, then the initial boundary value
problem (2.20) has a unique global solution in time v satisfying

v € C([0,00); Hg ),
(2.21) v, € L*(0,00; H'),

lim sup |v(z,t)| = 0.
t—00 350

If we note

llvoll = lluo — ¢ — (0|l < [[uo — & — " ()]]1 + Cluy|

and particularly 4) of the lemma 1.4, the Main Theorem is a direct consequence of
the Theorem 2. The Theorem 2 itself is proved by combining the local existence
theorem together with the a priori estimate as in the previous papers. To state the
local existence theorem precisely, we define the solution set for any interval I C R
and constant M > 0 by

Xu(I)={veC; H&);vz € L*(0,T; H"), sup|jv(t)||y < M},
tel

and also generalize the initial boundary value problem for any constant 7 > 0 as
Ut+{f(q)+’0)—f(q))}z—vxx:F(¢,1/)), I>Oat>7-7
(2.22) v(0,t) =0, t>m,
v(z,7) = v (x), x>0, v, €H}
Then we state the local existence theorem.

PROPOSITION 1 (local existence). For any positive constant M, there exists a
positive constant to = to(M) which is independent of T such that if ||v-||1 < M, the
ingtial boundary value problem (2.22) has a unique solution v € Xop ([T, T + to])-

It is noted that the problem (2.22) is reduced to the integral equation
U(Iat) = / G(Iayvt_T)vT(y)dy+
0

+ / / G(z,yit — 5)(~(F(6 + ) — F(8))s + F(6,1))(s) dyds,
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where G(z,y;t) is the Green kernel of the Dirichlet zero boundary value problem for
the linear heat equation on the half line, which is concretely given by

1 _(@—y? _ (z+y)?
(e 4t —e 4t
47t

G(x,y;t) =

Since we can prove the Proposition 1 by a standard iterative method, we omit the
proof of the Proposition 1. Next, let us state the a priori estimate which is essential
in this paper.

PROPOSITION 2 (a priori estimate). Under the condition (2.2), there exist pos-
itive constants € and C such that if 0 < uy < e and v € X([0,T]) is the solution of
the problem (2.22) for some T > 0, then it holds

@I+ [ AVEI + lerts) ) ds

< C(llooll} + lusls), t€0,T].

Here we should note ®, = ¢, + 1, > 0 by the Lemmas 1 and 2. The proof of
the Proposition 2 is given in the sections 3 and 4. Once the Propositions 1 and 2
are proved, the Theorem 2 is proved in a standard way as in the previous works. In
fact, combining the local existence and a priori estimate, we can first prove the global
existence of the solution in time by choosing ||vg||1 and w4 suitably small. Then we
can see the estimate (2.23) holds even for ¢ € [0, 00), that is,

(2:23) sup o, [ o0 dt < .
>0 0
By using the equation and the estimate (2.23), we can also have (cf. (4.23),(4.26))

/ o ()2t < o0
0
which implies

(2.24) lim |[vs(£)]] = 0.

t—oo

Using Sobolev’s embedding lemma, the estimates (2.23) and (2.24), we can easily have
sup [o(, 1) < VEI[o@]* [l < Clloa@][F =0, = o0,
>0

which shows the asymptotic behavior of the solution. Thus, we can show the proof of
the Theorem 2 by the Propositions 1 and 2.

3. Weight function. In this section, we explain how to make the weight func-
tion which plays an essential role in our technical L?-energy method. For simplicity
of explanation, noting that v and w4 is sufficiently small in the a priori estimate,
we take the linearized equation of the problem (2.22) with uy = 0 (accordingly,

O(z,1) = o(x))

v+ {f(P)v}e —vew =0, x>0,t>0,
(3.1) v(0,t) =0, t>0,

v(z,0) = vo(z), >0, wvo€ H.
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Let v € C([0,T); H}) N L2(0,T; H?) be a solution of (3.1). The most typical way to
have the L? estimate which does not depend on T is one to multiply the equation of
(3.1) by v and integrate it with respect to = over (0,00). Then, the integration by
parts gives

d <1 2 1 > " 2 > 2
(3.2) — —v°dr + = (@) prv*dx + vs dz = 0.

If we note ¢, > 0, the estimate of (3.2) works well in the case f” > 0, but not
in the case f is not convex because f” changes its sign. In order to overcome this
difficulty, we try to apply a weighted energy method as in ([1], [3], [6]) where to show
the asymptotic stability of viscous shock profile for non-convex state equations, a
weight function w is manipulated as a function of the viscous shock wave itself. Take
a weight funtion w(¢) as a function of ¢, and multiply the equation of (3.1) by vw
and integrate it over (0,00). Then, noting the relation ¢, = f(¢), we have
oo o0
| geentde s [ G el S @)t ds
0

dt 2 2 2
(3.3) 0

+ /000 w(p)v? dr = 0.

Under the condition (1.5), Nagase [7] succeeded in making a positive and smooth
weight function w(u) for v € [u_,0], u_ € (4. — &,0) so that it holds in (3.3)

(3.4) (%f”w — %w”f — ffw)(u) >0, wu€ u_,0].

Roughly speaking, she constructed w(u) as almost identically constant in the region
f” > 0, and —f" + constant in the remaining region, and then patch them up on
the whole [u_,0]. In fact, even in the region f” < 0, the term —w”f/2 — f'w'(=
f"w/2+ f'f") in (3.4) is positive as long as f/ < 0 and f” > 0, and so plays a nice
role to control the negative term f”w and show the positivity of (3.4), which is a basic
technical idea in [7]. However this choice of weight function can not be easily extended
to a region f” < 0 and f’ > 0 because the term — f'w’(= f’f") becomes negative and
so causes a problem, which is a main reason why the case u_ € (uy, s — €) has been
left open. In order to overcome this difficulty, we employ a technique in Matsumura-
Mei [4] where they manipulated not only a weight function but also a transformation
of the unknown functions in order to prove the asymptotic stability of viscous shock
profile for a system of visco-elasticity with a non-convex nonlinearity. Following their
technique, we introduce a new unknown function v by

(3.5) v(z,t) = x((x))v(z,1),

where x(u) is a positive and smooth function on [u_,0]. Substitute (3.5) into (3.1),
then we have the equation of ¢ as in the form

R P

Multiply (3.6) by wo and integrate it over (0, 00), then we have
d [>1

wﬁ2dx+/ {(—f”w—f’w'——fw”)—i—

dt J, 2 o 2 2

(3.7) N .

50w+ =X fw)oritde + [ wikds o
0
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So we may choose positive functions y(u) and w(u) on [u_, 0] so that

(33) (G40 = 50" = o’ + S50+ x ' =X o))

is positive on [u_, 0]. Now let us choose x = w, then (3.8) becomes

(3.9) %(f”w—fw").

Hence it is enough to seek a positive weight function w(u) which makes (3.9) positive
on [u_,0]. Under the condition (2.2), we choose the function w(u) by

(3.10) w(u) = f(u) +69(u), w€ [u_,7]

where § is a positive constant and

(3.11) g(u) = —u®™ + ¥ w e fu_,r], m>1.

Here it is noted that the interval [u_, 0] is extended to [u_, 7] to treat the case uy > 0,

and that the constant § and the integer m are properly chosen later.

LEMMA 3 (weight function). Under the condition (2.2), if we take § sufficiently
small and m sufficiently large, the functions &(f" (u)w(u) — f(u)w” (v)) and w(u) are
positive for u € [u_,r].

Proof. First it is easy by the condition (2.2) to see that there exists a positive con-
stant v such that f”(u) > v for |u| < r, and f(u) > v for u € [u_, —r]. Substituting
(3.10) into (3.9), we have

Jlw = fu = [+ 5g) — F(f +d9)”
= 6(/"g — f4").

We divide the interval [u_,7] into [u_, —r] and [—r,r]. For u € [u_, —7], substituting
(3.11) into (3.12), we obtain

(3.12)

5(7"g = £") = (" (—uP™ 4+ *™) + 2m(2m — 1) fu" D)

(3.13) 1+ 7l

= 2m(2m — 1)5u2(m_1){mu2][" + f}
Because f” is bounded, |r/u| < 1 and f(u) > v for u € [u_, —r], we can choose m
sufficiently large so that
(3.14) %m'i)u?f”(u) +fu) > %u, welu_,—r).
Therefore, (3.13) and (3.14) imply
(3.15) 5(f"g— fg") = m@m—16r2 "V >0, welu,—r].

For |u| < r, we further divide the interval to |u| < r/2 and r/2 < |u| < r. For
|u| < r/2, since f” > 0,9 >0 and f >0, ¢g” <0, it clearly holds

(3.16) 6(f"g—f9") >0, Ju| <

N =
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On the other hand, for r/2 < |u| < r, since f” > 0,9 > 0 and f > 0, g <0, it easily
holds

(3.17) 6(f"g = f9") >0, 5 <lul<w
Thus, it follows from (3.15), (3.16) and (3.17) that
(3.18) (F'w — ful")(u) = 8(f"g — fa")(u) > 0, u€ [u_.r].

Next, we prove w(u) = f(u) + dg(u) to be positive. To do that, we again divide the
interval [u_,7] to [u—,—r], r/2 < |u| < r and |u| < r/2. Noting f > v and g is
bounded for u € [u_, —r], we can take ¢ sufficiently small so that

(3.19) wu) = f(u) + dg(u) > g >0, uéelu_,—rl.

Because f >0, g >0 for r/2 < |u| <rand f >0, g >0 for |u] <r/2, we can easily
have
(3.20) w(u) = f(u)+dg(u) >0, |u] <r.
Thus (3.18),(3.19) and (3.20) complete the proof of the Lemma 3. O

Applying the Lemma 3 to (3.7) with x = w, we can obtain a basic L2-estimate of
v which is equivalent to the estimate of v. In the next section, we establish the desired

a priori estimate for the nonlinear problem by making use of the weight function w(w)
in the Lemma 3.

4. Proof of a priori estimate. In this section, we give the proof of the Propo-
sition 2. First, put

N(T) = sup |[[v(t)||1,
0<t<T

and then we suppose N(T') < 1 throughout this section. Now, motivated by the
argument in the Section 3, we introduce a new unknown function v by

(4.1) v(z,t) = w(®(t, x))v(x, t),

where ®(t,x) = ¢(z) + ¢ (t,z) and w = f + dg is the weight function in the Lemma
3. Since the Lemmas 1 and 2 imply ®(x,t) € [u_,r], = > 0, t > 0, we note that
w(®(x,t)) is well defined as weight function by the Lemma 3, that is, smooth and
satisfies

(4.2) v<w(®(z,t)<C, >0,t>0

for some positive constants v and C. Substituting (4.1) into the equation of (2.20),
we get

(4.3) (w(®)0): + (f(@ 4+ w(P)D) = f(P))a — (W(P)0)ea = F(, ).
Multiplying @ by (4.3) and integrating it over (0, 00), we have

1 Oow 2 dx Oolw' 2dx
2 | w@idon+ 7w @it

+/0 —(f(@—i—w(@)ﬁ)—f((l)))ﬁwdx—i-/o (w(@)ﬁ)mﬁmd:v:/o v Fdz.
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By using the fact that

—(/Ov(f(‘P +w(®)n) — f(@))dn) , = —(f(®+w(P)D) — f(P))is

-/ (F(@ + w(@))(1 4w (@) — /(@)D dn,

we rewrite the third term on the left hand side of (4.4) as
| —t@ s w@) - r@), do
0

(4.5) - /OOO(/OU (f'(@ + w(®)n) — f'(®)) dy) @, du

+/0 (/0 F(® 4+ w(@)n)w' (®)n dn) &, da
= Il + IQ.

We further rewrite I; and I by the Taylor’s formula as

/ / " (®@)w(®)n + O(n?) dn)®, dx

(4.6) -
:/0 S (@) (@), da:+/0 O(|3))5°®, da.
and
f(@)w' (@)1 + O(n) dn)®,, da
b

=/ 5f’(<1>)w’(<1>)52<1>1 d:v+/ooo O(|0))5*®,, dz.

0

Hence, substituting (4.6) and (4.7) into (4.5), we have

|- @+ w@)) - f@), o
) _ /°° L+ ) (@), dr + /OO 0(|5))5*®, da.
0 2 0

We also rewrite the fourth term on the left hand side of (4.4) as
/ (w(P)0) 40y dx
0
- / (w2 4 w' ®,09,) dx
(4.9) oo .
= / (w2 — ~w'®,, 9% — —w”@ifﬂ) dx
) 2 2

::/ wd? dx + I3 + 1.
0

55
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Now, recalling the relation ®; + f(®), — P, = —F, we further rewrite I3 as

Sl |
Is = / — 2w @, 0% dx
0 2

(4.10) :/ %w’(—fbt—f’(@)cbm—F)@? dx
0
> 1 /gl ~2 1 / ~2 1 ! ~2
iy TR
0 2 2 2
and I, as
Iy :/ —Ew"@ifﬂ dx
0
> 1 " ~2
0
o0 1 }
(.11) = [ 3 @) + b+ e — 56+ )
0

- /0 ‘%W”f (®)P, 0" - %w’%f(sb) — F(¢ + ) + 1) 0007 da
B / L @), o+ / " O] + i), d.
0 0

Substituting (4.10) and (4.11) into (4.9), we have
/ (w(P)0) 40y dx
0
(o) 1 [ee)
(4.12) = / —5 " f +w'f)(®) 2,0 do +/ O(|9] + [z |) @20 da
0 0
* 1 / ~2 ~2 1 ! 1 ~2
+ (—=w'ih 0" + woy — —w' Fo7) dx.
o L2 2

Thus, by (4.8) and (4.12), (4.4) reads

>~ ~ ~1 " " ~ R
(5/0 w(@)de:c)t—F/O i(wf —w f)(‘I))q)zUQd:r—l—/O wi? dx

4.13

e = /Ooo(aFJr %w’FﬁQ)d:v—i—/Ooo O8] + [¥] + ¢z |) @2 7* da.

Noting that the Sobolev’s embedding lemma and Lemma 2 easily imply

(4.14) /OOO O + || + [10u) B2 dz < C(N(T) + |us]) /Ooo B, 72 d

and also the Sobolev’s embedding lemma and Young’s inequality imply
|/OOO(17F + %w’Fﬁ2)dx| < c/ooo 15 F| da

(4.15) < Ol = |15l | F| s

1 5 4
< IVl + ClIFI,,
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we can estimate (4.13) due to the Lemma 3 as

1

(5/ w(®)v? dx)t—i—l// @ﬂﬁd:ﬁ—i—%/ w(®)2 dx

(4.16) 0 L0 0o

<CND) +lus)) [ 0. do+ CIF,
0

for a positive constant v. Therefore, taking N(T') 4 |uL| suitably small, we have

1 o0 o0 1 [e ]

(—/ w(q>)f;2d:c)t+5/ <I>mf;2d:z:+—/ w(®)? dz
(4.17) 2.Jo 2 Jo 2 Jo

< ClIF||}s-

Using the positivity of w (4.2) and the fact

(4.18) lo2l* = [[(wD)z||* = llwa® + wia||* < C(IIV/ @] + [[7:]1*),

and integrating (4.17) with respect to t over (0,¢), we have

o(®)]2 + /||fv I+ s (n)][2) dr
(4.19) ) )
C(||U0||2+/O IE@|, dr).

Next, we proceed to the estimate of v,. Multiplying —v,, by the equation of
(2.20) and integrating it with respect to  over (0, 00), we have

1 o0 o0 o0
(—/ v2 dz)t+/ v, dz:—/ Fug, dx
2 0 0 0

(4.20) .
[T @ @ o) - S @)
We estimate the right hand side of (4.20) as
(4.21) | / " Fueede] < sl + CILF,
and

[ @ 0@ o)~ (@) dal

(4.22) < [ Cols + oo do
0

1
< Zlvael* + CUIV @0l + [[va )

Substituting (4.21) and (4.22) into (4.20), we have

1/°° > 1/°° >
= vy dx)e + = Vg AT
(4.23) 5 0 Sty 0
< CIFIP + 1V @20l + [[va][?).
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Integrating (4.23) with respect to ¢ over (0,t) and combining it with the estimate
(4.19), we obtain

t t 4
(424) ol + / lowell? dr < C(|Juol2 + / (IFIE + |FI2) dr).
Thus by (4.19) and (4.24), we have

@I + /II\/_U IIZ + Mo (DIIF) dr

(4.25)
< O(|[voll? +/0 IF@)II}x + IF()]? dr).

Following the arguments in [2], we finally estimate the right hand side of (4.25) by
using the Lemmas 1 and 2, and eventually can show

(4.26) IF@®)F: < f(1—+t)*§1og§<2-+t»
IF@)|* < Clug|2(1+1)"%.

Noting

(4.27) |F(®)] < C(|vvde] + [Yud| + [¥zal),

we only show the estimates of |[1)¢. |51 and |[1)¢.||* because the other terms can be

obtained in the same way. Using the fact that the Lemma 1 implies

(428) 62| < a7

and the decay estimates of ¥ in the Lemma 2, we have

Woullur <€ [ by da

Y Y
<¢ ) mrme ] mm

(4.29) gC([—ﬁ]ﬁ—i—/{) %MHCIWIILW /t°° (1j$)2 da

< O[] |p log(1 + ) + Cluy|(1+1)7*

& g 1 7 _
< Ol[a [ |92l F oo log(2 + t) + Cluy |5 lug |5 (1+1)7"
< Cluy |3 (1+1)7% log(2 + 1),
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[ee] 2
2 < ¢ / vy
o <C [ qimpde

t 1/}2 &) 1/}2

2 t
73(1ﬁ$)3]3+/0 73(11@”;)3 dz) + Cluy|*(1 +1)73
P

t
< ollpee | ——— 2(14¢)73
< Clleulli | e do+ ClusF (140

<o~

(4.30)

t
1
<Olg|pee | ——=dz+Clup]P(1+1)73
<Cllsllte | e+ ClusP 1+
< Clug>(1+1)7%,
and similarly

192l + [l pr < Clug]5 (1+1)75 log(2 +1t)

(4.31) , , ) ,
12 @l” + [[thae|I” < Clug [ (1 +1)"2.

Hence (4.29), (4.30) and (4.31) prove the estimate (4.26). Then substituting (4.26)
into (4.25), we finally have the desired a priori estimate for suitably small N (T)+ |u |

o)1 +/ IV @ev(MI? + [[v3(7)][1) dr
0

< C(llvoll} + u]®), € 0,T].

(4.32)

Thus the proof of the Proposition 2 is completed. O
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